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Preface

This is a book for engineers and scientific workers who are con-
cerned with vibration engineering and technological applications
of vibration, and for all those who have to study, teach, or solve
problems in the dynamics of machines, instruments, and structures.
In writing it the author has drawn on his many years’ experience
in the ficld and of lecturing and conducting seminars at teaching and
research institulions and industrial establishments on the theory
of vibrations and the dynamics of vibration machines.

Although many of the problems treated here are involved and
subtle, they have been presented in a form that, we hope, makes
them coinprehensible to a wide readership. The information needed
on the oscillatory motion of linear systems is brielly reviewed, and
is followed by a description of the methods of investigating
nonlinear systems and a treatment of linear and nonlinear problems
in Lthe dynamics of unbalanced-mass (‘centrifugal’) vibration gene-
rators, shock-and-vibration drives and vibrational processes, energy
relations in vibralions, and the theory of dynamic vibration-control.

The author would like to thank all those who have actively assist-
ed in the research and studies on which the book is based, or who
contributed to their completion, and have thus, in a scnse, parti-
cipaled in ils wriling. In particular he is grateful to L. B. Zaretsky,
who accepted to write Sections 40, 41, 45, and 46, and parts of Sec-
Lions 36 and 42. The author would also like to thank his colleagues
A. D. Dorokhova, G. S. Klimovskaya, G. V. Kozlov, and I. S. Kha-
imchaev for their help with the preparation of the manuscript and
drawings for the original Russian edition.

Certain additions have been made in this English edition to Sec-
tion 36, while Sections 35 and 46 have been amended and some brief
remarks and explanations have been introduced into several sections.
The list of literature has been enlarged, and errata noticed in revising
the Russian text have been corrected.

Moscow, January 1972 I. I. Bykhovsky



Introduction

Vibration engineering is concerned in the first place with machines,
test beds and benches, devices, instruments, tools in which vibra-
tions deliberately excited perform useful functions. In the expo-
sition that follows this aspect will be our primary concern. Secondly,
vibration engineering covers apparatus and arrangements for mea-
suring and checking vibrations as well as for controlling them.
Only in the third place can vibration engineering be regarded as con-
cerned with devices for preventing, eliminating, damping, or iso-
lating harmful vibrations.

Vibration engineering is based first and foremost on the theory
of vibrations, especially the vibrations of nonlinear systems. This
is mainly because many of the dynamic phenomena involved in
the working of vibration generators, and nearly all vibrational
processes, are essentially nonlinear. The theory of vibration engi-
neering is also based on the theory of the stability of motion and
in general on the successful application of qualitative methods of
analysis of dynamic systems. It also makes use of the results ob-
tained by the theory of automatic control, analytical mechanics, and
other branches of science. It is closely related to the dynamics of
machines and structures, acoustics, seismology, electrical engine-
ering, ultrasonic techniques, and radio engineering, a relation deter-
mincd primarily by the significance of oscillatory processes in all
the fields mentioned.

Vibration machines have been devised, designed and perfected
for various purposes by the assiduous efforts of many researchers,
designers and engineers. At first problems were solved in a simpli-
fied way. The demands of technologists for higher efficiency were
met by increasing the dimensions, weight, and power of equip-
ment and the mass moment and angular velocity of the unbalance
of centrifugal vibration generators.

Later, applying the simple ideas of the theory of the vibration
of linear systems, attempts were made to design resonance or near-
resonance machines, many of which proved unsuccessful, however,
since the primitive theory did not take account of certain effects
arising during their operation.
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Large losses were incurred at the design stage by incorrect choice
of power for the drives of machines with heavy vibratory loads, es-
pecially when the dissipative forces were essentially nonlinear.

The self-synchronization of two vibration generators operating
on the same working member had been observed in many cases
This opened up encouraging prospectls for considerably .Sllll[)llllcd
machine designs with higher reliability. But attempts to ‘tame’
the. in essence nonlinear, phenomenon of self-synchronization empi-
rically or by using linear schemes failed completely.

Adequate control of the dynamics of shock-and-vibration machines
made imperative the application of the methods of analysing the
stabilily of nonlincar systems wilh discontinuous conditions of
motion. The design calculations of shock-and-vibration machines
in fact made it necessary to apply nonlinear methods from the very
beginning. Vibratory processes, as a rule, prove to be essentially
nonlinear. Their analysis and the development of calculatlion
techniques require the elaboration and application of subtle math-
emalical methods, work that is being successfully carried forward
in the field of vibratory conveying.

A tendency may be observed Lo design new types of vibration ma-
chines whose action is based on the use of fine nonlinear dynamic
effects or on methods of finding the opltimum operating conditions
and ensuring their stability. Their development is the result of
prior theoretical work as, for example, in the case of machines with
a superharmonic vibratory drive, of automation and self-tuning
systems for shock-and-vibration and resonance vibration machines.

Many scientists and engineers have conltributed to the solution
of various individual theoretical problems. An outstanding con-
tribution has been that of I’rof. I. I. Blekhman. The theoretical basis
of vibration engineering is still in the stage of growth and rapid de-
velopment, but effective methods of analysis and synthesis of vi-
bration equipment have already been evolved.

The two first chapters of this book are the minimum that must
be grasped in order Lo read the rest. The other chapters and sections
have been wrilten, as far as possible, so as to make il feasible to
use them separately (although, to avoid repetition, a number of cross
references Lo other parts of the text have been introduced). In
this manner the book has been given a certain reference character
convenient, for engineers who need to cope with separate problems
quickly. For the same purpose a series of amplitude-frequency and
phase-frequency curves have been included in Section 13. The author
has attempted to eliminate the existing discrepancies in vibrational
terminology and definitions. Certain theoretical problems have been
omitted for lack of space and because of the need for detailed ex-
posilion in order to make certain olher complicaled but quile indi-
spensable problems comprehensible.



CHAPTER 1

OSCILLATORY
MOTION

1. Basic Concepts and Definitions

All the various processes of change of a scalar quantity may be
grouped into two classes: oscillatory and non-oscillatory. The oscil-
latory process is characterized by alternate increases and decreases
of a variable quantity. The non-oscillatory process has no such fea-
ture. It is convenient in some cases to consider the increases and
decreases not absolutely but in relation tosome other variable regard-
ed as a reference level. The above is applicable to unidimensional
molion where one coordinate alone is sufficient to specify the
position of a moving object at a given time. The simplest case of
such a motion is the movement of a point along a straight line.
An oscillating point moves through all the positions (except for
the extreme ones) in its path in opposite directions alternately.

Of special interest among oscillatory motions is the periodic motion,
i.e., a motion which repeats ilself in all its particulars at a definile
equal interval of time. This time interval is termed the period of
vibration. The function f () expressing in mathematical form some
process is called periodic if there exists a constant quantity T, the
period, such that

f@)=f@E £ T)=f(t £ 20)=...=f(t£ nT) (1)

where n is any positive integer.

If the motion of a point is two-dimensional (in a plane, for example)
or three-dimensional (in space), other periodic motions arc¢ possible
apart from the oscillatory one. For instance, a point can move
periodically in one sense along a closed trajectory, say, a circle
or an ellipse. This kind of motion may be called circulating!. In a
circulating motion, unlike the oscillatory one, the moving point
passes through all the positions on its path in one direction only.
At the same time the oscillatory and circulating motions have much

1 The term circulating motion is to be preferred to “cyclic motion”. since the
latter is often used to describe any periodic motion. For example, “one cycle
of vibration” is a common expression. If the path is a circle, the term rotational
motion is also used.
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in common. The projections on the axes of rectilinear coordinates
of a point moving along a circulating path perform oscillatory motions.
This leads Lo a far-reaching analogy in general relationships and,
hence, in the mathematical description of oscillatory and circula-
ting motions. This has led to the use in physics and engineering of
such termms as cornical pendulum, elliptical polarization and circular
vibrations.

Among many periodic vibrations the sinusoidal or simple harmonic
motion! is of special interest; the oscillaling quantity in this case
is represented by a funclion sinusoidally varying in time, for exam-
ple,

y=asin (5t +¢) )

where y = coordinale of a vibrating point measured from its
middle position
a = amplitude of vibration displacement
T = period of vibration
¢ = initial phase of vibration
t = running time value.
The amplitude of vibration is the absolute value of the maximum
displacement of the vibrating point from its middle position in the
- case of a sinusoidal motion. The
y 17 P swing of vibration equal to twice
3 /.\ /-\ the amplitude is the distance bet-
0 ween two opposite extreme posi-
\/ * ! tions of the vibrating point. Strict-
ly speaking, the term amplitude
is not applicable to non-sinusoidal
vibrations. In these cases one may
speak of the peak values of an os-
~ cillating quantity or of the oscilla-
tion half-swing. For sinusoidal
vibrations the terms amplitude,
' peak value, and half-swing are sy-
Figure 1 nonymous.

Sinusoidal vibrationscan be con-
veniently represented by means of a rotating vector. If the radius-
vector CM (Fig. 1) of constant length a is rotated uniformly, the
projection of point M on any fixed diameter of the circle descri-
bed by the point oscillates in a sinusoidal manner. If the angles
are measured between the right-hand horizontal radius and the

! The term sinusoidal motion should be preferred since the hermonic motion
is at present often used in a difierent sense, in distinction to subharmonic and
superharmonic vibrations. The term harmonic motion is used for forced vibra-
tions of any form provided the frequency is equal to that of the forcing factor.
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radius-vector CM and ¢ is the initial value of the angle at ¢t =0
and the period of rotation of the vector CM is T, then the oscilla-
tions of the radius-vector projection on the vertical diameter are
described by Eq. (2). The right-hand side of Fig. 1 shows the
time-history, i.e., the oscillations versus time. The oscillations of
the projection of the vector CM on the horizontal axis (Fig. 1)
are described by

z=acos (%,"-t+<p) (3)

The time-history is shown in the lower part of Fig. 1.

The angle 2nt/T + ¢ at which the vector CM is posilioned at
the moment ¢t is called the phase of vibrations. The initial phase ¢
represents the phase at the origin of time, i.e., at t = 0. If a new
origin of time is chosen, the initial phase ¢ changes but the phase
2nt/T - ¢ remains unchanged. Knowledge of the phase is needed
to compare two or more oscillating quantities. In such cases the
phase difference of the quantities being correlated may be of decisive
importance. The phase is also of interest when the vibratory process
is correlated with other phenomena such as a shock, connection to
the system of supplementary links or constraints or their discon-
neclion, etc. We then refer the phase to the moment at which the
event occurs. Strictly speaking, the term phase is applicable only
to sinusoidal oscillations.

The reciprocal of the period T is termed the frequency of vibration

f=1 (4)

The frequency f of vibration is generally measured in cycles
per second (cps) or in Hertz (one cycle per sccond). In investigating
vibrations it is often convenient to use the angular frequency

eo=2nj’=-21,i (5)

which is the angular velocity of the radius-vector CM (Fig. 1)!.
}Jsiilng Egs. (4) and (5), the phase of vibration can be expressed as
ollows:

Ztyo=2nftto=ottg (6)

The dimensions of the frequency f and the angular frequency o
are sec~! or 1/sec. To avoid confusion, however, it is better to state
the dimensions of frequency in Hz or cps (cycles per second) and
that of angular frequency o in rad/sec (radians per second). Often,

! The terms circular frequency and cyclic frequency now falling into disuse
seem to be less appropriate.
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for the sake of brevily, when it is quile clear what is aclually meant,
the angular frequency is simply called frequency.

Sinusoidal vibrations of the same frequency are termed synch-
ronous vibrations. For synchronous vibrations the phase dilference
is independent of the origin of time. If the phases of synchronous
vibrations coincide!, we say that two or more oscillaling quantities
are in phase. 'Two synchronous vibrations whose phases differ by n
(by 180°) are said Lo be in opposite phase (or 180 out of phase, or
antiphased).

2. Kinematics of Sinusoidal Vibration

Let the coordinate of an oscillating point be given by
Z = Z4 €08 (Wt — @) 1)

where z, = amplitude of displacement
—@ = initial phase.
The quantily z is somelimes called a vibration displacement,
particularly in vibration measurements.
Differentiating Eq. (1) with respect to time, we obtain the follow-
ing expression for the velocity of the vibrating point (vibration
velocity):

'd_.:'______x'_: —.iasin(mt—(p)=:;:a cos ((Dt—(P+%) (2)

where
z.a =Zq® (3)

is the amplitude of the vibration velocity. Comparing Eqs. (1)
and (2), we find that for sinusoidal vibralions the velocily is ahead
of the displacement by a phase angle of n/2 (90°).

Differentialing again with respect to time, we obtain an expre-
ssion for the acceleration of the vibrating point (the acceleration
of vibration):

d2z .o .

Sp=z= — 2z, co8 (0 — ) = 2, cos (ot — @ 4 71) (4)

where

Xy = Tq®) = T,00% (5)

is the vibration acceleration amplitude.

Note that the vibration acceleration is ahead of the velocity by
a phase angle of n/2 and is in opposite phase to the displacement (see
time-history, Fig. 2). It follows that displacement and acceleration

! Phases are said to coincide if their difference is any multiple of 2n.
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reach their extreme values when the velocity is zero and are zero
at extreme values of the velocity.

As noted in Section 1, the sinusoidal oscillation can be represent-
ed by using a uniformly rotating radius-vector of constant length.
In Fig. 2 this vector is denoted by r. Hence the velocily is determined
by the expression

dr
E—=(o>(r=r(os° (6)

where s° is the unit vector directed along the tangent line to the
circle described by the end point of the radius-vector.

z Iz

Figure 2

The velocily vector dr/dt is ahead of the radius-vector r by
an angle of n/2. The acceleration is now expressed as follows:

o

did

where r® is the unit vector directed along the radius-vector r.

The acceleration vector d’r/dt? is ahead of the velocity vector
dr/dt by an angle of n/2. The results obtained are similar to those
given by Eqgs. (2) and (4). The origins of vectors dr/d¢ and d?r/dt?
in Fig. 2 have been brought to coincide with the origin of vector r
to make easier their correlation with the time-history.

The radius-vector r of constant length rotating uniformly at
the angular velocity o can represent the oscillations of its projec-
tion r cos (ot — @) onto the axis from which the angles are mea-
sured, or of the projection r sin (w¢ — @) onto the axis at right angles
to it. In general, unless otherwise specified, the projection meant
is that on the axis from which the phase angles are measured!.

It is advisable in some cases to use complex quantities to repre-
sent sinusoidal vibrations. Any complex quantity z = = + iy can
be represented in trigonometrical or exponential form:

=mx%:—= — ro?rd )

z=r(cos 0+ isin 6) =re'® (8)
where the modulus of the complex quantity
r=Vaz+p 9)

1 In electrical engineering. usually the projection onto the perpendicular
axis is considered.

2—12
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and its argument measured from the positive direction of the z-axis
—tan-1-ZL
6 =tan-!— (10)

A sinusoidal vibration is represented by a complex quantity
having a constant modulus r and an argument 8 which is a linear
function of time

0=0t—¢ (11)
The complex quantity
2 =ret(@1-9) (12)

may be used, like a rotating vector, to represent a sinusoidal vib-
ration corresponding to its real part Re z =r cos (ot — ¢) or
its imaginary part Im z = r sin (o2 — @). Usually the real part
is meant!.
The vibration velocity is obtained by differentiating Eg. (12)
with respect to time:
. - 1A
% = z = iroe¢(@t-9) =,-(l)e‘(mi "-*—2) (13)
After a second differentiation we obtain the vibration accele-
ration
B =% = —reliot-9) = ruleiat—9tn) (14)
Thus the results are the same as expressed by Egs. (2) and (4)
or (6) and (7). This was to be expected since the complex quantity 2z
and the radius-vector r in a plane are in a one-to-one correspondence.
The complex quantity z — re{@t-9) and its conjugate z = re-#(vt-®
correspond to two vectors rotating at the same absolute value of
angular velocity but in opposite senses, the former vector at the
angular velocity @ and the latter at —w. The vibrations represented
by the real parts of the two complex quantities are in phase and
those represented by the imaginary parts are in opposite phase.

3. Addition of Vibrations

Consider the addition of collinear (i.e. performed along the same
line) synchronous sinusoidal vibrations (Fig. 3a). Let there be n
vibrations that are to be added:

Z;=ay cos (ot —qy), (i=1,2,...,n) (1)

According to Sec. 1, each vibration expressed by Eq. (1) can be
represented by its vector. For convenience, the origin of the (i 4 1)st

1 In electrical engineering, it is the imaginary part that is usually meant.



3. ADDITION OF VIBRATIONS 19

veclor is made to coincide in Fig. 3a with the end of the ith vec-

n
tor. The sum of the vibrations z = 3Z; is also a sinusoidal vibra-
i=1

tion of the same frequency:

z =a cos (of — ) (2)
Ty
YAy g F
SROIONG
(a) ()] () (d)
Figure 3

where, according to the rules of vector addition,

a=1/( Z’ a; cos @1)* +( ,21 a;sin g;)* (3)
i ai sin Pi
-t S @
D) agcos ¢
i=1

If two collinear synchronous vibrations are to be added, then,
on the basis of Eqs. (3) and (4), the amplitude and initial phase
of the total motion can be written as follows:

a=Y ai+ a}+ 2a,a, cos (P — ¢y) (5)

@ = @, + tan~! o sin (9, — 1) (6)
re +cos(p2— Py)

Three special cases resulting from formulas (5) and (6) should
be noted:
1. The vibrations are in phase, i.e., ¢,= @ (Fig. 3b):
a=g,+a; ¢=¢;=¢; (7
2. The vibrations are in opposite phase, i.e., ¢,=¢,+ n when
a,>a, (Fig. 3¢):
a=a;—ay =0 (8)
3. The phase difference of the two vibrations is 90° i.e.,
@, = ¢+ /2 (Fig. 3d):
—_ 2 3 _ -1 G2
G*Van‘*‘aav P =@, tan rn 9)

2»
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The addition of non-synchronous vibrations is a more complicat-
ed process. Consider the superposition of two collinear vibrations:
z; = a cos (0,8 — @;) and z, = @, cos (w0t — ;) of dilferent fre-
quencies ®, and &,. The resulting motion 2z = z; + z, is not sinu-
soidal. However, considering the case when the frequencies of the
two vibrations being superimposed are close to each other, i.e.,
0, — 0, € @, (where ®, > ®,), we can write their sum as z =
a cos (ot — ), where the “amplitude” ¢ and the time-averaged
“angular frequency” © are variable quantities.

«d) «)

Figure 4

Using the vector representation (Fig. 4a), we obtain
=V a¥+ a}+ 20,8:cos [(0;— ©;) £ — (P2 — P1)] (10)
ot =wt+
-1 a’,az {sin j(02 — 0)) t — (G2 — 1)) —Sin (P — ) } -0} sin (@, —0y) ¢ (11)
@3+,2 {08 [(0;—0y) t—(p2—P1)]+-c08 (92—1)} +a3 co3 (@, —wy) ¢
The running value of the “angular frequency” is

d
_‘(z%t_)=m1 + (0, — ).

-+ tan

a3+ a4a; cos [(@a— ©1) t— (@2 —Py)} (12)
af+ad-12a,a; cos [(0, — @) t— (@2 — 94)] -

The “initial phase” ¢ of the resulting motion is calculated from (6).

Figure 4b shows time-histories of vibrations z;, and z;. The time-
histories of the resulting motion for the cases a; % a, and ¢, = a,
are shown in Fig. 4c and d, respectively. In the latter case formula (10)
is transformed into the following expression:

. W—01 , Po— Py
a—2a,|cos( 7— & 5 )I
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and, according to formula (12), the running value of the “angular
frequency” proves constant and is equal to

01+
2

The phenomenon represented in Fig. 4c and d is known as beats.

The sum of two one-dimensional sinusoidal. coplanar (i.e.,
performed in the same plane) vibrations of equal frequency or fre-
quencies forming a rational ratio is, in a general case, a periodic
circulating motion. At some particular values of the difference of
initial phases of the compo-

nents the circulating motion
degenerates into a periodic
two-dimensional vibratory
motion (or into a one-dimen-. 3 {2
sional vibration in the case
of two synchronous compo-

nents).

The path of a point per-
forming simultaneously two
such vibrations is termed a

Lissajou figure. Figure Sa

shows Lissajou figures cor-
responding to the addition
of two synchronous vibra-

tions at right angles to

each other for various initi-

al phase differences  =@;— Figuu 5

—,. The paths are the result of the addition of the vibrations z=
=2, cos (0t — ¢,) and y =y, cos (0t — @,). If two vibrations of
unequal frequencies, z = z, cos (not — @,) and y = y, cos (mwt —
— @n), are being added up, then (as distinct from the case of syn-
chronous vibrations) the difference of initial phases @, — @, de-
pends on the origin of time selected. In this case, it is convenient
to use the reduced phase difference

Yred = (Pm—':i Pn (13)

which is independent of the origin of time.

The Lissajou figures for various values of the reduced phase differ-
ence (Preqg = 0; n/4; n/2; 3n/4; n) with m: n =1 : 2 are shown in
Fig. 5b; with m : n=1 : 3 in Fig. 5¢; with m : n=2 : 3 in Fig. 5d.
The figures for P,.q = 5n/4; 3n/2; 7n/4 coincide with those for
Preqg = O1/4; n/2; n/4, respectively, but the direction of the traverse
is reversed. If the ratio m : n is irrational, the motion of the point
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is then almost periodic (see Sec. 4) and its trajectory fills up com-
pletely a rectangle whose sides are 2z,, 2y,.

An interesting and practically important case is the addition
of two circular circulating motions in phase, the points moving in
opposite directions at equal radii r. One of these motions can be re-
presenied by rei(@t-9 and the other by re-i(ot-9), The resulting
motion

ret (01-®) 4 re=i(o1=9) = 2r cos (wf — @) (14)

is a one-dimensional vibration of the same frequency @ and ampli-
tude 2r.

4. Frequency Analysis of Vibration

The problem of vibration analysis is indeterminate: it permits
many solutions. The uniqueness of a solution is obtained by impos-
ing additional conditions. In what follows we shall discuss the
analysis of collinear or scalar vibrations, our aim being to resolve
the vibration into sinusoidal components.

Any bounded periodic function f (¢) having in its period 2n/w
a finite number of extreme values and discontinuities can be expand-
ed into a Fourier series:

f&)=3342) (ancos not+ bssin not) (1)
n=1
where
K w
o
an = S f(t)cosnat dt, (n=0,1,2, ...)
0
- | @
Q
b,.=-% S /() sinnotdt, (n=1,2, ...)
0 J
Expression (1) can be rewritten in the form:
@)= % + 2 Cn €08 (ROt — @n) (3)
n={

where
Co = ay; en=V A+ b3; tpn=tan“1%"—, r=1,2,...) &
n
The terms of the series covered by the sign of summation in (3)

are called harmonics or tones. The quantity ¢, is the amplitude of
the nth harmonic and — ¢, is the initial phase of the same harmonic.



4. FREQUENCY ANALYSIS OF VIBRATION 23

The operation of resolving a function into sinusoidal components
is called harmonic analysis.

The limits of integration in formulas (2) may have another forin
provided the inlegration is carried out over a time interval equal
to the period of the function f(¢). Thus, if the lower limit is §/m,
the upper limit must be (2sn+¢)/». If f(¢) is an even function,
i.e., f(t) =f(—t), then all the coefficients b, are zeros and Lhe series
(1) contains only cosine terms (it may also contain a constant com-
ponent). If f (¢) is an odd function, i.e., f (¢) = —f (—¢), then all
coefficients a, are zeros and only the sine terms remain in the
series. A proper choice of the origin of time may, in some cases,
render the function being analysed even or odd, which simplifies
the calculations involved in the harmonic analysis.

The number of harmonics of some periodic functions may prove
finite, but in general the Fourier series is infinite. At any point
where the function f (¢) is continuous, its Fourier series converges
to the value of f (¢). If at point ¢ = ¢, the function f (¢) has a dis-
continuity, its Fourier series converges at this point to the mean

of the function values on the right and left sides, i.e., to 5 [f (¢, —

—0) + f (¢, + Ol

Note that for discontinuous functions the jump of the Fourier-
series sum is higher than the jump of the function f (¢) by about 18%
(Gibbs' phenomenon). If the discontinuous function f (¢) is appro-
ximated by a truncated Fourier series, i.e., by a finite number of
its first terms, then the swing is found to increase in the neighbour-
hood of the discontinuity point and this is accompanied by high-
frequency oscillations which decay as the distance from the point
is increased. The set of the amplitudes ¢, is called the amplitude
spectrum of the function f (¢), and the set of the phases ¢, is known
as its phase spectrum. The quantity c,/2 is the mean value of the
function f (¢). It is sometimes called the constant component.

Consider, as an example, an even periodic function which is
described within one of the periods by the following relations:

[ t  at 0Kt
(Bt at g2

This function is represented by the graph shown in Fig. 6a.
From formulas (2) we obtain

Gy =—-, @p= [(—1)*—1}, b,=0

' nn%
Hence

f(t)=—— 4 (coscot+ 37 €08 3a>t+ cos dwt+ .. )
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The amplitude spectrum of the function is shown in Fig. 6b.
As a second example, consider the harmonic analysis of an odd
periodic function described within one of the periods by the

relationship

f)=t at —— <1<

Figure 6c is a graphical representation of this function. Using
formulas (2) and integrating between—m/@ and m/w, we obtain

2
whence an=0, bn=55 (=)™
2 .. 1 . 1 . 1 .
f(t):-o-)-(S1no)t—7s1n2cot+§-sm3(ot—zsm4mt+...)

The amplitude spectrum of this function is given in Fig. 6d.

b (4] i
NN/ A
0 R ’w'l/fu—”l/ |

| & 2n 4x r
w w w
Cn (a) Cn ©
IIIIJILI
012345678 n 012345678 n
1)) )

Figure 6

The less smooth is the function f (¢), the slower the Fourier series
converges. Hence, the smoother the periodic function, the poorer
it is in higher harmonics. As the latter of the functions considered
above is discontinuous, its Fourier series converges more slowly
than that of the former continuous function.

The spectrum of a periodic function is a line spectrum, i.e., it
consists of separate lines corresponding to the amplitudes of the
component harmonics. Non-periodic functions have a continuous
spectrum. This means that the spectrum of a non-periodic function
comprises, generally speaking, oscillations of all frequencies from 0
to oo. The spectrum of a non-periodic function is determined by the
Fourier integral rather than by the Fourier series.

The function f (¢) which is defined within the interval —oo <
< t << oo and is continuous within the interval or has a finite num-
ber of discontinuities of the first kind on any finite segment and
is absolutely integrable within the interval —oo <t << o0, i.e.,
satisfies the inequality

f11r@1a<eo
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can be represented by the Fourier integral

1@

f
|-

do S f (t) cos o (¢ —¢t,) dt, =

cos ot dw S f(ty) cos ot dt,+

[
ale

+
afe

I
al=-
Oy § Oty 8 Oy

sin of do S f (¢, sinot, dt, =

[a (®) cos ot 4 b (©) sin of] do =

S (o) cos [ot — ¢ (0)] do (5)

[
al-

where

a (0) = g f(t) coswt,dt; b(w)= 5 f@,)sinot,dt,  (6)

-12(9)

S@=Vie@P+B @ @) =tan 5 (7)

The relations (6) and (7) show that a non-periodic function, as
noted above, has a continuous spectrum. Consequently, the func-
tion f (¢) can be represented as a set of sinusoidal oscillations of all
frequencies, each of these frequencies corresponding to an oscillation
of the (infinitesimal) amplitude S (®) do/n and initial phase ¢ ().
The quantity S (w) is called the distribution function of the spectrum
amplitudes or spectral density. The quantities a (») and b (0) are
called the cosine and sine components of the spectral density. The
quantity ¢ (o) is known as the distribution function of initial phases.
Formulas (7) define the amplitude and phase spectra of the func-
tion f(2).

For even functions the sine component of the spectral densily
b (0) =0, and for odd functions the cosine component a (w) = 0.

For instance, the Fourier integral is to be used to represent the
even function '

[H at |t| <+

1=
) L0 at |¢|>2
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which describes a rectangular pulse of duration T and swing H.
In this case

S(m)=1a(m)|=2|gf(t,)cosmt,dt,|=
0
T
B r
=2H[ S cosmt,dtil=%{|sin -"32—|
0
The last expression defines the amplitude spectrum of the function
under consideration. Its phase spectrum is given by
[ 0 at sin —“’77'->0
(n at sin 5 <0

Thus, the function f(¢) can be represented by the following
integral:

f(t)=%5 %Isin%llcosmtdm

(=4

Let us now consider, as a second example, the same rectangular

%lillse with its beginning made to coincide with the origin of time.
en

; {H at 0<t<T
f@)= 0 at t<0Oand at t>T
In this case

T
a(@y=H S cosmtldt,=%sian
0

T
b((o)=HS sinmt,dt,=€—(1—-cosmT)
0

Hence

S (0) ——V sin?wl + (1 — cos wT)? =-—|sm—

which is identical with the result obtained in the first case but the
distribution function of the initial phases is different:

ai—coseo?l oT

¢ (0)=tan sinol 2
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and the function considered can be consequently represented by
the Fourier integral

f(t)—— i%lsm—l coso)(t——) do
0

It is of use to note that there exists a class of non-periodic oscilla-
tions with a line spectrum. Such oscillations (and the functions
describing them) are known as almost periodic. An almost-periodic
function has in its spectrum at least two sinusoidal components
whose frequency ratio is irrational, for instance, @, : o, =} 3.

A time interval 0 (¢) termed the quasi-period of the almost-perio-
dic function @ (¢) can be found for any & > 0, no matter how
small. After this time interval the function is repeated for any ¢
with a deviation not over e, i.e., the inequality

| @ (t4-0)—-D ()| <e
is satisfied.



CHAPTER 2

VIBRATIONS
OF LINEAR SYSTEMS
WITH CONSTANT PARAMETERS

5. Mechanical Systems

We shall apply the term system to a set of objecls or elements (real
or idealized) which should be isolated in order to facilitate the
solution of a problem. A system may comprise, in part or fully,
its interactions with the surroundings. The interactions of a me-
chanical system with the surroundings can be specified as active
external factors, which are functions of time (or, in particular cases,
constants), and constraints restricting the movement of the system;
the constraint equations may be expressed only in terms of coor-
dinates and their derivatives with respect to time (scleronomous
or stationary constraints); they may also contain time in explicit
form (rheonomous or nonstationary constraints).

These constraints and systems with such constraints are termed
holonomic if the constraint equations contain the coordinates of
a system rather than their derivatives with respect to time or di-
fierentials of the coordinates; the same term is applied if the con-
straint equations can be reduced by integration to the form mentio-
ned. If the constraints are not holonomic, their equations are di-
flerential equations that are not integrable. Systems which are
not holonomic will not be treated in this book.

Constraints are called ideal if the work done by their reactions
on all displacements they permit is equal to zero. A system is cal-
led autonomous if the constraints imposed on it are scleronomous and
if the system is not subject to variable external forces and its pro-
perties (parameters) do not change with time. Otherwise the system
is said to be non-autoromous. Thus, the differential equations des-
cribing the behaviour of an autonomous system do not contain ex-
plicit functions of time. In contrast to this, in the differential equa-
tions of non-autonomous systems time appears explicitly.

If random processes occur in the system or it is subjected to ex-
ternal random forces, it is called stochastic. In the opposite case
the system is termed deterministic.

The position of a system at a given moment is defined by the
values of its coordinates. The state of the system at a given moment
is defined by the values of its coordinates and velocities at that time.
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Deterministic systems are classified as dynamic or having a hi-
story (hereditary). The subsequent behaviour of a dynamic! system
as well as its behaviour in the past is completely determined if its
state is specified at any moment of time. To determine the subse-
quent behaviour of a system having a history, it is necessary to
know, apart from its state at some moment of time, the processes
that have occurred in it up to the moment of time in question, i.e.,
wfhat it has inherited from these processes, besides the conditions
of state.

We shall concern ourselves only with dynamic systems. It should
be stressed here that properly selected dynamic systems can be
used to simulate such characteristic hereditary features, as, for
example, elastic after-effect and stress relaxation.

The number of degrees of freedom of the system is usually taken
to be the minimum number of independent quantities that must
be specified to determine completely the position of the system.
These quantities which may have different physical nature are
called generalized coordinates and can, generally speaking, be arbi-
trarily selected from a multitude of possible sets. To be more exact,
the number of degrees of freedom is equal to half the minimum num-
ber of the conditions (generalized coordinates and their derivatives
with respect to time), which, when specified, can completely de-
termine the state of the system at some moment.

The order of an ordinary differential equation (or of a set of such
equations) describing the behaviour of a system is equal to twice
the number of its degrees of freedom when this number is finite.
The behaviour of a system having an infinite number of degrees
of freedom is described by partial differential equations.

Systems may be linear or nonlinear. The behaviour of linear sy-
stems is described by equations which are linear in coordinates and
their derivatives. A system is called parametric if the coefficients
of coordinates and their derivatives depend on time. Nonlinear sy-
stems are described by nonlinear equations.

The interaction forces between the elements of ordinary linear
as well as of many nonlinear and parametric mechanical systems
may be divided into three groups: position forces determined by the
coordinates of a system; dissipative forces depending on velocities;
and inertia forces determined by accelerations. A system in which
dissipative forces are present is called dissipative. Such a system
is characterized by energy dissipation determined by the work of
the dissipative forces. If there is no dissipation of energy in a system,
it is called conservative. There exist however non-conservative systems

1 Sometimes only systems described by ordinary differential equations,
in particular autonomous systems, are referred to as dynamic.
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in which the energy is not only dissipated but is also introduced from
outside.

Autonomous systems, both linear and nonlinear, may be vibra-
tory or non-vibratory. A vibratory system firstly has at least one
position of stable equilibrium, and secondly, when displaced from
this position (not too far away) performs free vibrations about it,
i.e., vibrates without being acted upon by external forces. Non-
vibratory systems have no such property. They may have no posi-
tion of stable equilibrium. The free motions (in the absence of any
forcing factor) of such systems are not vibratory.

6. Free Motions of a Single-Degree-of-Freedom System

Consider a system in a plane as shown in Fig. 7. A rigid body I
of constant mass m is connected to one end of massless spring 2

3 2z 4 whose other end is fastened to a fixed wall
J . 3. Owing to the presence of guides 4 body 7
can perform only translational rectilinear

m 41 motions along the axis Oz. The body mo-

c 4 ves without friction in the guides; neither
TR are there any other resistances. The origin
L.  of coordinates O is the position of equilib-

0 <  rium at which the spring is not stressed.

Figure 7 The coefficient of stiffness ¢ of spring 2is

constant. Since the system experiences no
external forces, its motion is called free.

According to Newton’s second law, the differential equation of
the free motion of the system is

mz==S (1)
where z = acceleration of body 1
S = force applied by spring 2 to body 1.

Forces of this kind directed towards the equilibrium position
are called restoring forces. They tend, as it were, to restore the posi-
tion of equilibrium. As the coefficient of stiffness ¢ is constant, the
force S is defined by the relation

S=—cx (2)

where x is the displacement of body I from the position of stable
equilibrium.
Substituting (2) into Eq. (1), we obtain

mz+cz=0 (3)
or

Z4olz=0 (4).
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a=) % )
As known the general solution of the homogeneous linear diffe-

rential equation (4) of the second order with constant coefficients is

z=C, cos 0yt + C, sin 0yt (6)

where

where ¢=time
C, and C,=arbitrary constants which can be determined from
the initial conditions:

at t=0 z=gzx,
. (7).
r= zo
Differentiating Eq. (6) with respect to time, we have
z= — C 0, sin @yt + C, 0, cos @yt 8y

Substituting the initial conditions (7) into expressions (6) and (8)
yields two equations. Solving these two equations for the arbitrary
constants, we obtain

Cy=1xy; Cz=%;— &)
With these solutions the integral of the differential equation (4)
takes the following form:

Z = I, oS o)ot+—:% sin wy? (10}

It can be rewritten as
T =408 (0l — P) (11)

- .
Z,= |/ z}-}—;—‘é ; ¢=tan? z‘::’)o (12)

Consequently, the system performs sinusoidal vibrations of am-
plitude z,, initial phase —¢ and angular frequency w,. These vi-
brations are termed free or nratural and the angular frequency w,
is called the natural angular frequency or angular frequency of free
vibrations.

It can be seen from Eq. (5) that the natural frequency w, is a
function only of the parameters ¢ and m of the system and is inde-
pendent of the initial conditions and hence of the amplitude. Vi-
brations whose frequency remains constant at various amplitudes
are called isochronous. The natural vibrations of a linear system are
isochronous.

where
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As follows from Egs. (12), the amplitude and initial phase
of the vibrations are determined, in the general case, by the initial
conditions and the parameters of the system. Since the system under
consideration is conservative, its free vibrations continue forany
length of time at a constant swing.

The natural frequency of a linear system depends on the spring
stifiness but is independent of the force of spring tension or com-
pression. This can be illustrated by the following example. Let
body I (Fig. 8) be suspended from a massless spring 2 in such a way
that it can move only in the vertical direction. In distinclion to

m
xr mg
Figure 8 Figure 9

the system in Fig. 7, the gravity force mg is now applied to body 7
(g is the acceleration of a freely falling body). Let the coordinate
axis Oz be directed downwards and the origin be placed at the equi-
librium position. The equation expressing the static balance of forces

is
mg = czy (13)
where z,; is the static deformation of spring 2 under the action of
the weight of body 1.
The differential equation of motion is of the form

mz -+ ¢ (24 Zes) = mg (14)
or, on the basis of condition (13),

m.:c.-]- cx=0

which is identical with Eq. (3). Thus, the force of gravity causing
additional deformation of the spring does not affect the nature of
the vibration of the boly about the equilibrium position. The gra-
vity force only displaces he equilibrium position by the amount of
the static deformation of the spring.

Comparing Egs. (5) and (13), we can write
o (15)

Tt =
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Hence, taking into account Eq. (5), Sec. 1, we get
g = % [mm] (16)

A classical example of a single-degree-of-freedom vibratory system
is the pendulum. Figure 9 shows a pendulum whose fixed hinge axis
is at point A and the centre of gravity at point B. In the equilibrium
position the line AB is vertical. For the free vibrations of the pen-
dulum in the absence of dissipative resistance forces the differential
equation of motion takes the form

T+ mglsinp=0 17)

where J = moment of inertia of the pendulum with respect to
the hinge axis 4
m = mass of the pendulum .
! == distance AB from the hinge axis to the centre of gravity
¢ = angle of displacement of the pendulum from the equi-
librium position.
Equation (17) is nonlinear. With sufficiently small angles v,
however, it can be rewritten as follows:

Jp+mghp=0 (18)
Equation (18) yields the natural frequency of the small oscilla-
tionsof the pendulum
Wy = ngl (19)
The so-called mathematical pendulum has all its mass concen-
trated at the centre of gravity. For this pendulum

the subscript m indicating that the pendulum meant is the math-
ematical one. Hence, for this pendulum

e % (20),

Relation (19) can be used to determine experimentally the acce-
leration of gravily from the oscillation period of the pendulum.
Formula (15) is not suitable for this purpose as the period of vibra-
tion of a spring-suspended mass is independent of theacceleration
of gravity. The acceleration determines only the static deformation
of the spring.

Let the pendulum shown in Fig. 9 have, instead of a free hinge,
an elastic one whose angular stiffness s is constant. In the equili-
brium position the pendulum is displaced from the vertical by
the angle a. Measuring the displacement angle ¥ of the pendulum

312
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from the equilibrium position, we can write Lhe differential equation
of the oscillations as follows:

T+ mglsin (o +$) +5 (P — Par) =0 (21)

where 15 is the static angular deformation of the elastic hinge
under the action of the gravity-force moment; it is determined by
the condition

sPge =mglsina (22)

This relation is also valid at &« = n/2. .
Consider now the free motion of the dissipative system illustra-
ted in Fig. 10. This system differs from the one shown in Fig. 7

-ht
) e s Ly vslE
7 :':’T:,,,,, t=5 (§+8)
g o
3 5 AT A fmm-’qe-m
ol_—‘.r e
Figure 10 Figure 11

Hence, for small oscillations we obtain the differential equation

JY+ (mglcosa+s) Pp=0 (23)
The natural frequency of oscillations
l
‘°°=1/ 23_9;_‘1‘*;‘ (24)

In the special case of !:==0, i.e., when the hinge axis passes
through the centre of gravity

0y = ]/-? (25)

in that it has a damper or cataract 5§ which dissipates energy. The
dissipative force B, i.e., the force opposing the movement of body /
and applied to it by the damper is directed against the direction
of the velocily. In our linear diagram this force is proportional
to the velocity, i.e.,

B=—pbz (26)
where b is the resistance or the coefficient of resistance.?
! The term resistance seems more appropriate. It corresponds to the clec-

trical resistance. Moreover, by using it we preclude the frequent confusion
of the coefficient of resistance with the damping coefficient.
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The differential equation of motion takes the form

mz+ bz +cz =0 (27)
or

z+ 2hz+ 0z =0 (28)
where the damping coefficient is
b
h= g (29)

and o, is defined by formula (5).

It is well known that the general solution of Eq. (28) and, conse-
quently, the nature of the motion described by the equation depends
on the ratio of 2 to w,. Consider three possible cases.

If h << ©q, the general solution of Eq. (28) is of the form

z=¢eM(C,cos 0+ C, sin @,1) (30)
where C,, C, are arbitrary constants;
wa=m @31
For initial conditions (7)
Ci=zy C=20tn (32)
Expression (30) can also be rewritten as
z = Ae™ cos (0t — ¢) (33)
where

2
> (34)
Q= tan_l .xoil_:;ﬂ
Formula (33) shows that the free motion in this case is a decaying
vibration whose time-history is illustrated in Fig. 11. The vibrations
continue to infinity and their swing value tends asymptotically to
zero. Such terms as the period, frequency and amplitude of vibration,
strictly speaking, are not applicable to this kind of vibrations.
The envelopes 4+=Ae~"! are tangent to the curve of decaying free
vibrations at points where cos (©,¢t — ¢) = 1.
Extreme z values are ahead of the extremes of cos (w2 — ¢) by
the time interval

Aterr= ‘“%' (35)
3¢
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where 6 is the so-called loss angle defined by the relation

h
tan 6 = —a;' (36)
The extreme values
I Lext | =A %;' e_mcxt (37)
where
te,¢=—(-:T((p-6+uk), (k=0,1,2,...) (38)

The maxima correspond to even & values, the minima t6 odd &

values.
The time interval between two neighbouring maxima or minima or

between two nearest zero points througia which the vibrating body
passes in the same direction is given by

2
T\=5- (39)
The velocity and acceleration of vibration are obtained by diffe-
rentiating Eq. (33):

r— — Awye™ gin (0,8 — ¢+ )

. (40)
= — Aole™ cos (0,8 — ¢+ 26)

A distinctive feature of the vibrations is the constant ratio of
two successive maxima or minima:

2rh
(zext)h =e"’_1 (41)

(Zext)n+2

The natural logarithm of this ratio
9 = In [ - Fexthh ]= 2;‘:‘ —hT,= 27 tan § (42)

(Text)hez

is called the logarithmic decrement cf vibrations.

The logarithmic decrement, like the tangent of the loss angle,
is a suitable dimensionless parameter characterizing the dis-
sipation of energy in a system.

Other dimensionless quantities are also often used for this pur-
pose, for example, the damping ratiol.

B=— =sind (43)

1 This is basically an expression of the damping coefficient if its critical
value at which the system is no longer vibratory is taken as the unit of mea-
Surement.



6. FREE MOTIONS OF A SINGLE-DEGREE-OF-FREEDOM SYSTEM 37

and the quality factor
—1 _%
=3~ (44)

The absorption coefficient is also sometimes used as a dimensionless
parameter determining energy dissipation. Unfortunately, the term
is interpreted differently by different authors. Four of these inter-
pretations of the term absorption coefficient are given below and
denoted by the symbols ¥, ¥,, ¥,, ¥,.

The absorption coefficient ¥ is defined by the expression

Epys iE E
Wo o | iy B
J E Ensr
Ey
where E =running value of the system energy

E, and E;,,=values of the (potential) energy for the Xth and
(k4 2)nd extreme values of displacement z.
Since

1 2 1 2
E, = 3¢ (Text)ky Enyg= 3¢ (Zext)rs2

we obtain from formula (42)
¥ =29

The absorption coefficients ¥,, ¥,, ¥, are theratios of the energy
dissipated during one cycle of free vibration to the arithmetic mean
of energy values at the beginning and end of the cycle, and to the
initial and final energy values, respectively. These ratios as well
as the exact dependences of the absorption coefficients on the loga-
rithmic decrement & and their expansion in power series of 3 are:

20
W‘=2(Eh—5k+z)___ 2 (7 —1) =920 — %_03_ .

Ex+Epn; 2094
Y, =SB 20202004 50— ...
¥, =E_"Ez_f_:ﬂ=ezo_1___20+2ﬁz+%ﬂs+

These formulas show that ¥, is the coefficient that gives the
nearest approach to ¥, differing from it by a small term of the third
order in 0. The quantities ¥, and ¥, difier from ¥ by small terms of
the second order in 9.

Conversion formulas for the dimensionless parameters B, Q, 6,
and ¥ are given in Table 1.

It is readily seen that the logarithmic decrement and the loss
angle have meaning, i.e., are expressed by real numbers, only when
h << o, (to be more exact, when kb < 0, for the loss angle), while
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TABLE 1
8 Q o )
1 1 .
= B 30 —_—— sin §
5 1
Q= -21'5— 4] %1/%-{-1 %cosecﬁ
20 2n
o= _— — ) 2n tan &
T, Vaigr—1
[
6= sin~1ff sin-1 % tan-1 ;—;- )

the damping ratio and quality factor may be used for any ratio of %
to w,.

When & > @y, the general solution of Eq. (28) can be presented
in the form

z=eM (Cievt + Che—vt)
or
z =€ (C, cosh vt +C; sinh vt) (45)
where
v=)"—a} (46)

In this case the free motion of the system is no longer oscillatory
Since A >v, limz =0, i.e., the system, in the final analysis, asym

t—+o0
ptotically approaches the equilibrium position.
From the initial conditions (7) we obtain

Ci= §iv- [zy (A4v) + :;’o]
Cr= — = [Zy (h—¥)+ ] (47)

Depending on the relation between the initial conditions and
the parameters of the system ils motion can take one of the three
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forins described below. In discussing the (hree cases use will be
made of two dimepsionless parameters

__ T by
p—:co(h+v) and 9= e (48)
If at the initial moment the body I (see Fig. 10) has a comparatively
high velocity in the direction of the equilibrium position so that
p < —1, it will then pass throngh the equilibrium position at the
moment

__ X+P /
ty==sIn{—— o (49)
The displacement z then reaches its extreme value at the moment
[
1+
= X
tm—wlll T+p (50)

and from this moment on it changes monotonically, asymptotically
approaching zero. This is illustrated by curves I and 2 in Fig. 12a.

1f at the initial moment body 7 (see Fig. 10) is moving away from
the equilibrium position so that p >0, L

then x reaches its extreme value at the mo- 2
ment given by expression (50) and from this i i T
moment on changes monotonically, asymp- 7 7 7 4
totically approaching zero. Curves 3 and £in 0
Fig. 12b represent this motion. P (@

-If body I (see Fig. 10) is moving, at the < /[r‘x
initial moment, towards the equilibrium 0 =
position at a comparatively low velocity -fm/\;; t

so that —1 < p << 0, then x changes mo- Lo
notonically from the very beginning, asym- 5 (C)
ptotically approaching zero as shown by
curves § and 6 in Fig. 12¢. The motion,

specifically at p = —1 or p = —, is such 0 e/ A t
that the velocity remains proportional to

the displacement from the equilibrium po- )

sition at all times. Figure 12

And, finally, consider the intermediate
case when 2 = ®,. The general solution of Eq. (28) in this case
can be presented as
T = ~ht (C‘+Czt) (51)
This case does not differ qualitatively from the preceding one.
Let us use the notation

p=sp (52)



40 CH. 2. VIBRATIONS OF LINEAR SYSTEMS

The motion of the Lype represented by curves / and 2 in Fig. 12a
will be realized with p<<—1 and the body will pass through the
equilibrium position at the moment

1

th — (WA, ("3)
and the extreme value of z will be attained at the moment
t = e (54)
b (1+F)

The motion of the type represented by curves 3 and £ (Fig. 12b)
will be realized when p > 0. The moment at which the extreme
value is reached is determined by formula (54).

The motion of the type shown by curves 5 and 6 (Fig. 12¢) cor-
responds to —1 << p << 0. In the particular case when p. = —1
the velocity will remain proportional Lo the displacement from
the equilibrium position all the time.

Thus, free motion is a vibration when 2 << 0y (p <1, or

Q >-12- , or ¥ << oo, or 6 << n/2) ad is no longer a vibration at & >

= mwg. The value of damping al which the motion loses its vibra-
tory character is cllled critical:

her = @y (55)
Of practical interest is the case when spring 2 in the diagram

in Fig. 10 is absent. The differential equation of the free motion
can then be written down thus:

mz -+ bz =0 (56)
or
Z+ 2hz=0 (57)
The general solution of the last equation is
z=C,+ Ce~ (58)

which is the limiting value of (45) at v= k. For the initial values (7)
we have

Ci=xo+';',%, Cz=—%,'°; (59)
whence

z=zot 30 (1— ) (60)

2=z, M (61)
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This system may be in equilibrium in any positiont. It moves
monotonically, asymplotically approaching the coordinate value

Zo -i xy/2h. Figure 13a and b shows the time-histories of displace-
ment and velocity, respectively. No matter how small is the initial
damping ratio of the system in Fig. 10, it can be made greater than
unity by reducing the mass of body 7. With sufficienl reduction
of the mass the first term on the left-hand side of Eq. (28) hecomes

b4 x
[N
g ! * !

0

i (@a ta)
I

~ ()

(b) )

Figure 13 Figure 14

mall compared with the rest and il may prove to he reasonable to
neglect it and write the equation as follows:
bz+cz=0 (62)
or
z4 %—z=0 (63)
This is a differential equation of the first order; consequently,
the degree of freedom of the system is 1/2. The general solution is

[
X = C"e_ Ft (64)
From the initial condition z=x, at ¢=0 we obtain
Cy=1z, (65)
Hence
=14 5 (66)

The initial velocity of the system cannot be chosen arbitrarily.
It is determined unambiguously from the equation

[
z=—zof-e—7'=——-c—z (67)
ie., at t=0
Io_.—_: —bixo (68)

1 This state is called indifferent equilibrium (gee Section 10).
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Il a dilferent initial velocity is imparted to the system, il will
instantly arsume the value given by lormula (68). Time-hislories of
the displacement and velocity of the system are shown in Fig. la
and b. Both the displacement and the velocity change monotonically.
asymptotically approaching zero. Formula (67) shows (hal (he
velocily remains proportional to the displacement at all times.

The term time constant (or relaxation time) is often used in the
literature; it is defined as the lime ¢ during which the free-motion
velocity or its curve envelope ordinate diminishes by a factor of
Ile (¢ —2.71828 . . . is the base of natural logarithms). The term
time constant has meaning, i.e., is really a constant, only when
applied to syslems whose velocity of free motion (or the ordinale
of the envelope of the velocily curve) is proportional to the displace-
ment (or to the ordinale of the envelope of the displacement curve)

TABLE 2
Relation
Differential between Special {
equation para- conditions c
meters
1 2n
k< o — t°=7=_b£
_ Zo . _ _4_2m
h=q zoh 1 e=%="
z42hz 4 0fz=0 po 1 _2m
(h=-"_, B __, O WR
— Zy (h+‘V) X 1
— £ = 2 — w2 e 4em
g —= ™ ) (V l/h (00) 1 - V-i — _hz_
h>wg
i 2m
e tc_ h—v = T x
% __ 1
R o dom
S
(X . _ 1 m
. c b
z 1——b-z=0 — — te= -
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reckoned from the position that the system will assume at ¢ = oo.

The values of the time constant for various cases are listed in
Table 2.

7. Forced Vibrations of a Single-Degree-of-Freedom
System Excited by a Sinusoidal Force

Unlike the free motions considered in the preceding section, forced
motions are generated by external factors acting on the system,
which are represented by functions of time. If the motion is cansed
by variable external forces, it is usually spoken of as force or dyna-
mically excited. If the motion of the system is caused by an ex-
ternally specified motion of its elements or points, the motion is
said to be kinematically excited.

We shall apply the term exciting force to the variable force cau-
sing the motion !.

Consider the case of a sinusoidal force applied to body 7, an ele-
ment of a conservative system (see Fig. 7),

F=F,cos ot (1)

where F, — amplitude of the exciting force
© = angular frequency of force oscillations.
The differential equation of the motion of the system can be written
in this case as:

mz + cz = F, cos ot (2)
or
z+ 03z = %'cos ot (3)

where w, is defined by formula (5), Sec. 6.
The general solution of the nonhomogeneous linear equation (3)
may be represented as the sum of the general solution of the corres-

ponding homogeneous linear equation (4), Sec. 6, and a particular
integral X of Eq. (3):

z=C, cos 0yt 4 C,sin 0t 4+ X (4)
We shall seek the particular integral in the form
X=z,coswt (5)

Substituting expression (5) into the left-hand side of Eq. (3),
we obtain

Fq

Ta = (@l—o9)

(6

1 The terms disturbing force and forcing factor are also used.
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and, consequently,

z=C,cos wyt+ C, sin ‘°°t+;}7('6'§_a_‘m?) cos wt (7N
whence
z= —C 0, sin 0yt + C,0, cos 0yt — "Tﬂ%;::m—"') sin o? 8

Substituting the initial conditions (7), Sec. 6, into Egs. (7)
and (8), one has

_ F _ Zg
Ci—xo—,;(-@fm—g)v Cz—W (9)

The general solution (4) can now be presented in the following
form:

- Zo N Fa Fa
X =x,c08 Wy} . sin @yt ~ mei—o%) cos Wyt | mlel—o9)
The first three terms on the right-hand side of Eq. (10) are vibra-
tions at the natural frequency of the system and the last term repre-
sents vibrations at the exciting force frequency. The vibrations at

cosot (10)

z

(a) ()]
Figure 15

the natural frequency consist of two parts of different origin. The
first two terms depend on the initial conditions and are independent
of the exciting force; these vibrations had existed before the exciting
force was applied; let us call them the initial natural vibrations.
The third term is a function of the exciting force and is independent
of the initial conditions; the vibrations it represents are caused by
the exciting force F applied to the system that had been free at the
moment ¢ = 0; let us call them the excited natural vibrations.
The ideal system under consideration will perform natural vibra-
tions at constant amplitude for an infinite time. In real systems
the dissipative forces will make the natural vibrations die out, as

a result of which the system, in the final analysis, will perform forced
vibrations:

:r="Tms:—mT)cos ot (11)
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It can readily be seen from expression (11) that at o < o, the
forced vibrations are in phase and al @ > o, in opposite phase with
the exciting force. The amplitude of the vibrations increases as o
approache; o, and becomes infinitely large at ® -= »,. However,
as will be presently seen, the infinitely large amplitude is attained
after an infinitely long time. Lel us rewrite expression (10) using
zero initial conditions in order to simplify it:
F g (cos ©t— cos wyt)

o (12)
The limit value of the right-hand side of Eq. (12) takes the inde-
terminate form% when o - w,. Let us find the value of (12) using

=

L'Hépitale’s rule. Differentiating the numerator and denominator
of Eq. (12) with respect to , we get

. Fg4(cos ot— cos wgt . Fatsin ot
Jim Fef o) . 1im Le

tsinog  (13)

O~+00 m (0§ — %) wswp MO 2"'(')
Hence
_ Fg . n :
z—Zm—wotsm wot_Zm(o t cos (mot——) '(1.4)

It then follows that when ® = ®, the forced vibrations of the
system cease to be stationary: they become more and more severe.
The “amplitude” of the vibrations is now proportional to the time
elapsed. The time-history of the vibrations is presented in Fig. 15a.
The vibrations (to be more precise, the sinusoidal factor) lag in
phase with respect to the exciting force by the angle n/2.

The vibration phenomenon characterized by increased amplitudes
when the frequency of the exciting force exactly coincides with
that of free vibration of the system is called resonance (see Sec. 13).
Vibrations at ® = w, are called resonant, at o << w, preresonant,
and at © > o, postresonant vibrations.

It is important Lo note that in the nonresonance case after appli-
cation of the exciling force the half-swing of the vibrations at zero
initial conditions can attain the donble value of the stationary vibra-
tion amplitude determined by relation (11). This follows from ex-
pression (12) which can be rewritten in the following form:

2a -sin 202 5in 2FQ, (15)

T = g iR

The time-history of the vibrations is shown in Fig. 15b.
The maximum value of the half-swing is attained near the moment

of time at which |sin=321| —1; hence ¢ = %o, ie., the

maximum is reached the later the nearer w approaches o, (seec Fig. 15b,
in which o is near enough to w, and the vibrations are of the nature
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of heats). Figure 16a shows z, versus o and Fig. 16b, the lag of the
vibration phase with respect to the phase of the exciting force.

T, |
|
|
=
L |
mw}? '
1
- N
0 T .
i
E P G —— c—
2 |
|
) o N S
b)
Figure 16

mulas (5) and (29), Sec.

These curves are known as the ampli-
tude and phase response curves or char-
acteristics. The former is sometimes
called the resonance curve.

Some characteristics of forced vibra-
tions are presenled in Table 3.

We now turn to the case in which
the sinusoidal force given by expres-
sion (1) is applied to body I of the dis-
sipative system depicted in Fig. 10,
The differential equation of motion is

mz+bz+cr=F,cosot  (16)
Hence
24 2hs+ otz =12 cosor (17

where ®, and 2 are defined by for-
6.

For the sake of definiteness let us assume that 2 << »y. From ex-

TABLE 3
. Preresonant Resonant Postresonant
Forced vibrations © < @ © = @ 0> g
Character of vibration Steady-state Increasing Steady-state
. . Fq Fq Fq
Displacement amplitude (ol — 1) Smoy T oy
. n
Phase with respect to phase 0 -5 —x
of exciting force
2F, 2F,
Maximum possible bhalf-| ——o-t— 0o —_—
—_ m (02— 03
swing at zero initial con- m (0§ — o) ( )
ditions
n n
Approximate time when the @—0 oo ®— 0y
maximum half-swing of
vibrations is attained
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pression (30), Sec. 6, we obtain now the general solution of the
inear nonhomogeneous equation (17):

z=eM(C, cos w;t 4 C,sin o,t) + X (18)
whose particular integral will be sought in the form
X =z, cos (wt— @) (19)
Substituting expression (19) into Eq. (17), we find
o R Ve opt e (<0
-1 2k
P= tan™! w (21)

Differentiating Eq. (18), one has

T =eM [—C, (h cos @, + o, sin @) +
+ C, (®, cos ot — A 8in @,2)] + X (22)

Substituting the initial conditiois (7), Sec. 6, into Egs. (18)
and (22), we determine the arbitrary constants C; and C,. Inserting
these constants into Eq. (18) and using formulas (19) and (20),
we obtain the solution of differential equation (17) in the following
form:

. Toh+2o _.
r=eM (zo cos m‘t+-9-;)i;—°sm (o,t) —

Fgae-ht
T m (0 — 02)2 | 4h20?)

[(0)2 — %) cos ;¢ + (—f—‘ (@24 @?) sin m,t'J +

Fa
t Ve e e o (= 9) @)
The first term on the right-hand side of Eq. (23) represents the
initial natural vibrations determined by the initial conditions and
independent of the exciting force; the second term is the exciled
natural vibrations determined by the exciting force and independent
of the initial conditions; the third term expresses the forced vibra-
tions. Natural vibrations, whatever their ‘origin, die out with time
as evidenced by the factor e—** and only steady-state forced vibrations
ultimately remain: »
a
T=- S e v cos (ot — @) (24)
The above holds also in the case when A > w, which differs from
the one discussed above in that the natural motion is not vibratory.
As distinct from a conservative system, the forced vibrations
of a dissipative system are stationary at any frequency of the exci-
ting force.
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Iaving determined the ectreme values of expression (20) for the
amplitude of forced vibrations, we find that the maximum is at-
lained not al w:=m,, as in Lhe case of the conservative sysiem, but
at the resonant frequency

o=V 02— 2h* <, (25)
This maximum value of resonance is given by the expression
Fa
Tamax = ——F———— (26)

2mh Vm
F.xpression (25) shows that the resonance conditions for the vibra-
tion displacement in the given system are possible only when A <C
< @o/V'2. As can be seen from Eq.

“a | (26), the quantity z, mexin theinter-
Fa val 0 < h < wo/)/ 2 diminishes with
Zmh VewZ-h2 increase of h.

It follows from formula (21) that
the displacement phase lags behind
the phase of the exciting force by an
angle of 0 < ¢ << n/2 at ® << wg, by
the angle n/2 at @ = ®w,, and by the
angle /2 < ¢ < 1 at © > w,.

Figure 17a illustrates an approxi-
mated displacement response curve of
a dissipative system (k << o/} 2) and
Fig. 17b is the phase response curve.

Some of the results obtained are
) given in Table 4.

Figure 17 If the signs in Eq. (16) are re-
versed, then the first term on the
left-hand side will represent the so-called inertia force, the second
the dissipative force and the third the restoring force. The restoring
force is always directed against the inertia force. Al w << w, the
restoring force is greater than the inertia force; at ® > w, the oppo-
site is true, the inertia force is greater than the restoring force.
At ® = o, the two forces balance each other completely and the-
refore in a conservative system the force exciting sinusoidal vibra-
tions is not compensated at all and the vibrations must inevitably
increase (resonance). In a dissipative system the exciting force is
compensated by the dissipative force.

The use of complex quantities offers certain advantages in the
study of steady-state forced vibrations of linear (in particular,
complicated) systems. The exciting force is taken in the form

F = F getot 27
instead of using expression (1).

(b)
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TABLE &
Characteristic Formula gggﬁﬁfg
Amplitude of forced vibrations |z,= Fo : —
(displacement) m V(0 — 0?2+ dhiw?
Phase of forced vibrations with 0>—9>— ; 0 <
respect to phase of exciting n
force —=—3 0=,
- % >—o>—n ® >0
F,
Displacement amplitude at reso- | 24 mgx = ————
nance 2mh Y wf—h? wp
A —
V2
Resonant displacement frequency Oy =/ 0f— 2h2
Natural frequency oy=VoI—nt h< @y

The differential equation of motion of a system having one
degree of freedom is then

mz + bz + cx = F eiot (28)
or
z + 2hz + gz = -% etot (29)

Note that by using complex quantities consisting of two terms,
the real and the imaginary, we apply the principle of superposition
and, consequently, this approach is applicable only to linear systems.

We assume the particular integral corresponding to steady-state
forced vibrations to have the form

z= Aelot (30)
where 4 is the complex amplitude of vibration displacement.
Substituting Eq. (30) into the léft-hand side of Eq. (29),
we obtain
= o (31)
= T (03— 03 |- 2hoi)

4d—12
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whence, adopting the notation
A=17x,e"® (32)
I = zaei (0t—9) (33)

where r, and ¢ are given by formulas (20) and (21).
Inserting the integral (30) inlo the basic equation (28), we have

A=t (34)
The denominator in (34)

we get

Co=c— ma?+ibw (35)

is called the dynamic or complex stiffness of Lhe system, Obviously
R, g

Tp—= TCT (36)

i.e., the amplitude of a forced vibration is equal to the ratio of the
amplitude of the exciling force (o the modulus of dynamic stifiness.

Using the following notation for the complex amplitudes of vi-
bration velocity and vibration acceleration

A=i04 and 4 = — w24 (37
we can write '
A - fa (38)

= : .
b-+i (mm—-a)

where the denominator of the right-hand side
bo=b+i (mo—-) (39)

is called impedance, or mechanical impedance, or complex resistance
of the system. Hence .

za=ﬁ (40)
i.e., the amplitude of vibration velocily is cqual Lo the ratio of
the amplitude of the exciting force to the modulus of impedance.
Lixpression (40) is the iechanical analog of Ohm’s law determining
the current in a circuit with complex resistance.

Further, we obtain

X: 47 (41)
M | —
w

where the denominator of the right-hand side may be called the
complex mass m.. Hence

7o =2 (42)

e |me|
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i.e., the amplitude of vibration acceleration is equal to the ratio
of the amplitude of the exciting force to the modulus of the complex
mass.

Note that when @ = w, the dynamic sliffness and the complex
mass are imaginary quantities and the impedance is a real quantity.

8. Centrifugal and Kinematic Excitation of Vibrations
and a System with Positive Motion of Mass Element

We have so far discussed forced vibrations under the action of
a sinusoidal force whose amplitude is independent of the vibration
frequency. The case when the amplitude of the exciting force is
proportional to the square of the vibration frequency is of great
importance in practice. This is the case one has to deal with if the
vibrations are centrifugally excited. Figure 18a illustrates a system
comprising a body I of mass m; (whose motion is limited by ideal
guides 4), a linear spring 2 of slifiness ¢ and a linear damper 5§ whose
resistance coefficient is b; the spring and damper connect hody 1
with the fixed stand 3. The vibrations of body I are excited by

2 46

Who)y @
(a) )
Figure 18

the rotation of unbalanced rotor 6 (unbalance) about the
axis rigidly fixed to body /. The unbalanced mass 6 rotates at a con-
stanl angular velocity o; its mass is mq and it is eccentric with re-
spect to the axis by r (r is the distance from the axis of rotation to the
centre of gravity of the unbalanced mass). The rotation of the unbal-
anced mass generates the centrifugal force

Fa=morm2 (1)
whose projection onto the hcerizontal axis is the exciting force
F=F;coswt (2)

For this system we can make use of formulas (16) through (24)
of the preceding section and formulas (5) and (29), Sec. 6, with the
difference that the total mass of the system m; -- myt should be
. substituted everywhere for the mass m.

1 The basis for this is discussed in Chapter 5.
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Substituting F, from formula (1) into (20), Sec. 7, we may write
the following expression for the amplitude of forced vibrations

- 7"-0"(!)a (3)
© 7 (my+ mo) V(0] — 0P k3wt

Having dectermined the extreme value of (3), we see that the
maximum amplitude

x

moro}
X = ——— 3 4
AT 2 (my+mg) h V§—hE ®)
is attained at the resonant frequency
- 9%
on S YVer—aa ©)
Figure 18b shows the displacement response curve plotted accor-
ding to formula (3). Table 5 illustrates the characteristic features
of forced vibrations with centrifugal excitation.

TABLE §

Method of vibration excitation

Excited by a force. Amplitude
Parameters | “of exciting force independent Centrifugally excited,
of frequency, F, = const Foq =mera

general | z, = Fo Zg= 'mor(oz
€| expres- m V(0§ — 0%)2+ dhtw? (my 1-mg) V (0§ — 0¥)2 + 4hiw?
= sion
E
<
>
g at (0] =0 Zan=— Fa 2, _0
§ %0 " mot 0=
S
e
'g Zaxo 0 ZTav ™y + g
2 at reso- | =z, Fq z morwg
- a max = = —
nance 2mh Vaj—h | O 2(mytmo) kY G —he

Displace- Op =V ol =2k < & N S o,
ment  re- " ? Om V o} —2h% >
sonant fre-

quency
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Let us now turn to the discussion of kinematically excilted forced
vibrations. Consider a body 7 (Fig. 19) of mass m connected to fixed
stand 4 by spring 2 and damper 3 and free to move over guides J.

The other side of body 7 is connected by spring 6 and damper 7
with carrier 8 which moves over guides9. 4 s 51 2 4

Both springs and dampers are linear and ”ﬁ‘ﬁ“ CZM ¢
]

the guides ideal. The stiffnesses of springs
2 and 6 are ¢, and ¢,, respectively, and

the coefficients of resistance of dampers _‘,C —{t 4
Uy =

3 and 7 are b; and b,, respectively. A

sinusoidal motion is imparted to the y 7
carrier by an external factor. Let us de-

note by z the carrier coordinate and by z ""
z the coordinate of body I measured Figure 19

from their mean position. The coordinates
describe the absolute motions of the carrier and body 1.
The differential equation of motion takes the form

MT+ bx + by (T —2) + 2+ ¢y (T—2) = 0 (6)
According to what has been said above
2=124C0S O/ (7N

and we can rewrite Eq. (7) in the form

m?z:.+ b+ b,) z + (ey+ ¢3) £ =124 (¢, cos Wt — b0 sin i) 8)

or
z -+ 2hz + wiz = P cos (0t + 1) (9)
where
— blz'{"nbz : (')0:]/-61—;‘:2 (10)
P=2VaTheh p=tan’2 (11)

We can consider the motion of body I with respect to the
carrier instead of its absolute motion. In this case the coordinate
of the relative motion is

y=z—z (12)
Substituting (12) into Eq. (6) and using (7), we obtain
¥+ 2hy+ ofy = Q cos (o2 +%) (13)

where k and ©, are determined by the relations (10), and
=2V e—ma?y + bje? )

b0
— -1 A%
X = tan prp——

(14)
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Thus, the differential equations of kinematically excited molions,
whether absolate (9) or relative (13), are identical in their final
form with the equation of a motion exciled by an external force [see
Eq. (17), Sec. 7). except for the initial phases of the exciling factors
which in the case of kincmalic excitation are, generally speaking,
diffeent from zero. .

The frequency dependences of the amplitudes P and Q or phases ¢
and g of the exciting factors make it possible to obtain various dis-
placement and phase response characteristics!.

The amplitade of vibration of the mass of the system (Fig. 20)
with positive motion is determined by the kinemalics of the drive

w o 0 6 P ! . J 2
TR iy
RS P =

—— T

Figure 20

and is independent of frequency. Body 7 of mass m is connected to
lixed stand 2 by spring 3 and damper 4. Sinusoidally varying vi-
brations of body 7 are produced by the crank gear with connecting
rod 5 and piston rod 6. Assuming that the ratio of the crank radius
to the connecting-rod length r/l € 1, we can wrile ithe equation
ol motion of body 7 as follows:

Z =T cos wt (15)
where @ is the constant angular velocity of crank rotation.

Using D'Alembert’s principle, we can write the condition of
dynamic equilibrium of body I:

J+B+S+4F=0 (16)
where J = —mz = inertia force
B = —bz = damper force
S = —cz = spring force
F = force applied to piston rod 6.

Let the spring force in the mean position of body I be zero; sub-
stituting (15) into Eq. (16), we now obtain

F="F,cos (wt+ ¢) (17)

1 See graphs in Section 13.
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<1

where
F,=mrV (0l—o?)244hw? )
L e (18)
P = tan w

The second of formulas (18) isidentical with formula (21), Scc. 7,;
wy and A are defined by formulas (5) and (29), Sec. 6.
The amplitude of the force F developed by the drive is minimum

at © =) w2 —2k% and this minimum
value is &
Fomimn=2mrhVol—h (19) AN B

In the absence of dissipative re-
sistances F,pmin =0 at o=w,.
When 0 =0

Foy = mro} (20)

mrw?

L)

It can be seen that the resonance in
the syslem in question reveals itself
by diminishing the force in the drive. 0 w, w
If the tuningis near to the resonance
condition, the drive force may prove
considerably larger at starting than
the necessary steady-state value of the force amplitude.

The amplitude response curves of the drive force are shown in

Fig. 21. Curve 1 corresponds to b = 0, curve 2 to h << wo/V 2 and
curve 3 to b > /) 2.

Figure 21

9. Polyharmonic and Nonperiodic Excitations

Sinusoidal exciting aclions form an important, though a special
and very narrow, class of excitations. Nonsinusoidal periodic or
nonperiodic excitations are often encountered in practice. We shall
now discuss three methods of integraling differential equations of
nonsinusoidally excited motions: expansion of the exciting force in
a Fourier series; the method of fitting (piecewise analytical repre-
sentation and “sewing” or “glueing” of the pieces); and Lagrange's
method (variation of integration constants).

Let the system (see Fig. 10) be subjected to the action of the force
F (¢) applied to body Z. The force F (¢) is a known function of Lime.
The motion of the system is described by the differential equation

7+ 2hz + ofz = = F (f) )
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If the exciting force is periodic, with the period 2n/e®, then
the force can be expanded in a Fourier series!:

F(t)= 2 Fo+ D) Fycos (nat —n) @)
n={
where F,, Fp, }, are obtained from formulas (4) and (2), Sec. 4.
Using the principle of superposition, we can write down the
general solution of Eq. (1):

Fo 1 m‘ Fy
T=%T T T5- =T cos (nwt — Y, —
£+ 2+-.)-"?(I)3+ m "éi V(m%_nzmz)2+4h2n2m2 ( \IJn (Pn)
(3)
where
1 2hnw
e (4)

and z, and z, are itwo linearly independent integrals, representing
the natural vibrations of the system, for example, when & << w,
the sum z;, + z, is expressed by the first term on the right-hand side
of expression (18), Sec. 7.

If the Fourier series representing the force F (¢) is infinite, then
the series representing the forced vibratlionsis also infinite. To obtain
a solution in finite form, the latter series must be summated, this
being in many cases a difficult or even impossible task. This may
sometimes be an essential defect of the method. It should be noted
that under the action of a polyharmonic force a system with one
degree of freedom can have a large number of resonances correspond-
ing to the number of harmonic terms in the expansion of F (¢).

! Consider, for instance, the periodic force varying according to the
aw:

Fi=0 at 2Xcpg@thn

v=0,1,2,...) (5)
Ft)=— at (2v—{;)12 n<t<(2v-t-o2)n

The graph representing F (f) is shown in Fig. 22a. We now
expand this force in a Fourier series:

_ 40 ~ sin(2n—1) ot
Ty z‘ 2n—1 ()
Ne=

! The method of expansion in a Fourier series is also applicable when the
force is nonperiodic and defined in a finite time interval. The solution thus
obtained is valid only within this interval.
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From this we obtain the following particular integral of Eq. (1)

corresponding to forced vibrations:

oo

_40 Z sin (2rn—1) ot )
- am aey (1) Vioi—@2n—1)2 022 +4 2n —1)2 h2e2
In a special case, when h=0,
40 < sin (2n— 1) ot
T=3am 21 @n—1) [0 — 2n—1)2 07] 8)

The use of the method of fitting (see Sec. 20) is advisable in cases
where the function F (¢) can be broken down into a number of parts
from O to ¢,, from ¢, to ¢,, etc., so that the integral of Eq. (1) can be

obtained for each of the time in-
tervals.

We shall now use this method to
determine the stationary vibra-
tions of the conservative system
(see Fig. 7) excited by the force F ()
which is defined by the conditions
(5). The differential equation of
motion (1) for one period of action
of the exciting force takes the form

1]

— at 0<t<—

O ] 2%

(9)

The general solution for the ti-

me interval 0 <t < n/o has the form

.:E-}-(o::c:{

z=C, cos @yt 4 C, sin w,t + % (10)
(1]
whence

z = —C,0, 8in 0yt + C,0, COS 0yt

(11)

F(1)

€%

I
w

gal

Figure 22

Suppose that for steady-state forced vibrations existing before
the moment ¢ = 0 the initial conditions at the moment ¢ = 0 are

z = zy and z = z, whose values are to be determined in the course

of solving.
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With account taken of the inilial conditions the expressions (10)
and (11) become

= (zo 0 ) cos mot+-—‘31n(l)ot+mma ]
(12)
= — (zo—,?:;',g) g Sin mot—}-.to cos m,l J

Further we have to write the general solution for the interval /o <<
< t < 2n/0 and equate the values of £ and z at the beginning of

the interval (o the values of z and z at the end of the preceding in-
terval.

Note that in order to save time we can make use of the fact that
the function F () over the half-period /o << ¢t << 2/ differs only
in sign from its value over the half-period 0 << t << /0. Owing to
syminetry with steady-stale forced vibrations the initial condi-
tions at the beginning of each of the half-periods differ only in sign,

i.e., at t — n/o they are z = —z, and.z = —z,!. At the same time
the initial conditions for the second half-period /o <t << 2/
are the conditions at the end of the first half-period 0 << ¢t < /0.
Introducing these conditions into (12), we obtain a system of equa-
tions

(1+cos“m°) z,+ (Lsm f‘ﬂ‘) :;:0= —73)—3 (1 cosﬂ)
(smm zo——(1+cosm°° :;:o=”?;zsin%
0
Hence
zo=0
' 0 } (13)
30——m—mo tan o

Substituting (13) into the first of expressions (12) and having
in mind the symmetry pointed out above, we obtain the result
required, corresponding to steady-state forced vibrations:

= mal [1 cos (mt — n%) J

2vx 2v (-1
at =g t<("({o—)“

nwy RWy
— Sec 70 cos ((Ot— )]

(2*’4-1)1rt /t<(2v+2) n
= )

(14)

at

! The conditions of periodicity consisting in that the z and z values at the

fl:cgmmng and at the end of the period are equal are here automatically satis-
ed.
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The relations (14) are equivalent to (8), which can be ascertained
by expanding (14) into Fourier series. They are useful as the solu-
tion is presenied in finite form. The two forms of the solution are
applicable only to steady-state forced vibrations. They are not valid
at resonance when

2=2n+1, (r=0,1,2)

since in a conservative system the vibrations increase continuously
at resonance. Formula (8) shows that only the vibrations of the
resonant harmonic are increased.

The method of variation of parameters is universally applicable.
It reduces the problem of solving inhomogeneous linear equations
to quadraturest.

Let z, (t) and z, (¢) be two linearly independent integrals of the
homogeneous equation (28), Sec. 6. Its general solution can be written
as follows:

z=Cyx(t)+ Coz, (?) (15)

Using Lagrange’s method, the general solution of the inhomogene-
ous equation (1) is taken in the same form, but C, and C, are not
considered as constants; they are now functions of the argument
Srtlilme) which are to be determined, i.e., C; = u, (¢), C, = u, (?).

us

T =y () 21 (8) +uz (2) 25 (2) (16)

Since there are two functions to be sought, we can introduce an
arbitrary supplementary condition in the form of the equation

uy () 2, (£)+ iz (2) 22 (£) = O (17)

Substituting expression (16) and its first and second derivatives
into differential equation (1) and taking account of condition (17),
we obtain

uy(2) [z, (2) + 2k, (8) + 032y ()] + us (2) [ (£) + 2k, (2)
02 (8)] -t (8) 2, (8) + 12 () 22 (B) =—F (1)

The expressions in brackels are equal to zero as z, () and z,(f)
are integrals of the corresponding homogeneous equation. Accor-
dingly

1y (2) 2y (£) 4 iy (8) %2 (8) = = F (8) (18)

1 The method is suitable for integrating lincar differential equations
of any order, including those with variable coefficients.
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From the simultaneous equations (17) and (18) we obtain u.i ()

and 122 (t) and integrating them we find the functions required:
\

t
u, (t) = _1 F (2) 2, (2) dz C'i

™ 5 %) 2, (z)— 71 (2) 25 (2)

r (19)

t
Uy (t)=% F@) 2 () dz+C,
&y *1(2) 22 (2)— 24 (2) 22 (2) )
where C; and C, are integration constants whose values are deter-
mined from the initial conditions.

The denominators of the integrands cannot be zero as z, (¢) and
x, (t) are linearly independent. Consequently, the simultaneous
equations (17) and (18) always have definite solutions. The lower in-
tegration limit ¢, is the moment of time at which the force F ()
was applied to the system and the upper limit ¢ is the running moment.

Using formulas (19), we can write the required expression of the
general solution (16):

z=C, (1) + Ciz, <t>+—,‘;j TO=E=0-0a0] 4, ()
24 (2) 72 (2) — 25 (2) 24 (2)
If in Eq. (1) =0, we may assume z, (1) = cos mot, Z,(t)=sin v,t.

In this case for the initial conditions (7), Sec. 6, at £, =0 the
solution (20) takes the form

. i
T =1z,c08 (oot+z—°sin(oot+L F (z)sinw, (t—2)dz  (21)
o+ L |

For example, if the system (see Fig. 22b) with zero initial condi-
tions is acted upon at the moment =0 by the force

O at 0L
F(t)={ at O<i<th

0 at t>¢
then, using relation (21), we obtain the following solution for the
time interval 0 <2 < ¢ty:
t
o .
T= EEsm Wy (t—2z)dz=

o} (1 — cos wyt)

whence
:2 =2 sin wyt
- ma@o 0

For the time > ¢, we have

Z =Z,cos 0y (t —1,) + L sin @, (2 —12y)
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where

1)) . (1]
T=er (1 —coswgty); z=

may sin ®yt,

During the time interval 0 <t < ¢, the system vibrates about a
new equilibrium position displaced by the amount of static defor-
mation under the action of the force @,

gg=—a =D

mo} ¢
with the amplitude x4 so that zm., = 27, and z,,;, = 0. The motion
of the system at ¢ > ¢, depends on the ratio of ¢, to the period of
natural vibrations of the system. If ¢, is a whole number of peri-
ods of natural vibration (an even number of half-periods n/w,),
ie,t, =2nn/w,(n =1, 2, ...), then at £ > ¢, the system remains

at rest as z; = :;:1 = 0 (see Fig. 22¢). If ¢, is equal to an odd number

of half-periods of natural vibration, i.e., t1=$2n—_'M , then

at t > t, the system vibrates at the maximum amplitude z, = 2z,

as shown inFig. 22d. If the time ¢, hasanintermediate value (2'1%‘ <

<y < 2::-—: , then at ¢ > ¢, the system vibrates with the amplitude

0 <z, <2z, (Fig. 22¢).

10. General Approach to Setting up of Differential
Equations of Motion

The motion of systems having one degree of freedom has been
discussed on concrete examples. We now select a more general appro-
ach for the discussion of systems with several degrees of freedom
(two or more, but the number being finite). Consider a system con-
taining N point masses. Their positions are determined by 3N
cartesian coordinates of the points in an inertial system of coordi-
nates: 2;, Zg, . . <y Tny Y1, Ygy + « «» YN+ 315 B3y + « 5 Zy- Let there
be s independent constraints imposed on the system and limiting
its motion. The number of degrees of freedom will be

n=3N—s (1)

If the constraints are stationary, as will be assumed in the fol-
lowing discussion, they are determined by the equations

To(@1y Zas oo ey TNy Y1y Yzs o) YNy 219 23y« +y 3x5) =0 2
(p=1,2,...,9)

Any r cartesian coordinates can be taken as independent genera-
lized coordinates of the system. They will specify completely its
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position as the remaining s coordinates are determined from Eq.
(2) using these n coordinates. Ilowever. any other ¢; coordinates
(i ==1, 2, ..., n) may be taken as generalized coordinates related
to the cartesian coordinates as follows

Gi=qi(Tyy Tay ooy Ty Y1y Y2s oo os YN 241 B2y 0005 3N) (3)
(i=1, 2, co oy n)

We use here only the stationary transformation of coordinates, the
time being absent in explicit form on the right-hand sides of Eq. (3).

The generalized coordinates g; must determine the position of
the system completely. Therefore all the cartesian coordinates can
?29) determined from the n relations (3) and the s constraint equations

Ip = Ty (qh g2y - -« qn) ]
YUn=4r (911 G2y <y qu) } (4)
2h=2k(qyr Qas +++r qv), (k=1,2,..., N)

The motion of the system can be described by Lagrange's
equations

d oL oL R
.EE._TE_Q,-, (i=1, 2,...,n) ()

where L=Lagrange's function equal to the excess of the kinetic
energy T of the system over its potential energy 17, i.e.,

L=T-1 (6)

Qi=generalized forces determined by the formulas

N
Qi= D (Xk g;: +Ys gz: + 2 azh) (7)

994
R=1
i=12,...,n)

The quantities X. Y. Z; on the right-hand side of Eq. (7) are
projections of the resultant of the nonpotential forces applied to
the kth point mass of the system. In the case of the free motion of
a conservative system, the first to be considered, Q; = 0.

The kinetic energy of the system can be determined by the formula

T

i

N
+ 3 maah+ v+ 2h) ®
k=1

where m; is the kth point mass,
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Differentiating expressions (4) yields
< a - d
S\ 9% O Y
3h—2, ag; I Yr= 21 aq; 1
i=

i=1

dz
= Z 79% q: ©)

Substituting expressions (9) into formula (8), we have

n
o o

n
T=%Z D) @195 (10)
i=1 j=1

where a;; = a;; are coefficients depending only on the generalized
coordinates (in particular cases a;; and a;; are constants).

It follows from formula (8) that the kinetic energy is always a po-
sitive quantity and vanishes only when the velocities of all the
point masses of the system are zero. In this case all the generalized
velocities become zero, as can be seen on differentiating relations
(3) with respect to time. Thus, the quadratic form on the right-
hand side of expression (10) is positively definite. Consequently, its
coefficients a;; satisfy Silvester's criteria which require that the

determinant and all the diagonal corner minors of the coefficient ma-
trix

a“ a‘Z LIF IR ain

a= a2, azz * e azn (11)

----------

ani anz o e ® ann
be positive, i.e.,

ayy Q2

ay >0, >0,...,

>0 (12)

Gz Qo

Q@ny ... @ann

Free vibrations are possible only about the position of stable
equilibrium. There are three kinds of equilibrium: stable, unstable
and indifferent. Examples of stable equilibrium are shown in Fig. 23a
and d (a heavy ball in a hollow and a pendulum in its lower posi-
tion); those of unstable equilibrium are depicted in Fig. 23b and e
(a ball on the top of a hillock and a pendulum in its upper position),
and an example of indifferent equilibrium is shown in Fig. 23¢ (a ball
on a horizontal plane).

A system displaced from its position of stable equilibrium, gene-
rally speaking, not too far away, returns to it. A system displaced
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from its position of unstable equilibrium deviates from it still fur-
ther. A system slightly displaced from its position of indifferent
equilibrium remains in the new position.

The potential energy of a system can be represented by a func-
tion of the generalized coordinates:

H=H(qb g2y -« s qn) (13)
(@ 7)) 3] dy (e
Figure 23

The potential energy of a conservative system in the position
of equilibrium has its extreme value, i.e.,

aIr ) —0; of
0g1 Jq=gi® ' \ d¢,

)q‘=4§°>=0; ces

=0

ol (14)

agn ) qi=¢§°’

where g9’ are the generalized coordinates at the equilibrium position.

According to the Lagrange-Dirichlet theorem it is the minimum
of potential energy that corresponds to the position of stable equi-
librium of a conservative system.

Taking the stable equilibrium position as the origin of the gene-
ralized coordinates, i.e., ¢i” =0, (i =1, 2, ..., n), let us expand
the potential energy in the neighbourhood of this point in a Taylor's
series:

I=10+ 3 kgi+—5 3 3 kugas+ - (15)

i=1 i=1 j={

The potential energy is determined accurate to a constant term.
Equality (5) shows that this additive constant plays no part in
the setting up of the equations of motion. We assume, accordingly,
the value of the potential energy in the stable equilibrium position
of the system to be zero, i.e., IT'” = 0. The coefficients k&, of the
first powers of the generalized coordinates are also zero, as

ol
k= (7o)
t oq; ] q=0

Potential energy expansions of linear systems do not contain
terms with the powers of the generalized velocities higher than the
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second. In considering small! vibrations of nonlinear systems about
the position of stable equilibrium the terms containing powers
higher than the second may often be neglected as small quantities
of higher orders if nol all of the coefficients k;; of the quadratic terms
are zero. Thus the potential energy is expressed by the quadratic
form

1 n n
I=-5 2 ’2 kisqiqi, (kij=ky) (16)
i=1 =1

this form being positively definite, which follows from the Lag-
range-Dirichlet theorem. Consequently, the coefficients k;; satisfy
Silvester’s criteria, i.e.,

kll ® s 0 k’n

Fng - .. nn

As has been pointed out above, the coefficients a;; of the quadra-
tic forms of generalized velocities in the expression for kinetic energy
(10) depend in general on the generalized coordinates. Expanding
them in a Taylor's series in the neighbourhood of the point of stable
equilibrium, we obtain

ay=aid+ X aifgp+. .. (18)
p=1

Only the constant lerm ai} is present in this series in the case of
linear systems. For small vibrations of nonlinear systems the terms
containing the power 1 and higher of the generalized coordinates
may often be neglected as small quantities of higher order. In what
follows it is assumed that a;; = const.

Substituting into expression (6) the values of the kinetic and
potential energies from (10) and (16) and differentiating, as indica-
ted by Eq. (5), we obtain the following differential equations of
motion:

kll klz

k>0, g kzz|>0’ ceny

>0 (17)

jg)’ au;1.1+,§‘ kiyg;=0Qn (i=1,2,...,n) (19)

The dissipative forces can be taken into account in calculating
the generalized forces from formulas (7) and then one can use Eq. (5).
An alternative method of setting up the equations of motion is
applicable to linear systems. The dissipative function is constructed

1 This refers to quantities small compared with unity. This treatment has
a meaning if the small quantity is dimensionless. Thus, 1 mm is a small quan-
tity, 10-3, if the unit of measurement is the metre, but 1 mm is a large quan-
tity, 103, if the micron is used as the unit of measurement.

5—12
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as a positively definite quadratic form of generalized velocities
n n
1 [
D =— D X bisgigs,  (biy=bs) (20)

i=1 j=1

and its partial derivalive with respect to any of the generalized
velocities, taken with an opposite sign, is the dissipative force B
corresponding to this generalized velocity:
o R
Bi=""'_', (l=1’2’ .-.,n) (21)

9g;

In this case Eq. (5) may be replaced by the differential equa-
tions of the form

S R0 0, (=1,2...n @)
aq; 7 " “aq,

where the generalized forces Q; depend only on time.
Since the dissipative function is positively definite, the coeffi-
cients by; satisfy Silvester’s criteria, i.e.,

by by
bay  baa

bii LRI bln
>0,...,] "

by >0, e >0 (23)

bni LA bnn

Differentiating, as indicated by the left-hand side of expressions
(22), we obtain the following system of differential equations:

’_=21 aiq;+ 5=21 bugi+ z‘ ki;95=0Q: (24)
@=1,2, ...,n)

11. Systems with Two and More Degrees of Freedom

For free vibrations of a conservative system the right-hand sides
of Egqs. (19), Sec. 10, are equal to zero: Q; =0 (i =1, 2, .. ., n).
The motion is then described by n simultaneous ordinary linear
differential equations of the second order:

n

*» n
521 a1;9;+ ’,=21 kijq;=0 (1)

(E=1,2,...,n; aij=aj; kij=k;)
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or in extended form
a9+ azzq.z‘i‘ +a1n.én+ kygy+kpget ..o+ g =0
azﬂi + azzQz +.o4+ azn?n + kzaQa'l‘ koogot+ ...+ kann (2)

aniQi +anzqz+ st an719n+kniqi+ knege+ - ..+ knngn =0

The solutions of these simultaneous differential equations are
QItAicOS(Qt"'(p)y (i=19 21 LIS | n) (3)

Substituting into differential equations (2) the expressions for
generalized coordinates (3) and their second derivatives, we obtain
n simultaneous algebraic homogeneous linear equations in coeffici-
ents A;:

(kg — a44Q%) Ay +- (kg ~ 01,.92) Ao+ .o (kin— a1 Ap =
(ko — a20%) A+ (kpp — a2, Q%) A+ . + (kon — an2?) 4, (4)

® @ 6 o 8 6 B & ¢ s & & 4 & B P 4 s e 3 & B e " + s » o e o .

(kni— anigz) Ai + (knz— an,gﬁ) A2+ ‘l‘ (]fnn —'annQ ) A

It is well known that the necessary and sufficient condition for
the existence of non-zero solutions of such simultaneous equations
is that its determinant be equal to zero:

ky—ay Q@ ki —a,,Q kin — anS2®

k —.aziﬂz kzz - aznﬂa e kzn _ aan‘ =0 (t')

kny— amg2 knz _anzgs o kpn— aan3

Expression (5) is an equation of nth degree in the square of fre-
quency, Q2. Solving it, we obtain n squares of the natural frequencies
(R4, Q2 ..., Q) of the mechanical system considered. Expres-
sion (5) is termed the characteristic equation!. In our case all the
roots Q} of the characteristic equation are real and non-negative.
To each frequency square value there correspond two values of the

frequency:Q; =1 Q% Weshall use only the positive values because the
negative frequencies give us no additional information about the
vibrational motion; they are equivalent to the positive ones if the
initial phases have been properly selected?.

1 The terms century equation, frequency equation and secular equation are
also used.

2 It was shown in Sec. 2 that the sign of angular frequency (angular velo-
city) must be taken into account in considering periodic rotational motion.

5
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Consider the case where all natural frequencies are different:
Q< Q, << Q<. .. << Q. It follows from what has been said
that the general solutions of the simultaneous equations (2) can
be presented in the form

gy = Ay 008 (Qyf — @,) + Ay5 co8 (Rof — @2) + .. . +)
+ Ayncos (Rt —@,)

gz = Az €08 (R — @) + Az2 008 (Rt — @)+ .. . +
+ Agp €08 (2t —p) ! } (6)

----------------------

gn=Any oS (Rt — @;) + Apyc0s (Lt — @) ...+
+ App cos (Rt — @p) )

The first subscript i in 4;; denotes the order number of the gene-
ralized coordinate, and the second subscript j the order number of
natural frequency.

The solutions of (6) comprise n* quantities A;; and n quantities ¢;,

i.e., n (n 4+ 1) constants in all. The initial conditions ¢;o and g,
yield only 2n equations from which the constants can be found.
Consequently n (n — 1) additional conditions are required. The con-
ditions are easily determined by considering the structure of the
simultaneous equations (4) in which one! of the coefficients, say A,
may be taken arbitrarily. Then all the rest can be determined in
terms of 4,. Dividing all the terms on the left-hand side of Eq. (4)
by A, and using the notation a, = A,/A,, a3 = A4/4,, ..., a&; =

=A,/4,, ..., o, = ‘47’: , we can now determine these (2 — 1) quan-
tities a; (i = 2, 3, .. ., n). But Q may assume n values: Q,, Q,,
Qs ..., Qs ..., Q.. Thus, n values of each of the coefficients

a; are determined, viz. a;, @, ..., Q. Therefore we obtain
n(n — 1) values of a;;:

A
Q= ]%" fi (krs—ar,£23) (7)
(i=2, 3, ¢ o0y n; ’=1' 2’ s 00y n)
The subscripts r and s indicate that the whole set of the coeffi-

cients k£ and a is meant. The ratios a;; are called distribution coef-
ficients.

! Or more than one if there are equal natural frequencies.
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Solution (6) can be now rewritten as follows:

gy = A cos (Rt — @)+ Az c05 (Rt — )4 ... + )
+ Ap cos (2nt — @p)

g2 = A0tz c0S (¢ — @) -+ Aay; C08 (Rt — @) +

+ ...+ Ap0, cos (Qnt— @) [ )

......................... .

@n = AyQny €08 (it — @;) + As0in; o8 (Rt — @) +
+. .. 4 Apapn cos (Rt — pn) )

Note that the subscripts of the coefficient A refer to the order num-
bers of natural frequencies, in distinction to those used in expres-
sions (3) and (4) which represent the order numbers of generalized
coordinates.

The arbitrary constant 4; and ¢; (2n in all) can now be determined

by using the 2n initial conditions ¢;, and g;o. Solutions (8) enable
one to note the following basic features of the free motion of a con-
servative system about the position of stable equilibrium:

1. The motion corresponding to each of the coordinates is a su-
perposition of n sinusoidal vibrations of (in the general case) diffe-
rent frequencies, i.e., the system has n natural frequencies which
are determined by its parameters and are independent of the initial
conditions.

2. The vibrations of any generalized coordinate ¢; at the jth
natural frequency are either in phase (if a;; > 0) or in opposite
phase (if a;; << 0) with respect to the coordinate g;.

3. If the oscillation amplitude of any coordinate at one of the
natural frequencies is known, then the amplitudes of oscillations
of all the rest at the same frequency are also known since they are
interrelated by the distribution coefficients that are independent of
initial conditions.

The initial conditions can ‘be selected so that the amplitudes
of vibrations at all frequencies, except one, will be zero.

In this case the system will vibrate at one frequency, i.e., sinu-
soidally. Such vibrations are termed normal modes. A system has n
normal modes of vibration!. Each normal mode of vibration is cha-
racterized by its shape (elastic curve) completely determined by
the distribution coefficients corresponding to the given frequency
and independent of the initial conditions. These shapes are called
normal elastic curves.

1 The term natural vibrations is sometimes used in§tead of normal modes
of vibration. This is misleading because natural vibrations, as shown above,
may have a number of frequencies.
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Thus, in the gencral case, natural vibrations prove to he multi-
frequency vibrations. The reason is that the generalized coordinates
used are coupled. The coupling of the coordinates means that free
oscillations of one coordinate cannotl exist withoul oscillations of
other coordinales coupled with that one. The determination of the
so-called normal (i. e., mutually orthogonal)! coordinates the osci-
Hations of which are independent of cach other is of interest.

It is easily seen that the coupling of natural vibrations is due
to the conpling of differential equations (2). For example, the first
of the equalions is coupled with the second one by the terms con-
taining the coeflicients a,, == a,, and k;, —= ky,. The linear trans-
formation of the generalized coordinates

qi = g+ gi292 + oo + ginldn 9
(i=1,2,...,n)

resnlting in the climination of the coefficients a;; and k;; with
unequal subscripts (i 5= j) yields n independent linear differential
equations replacing the simultaneous equations (2):

iy +kigi=0, (i=1,2,...,n) (10)

There is now no need to use double subscripts: ai = a{;, ki = ki;.
What follows is quite straightforward: in each of the normal coor-
dinates the system hchaves as if il were a system having one degree
of freedom corresponding to this coordinate.

The transformation (9) reduces the quadratic forms (10) and (16),
Sec. 10, which are expressions of the kinetic energy in terms of gene-
ralized velocities and of the potential energy in terms of generali-
zed coordinales, Lo the so-called canonical form. The canonical
quadratic form is the sum of the squared variables multiplied by
constant faclors, but it does not comprise terms containing products
of the variables:

1@ 1 <
T=5 X ai(@)y M= 3 k@) (1)
i=1 i=1

The natural frequencies of a system cannol depend on what sy-
stem of coordinates has been chosen because they are determined
by the parameters of the system. Therefore the required normal coor-
dinates depend on time as follows:

gi=Ajcos(Qt—e¢;), (i=1,2,...,n) (12)

1 These are sometimes called principal coordinates.
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Substituting equalities (12) into the simultaneous equations (8)

we obtain , ,
@%=q+¢%h+..-+4qn

g2 = Oxyq; -+ Caody+ -« - + %angn (13)

@n = Onyqy + Gnz@3+ - - - +Cnaghn

The solution of the simultaneous equations (13) for g; gives the
required transformations (9). The use of normal coordinates greatly
simplifies the study of the motion of a system but their determina-
tion involves no less labour than the direct solving of the problem
using the initial coordinates g;.

The above is better illustrated by considering a system having
two degrees of freedom. Its kinetic and potential energies are deter-
mined by the expressions

1 ] [ ] L[] L[]
T= 3 (249 + 2a,29.92 + a293)

1
== (Fyqs+ 2ky29492+ K2q3)

(since a,5=ay and k;;=ks,), Silvester's criteria yielding the rela-
tions

(14)

ay>0; a@,—a3,>0; ky>0; kk,—k},>0 (15)
The differential equations of free vibrations now take the form

a;q.ri' aizzz+k191+k1242=0 } (16)
aads + az.q.z + kynqi 4 k29, =0
Substituting integrals of type (3) into (16), we get
(ky—a, Q%) Ay + (kyz—a;p2%) Ay =0 } "
(ki3 — aoS8) A+ (ky— aQ2?) A, =0 )

Hence the characteristic equation
(kg — a,2%) (ko — a,R%) — (kyp —a4,Q0%)2 =0 (18)
is a quadratic in Q?. Solving it, we obtain two roots, Qf, and Q2.

Both are real and positive.
Let us write the general integral in the following form:

q1= By cos (4t — @,) + B; cos (Qpt — ;) } 19
g2 = B0 cos (Qif — @,) + By, cos (Qt — @) (19)
where the distribution coefficients
= — ky—ai @) _ _ kiz—a0,0f
1 ki2— a1,Q3 ky— a,Q3
ty= — ky—a Q3 _ _ kin—a00f (20)

kip—a2Qf ky—a,Q3
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The arbitrary constants B,, B;, @,, ¢, can be determined from

the initial conditions g5, ¢19» @200 920
The coupling of differential equations (16) is due to the terms
that contain a,, and k,,. The expressions

. = ke 2

“=Vew !PT Vim @b

are called coupling coefficients. The first coefficient determines the
inertia coupling, and second the positional one. Coefficients of dis-
sipalive coupling may appear in dissipative systems. The larger
the absolute values of the coupling coefficients, the closer are the
generalized coordinales coupled. Generally, the values of the coupling

4 5 1 3 2 z,

| A NAT N A IS A
BAVINAVIS A

(a) )

[~
N

%)
Figure 24

cocfficients vary between the limits —1 << y << 1. There is no cou-
pling when % =0.

The normal coordinates (12) are determined by solving the system
of equations

71=q1+4q, } 22)
G2 = 0g} +0taf,
which is a special case of Egs, (13).
From (22) we obtain
' __ x291—G2 r__ G1—qz
6=—G ' BT g (23)

Consider, as an example, the system shown in Fig. 24a. Two ele-
ments I and 2 of masses m, and m,, respectively, are linked by spring
3 whose stiffness coefficient is ¢,. Element I is also connected to
fixed stand 4 by spring 5 with a stiffness coefficient ¢,. The ideal
guides 6 allow the elements to move only horizontally in the plane
of the drawing.
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Let the displacements from the position of stable equilibrium =z,
and z, (say, to the right) of the elements 7 and 2, respectively, be
selected as general coordinates.

The expressions of the kinetic and potential energies of the sy-
stem can be written as follows:

T= % (mxi';f + mz-;v':)

II = % [eyz} 4¢3 (23— x4)?)

Substituting these expressions into relation (6), Sec. 10, and
performing the necessary operations indicated in formulas (5),
Sec. 10, we obtain the diiferential equations of motion

m,.:z:.i + (ey+¢3) Ty — €2, =0 } (24)

MoZy+ CoXy — Cozy =0

where a;=my; ay=my; ap=0; ky=ci+c5; ky=cs; kpp= —cy.
The system has only positional coupling. The coupling coeffi-
cient

_ —cs — / Cay
= Viesre e, |4 ¢t
According to formula (18), the characteristic equation is
(C‘ + Cy~— mim) (62 —_— m:;_Qz) —_ C: =0

or
mym % —[(c,+ ¢;) my+- comy) &+ c16,=0
Hence
Qf 9= (c1+¢2) matcomy F V(ey+cp)2 mE+cgm—2¢, (cy —co) mym, (25)

' 2m,m2
The distribution coefficients are determined by formulas (20):

e1te—miQ} | o — ¢y 42 —myQ}
¢s ’ 2 ¢z

For the initial conditions z,=z,,, T, =y, :r:'i=z.z=0 at t=0
the solution of our simultaneous differential equations, in accor-
dance with formulas (19), takes the form

x,= A cos Qt + A, cos 2t
Ty = A0, c08 Qi + Ay, cos St

a’=

where
A, — — (etea—miQf 249 —cy2y
1 my (QF —Q3)
A,— (cy+c3— myQ}) T19—cC2220

my (QF—Q3)
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The normal coordinates z; and x; are determined, in accordance
with (23), by the same relations as 4, and A,, but on their right-
hand sides z,, and z,, must be replaced by the running values of
the coordinates z, and z,, respectively.

As a second example, consider a system (Fig. 24b) differing from
the preceding one only in that the element 2 is connected to fixed
stand 7 by spring 8 with a coefficient of stiffness c;. We choose as
general coordinates the same z, and z,. The expression of the kinetic
energy remains unchanged. The potential energy is now determined
by the expression

1
IT =5 [e@i+ ¢z (T, — 21)* - €523)
The differential equations of free vibrations become
mi.z.t +(ey+c2) 2y — a2, =0

mz.x.z + (¢34 ¢2) T3 — oy =0

To simplify matters, we assume m;=my,=m, ¢,==c3=¢, €3 =20,
and rewrite the equations accordingly:

m.a;H— (c+co) &y —coz2 =0

My 4 (¢4 o) T3 — coTy =0

It can be seen that the coupling is purely positional. The coup-
ling coefficient is

]
= "TFa
The characteristic equation is
¢+ co—me22 —¢
—¢ c-l-co—szl=O
or
m2Qt —2 (c+ ¢o) m22+ ¢ (c+2¢0) =0

Hence

o=y & a=)y =

The distribution coefficients are ;=1 and oo = —1. The gene-
ral solution is represented by the relations

zy=A,cos (2 —@,)+ A, cos (2t — @y) }
xp = A, cos (Rt — ¢,) — A cos (Qyt — ;)

Thus, in the first normal mode of vibration the elements I
and 2 vibrate in phase, in the second mode in opposite phase.
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The normal coordinates
’ 1 1
Ty== (,+ ;) and Ty = 5 (#— )

lend themselves readily to a physical interpretalion: z; is the dis-
placement of the centre of gravity of the system and z, is half Lhe
relative displacement of the elements 7 and 2 or the displacement
of each relative to the centre of gravity of the system., .

Assume now as initial conditions: z, =2¢; 2, =0; 2, =2, =0
at ¢ = 0. The motion of our system will then be determined by the
expressions

z,=a cos Q¢+ a cos L.t
Zy =a c0s Q,t — a cos Q¢

If ¢y € ¢, the natural frequencies @, and Q, are close to each other
and the free vibrations r, and z, will be of Lhe nalure of beats as
illustrated in Fig. 24c (x, vibrations) and Fig. 244 (x, vibrations).

This example shows that with natural vibrations of multi-degree-
of-freedom systems a periodic exchange of energy between the de-
grees of freedom is possible, the oscillations of one coordinate in-
creasing at the expense of decreasing oscillations of another coor-
dinate.

We shall now consider the forced vibrations of a two-degree-of-
freedom conservative system in the case where both generalized
forces Q; in Eqs. (5), Sec. 10, are in-phase or antiphase sinusoidal
functions Q, cos w¢t and Q, cos ¢ where |Q,| and | Q, | are the
amplitudes of the forces. The equations of motion take the following
form:

41.9.1 + 012.q.2 + kg, + k092 = Q4 cos wt } 26)
a129; + axqs + Ky2qy + k2q2 = Q, cos ot

Lot us assume the particular integrals corresponding to steady-
state forced vibrations to have the form

gy =X, cos wt, g,= X, coswt (27

Inserting them into differential equations (26), we obtain two
simultaneous equations linear in X, and X,:

X, (k¢ —a,0%) 4 X, (ks —a,0%) = @, } 28)
X, (kp—a00%) 4 X, (ky — 3,0%) = @,
Solving (28), we obtain
Q1 kip—ay02 ky—aj02  Q
X, — Q2 ky—a,0? X, = ki —ag,0t Qp (29)

kj—‘al(l)a k‘z— atz(l)a 7

ki_ alo)ﬁ kn*dizﬁ)z !
k‘z‘— aiz(l)z kz —_— Ez(l)a

ky3—a,03  ky—a,02
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If the denominalors of the right-hand sides of expressions (29)
tend Lo zero, the absolute values of X, and X,, generally speaking,
increase infinitely, i.c.. resonance sets in. By equating the deno-
minators to zero, we obtain the characteristic equation (18) which
is satisfied only when o = Q, and o = Q,. Consequently, reso-
nance can occur in a conservative system when the frequency of the
exciting force is equal to one of the natural frequencies of the system.

As distinct from a system having one degree of freedom, special
cases are possible in multi-degree-of-freedom systems when some
of the resonances do not occur. This is the case where both the deno-
minator and the numerator in the right-hand side of one of the two
expressions (29) vanish simultaneously. The numerator of the other
expression must then of necessity also be zero. Referring to expres-
sions (20), we see that the numerators become zero when one of the
following conditions is satisfied:

8—:= —oy at o=, and %= —a, at 0=,
But, as has been pointed out earlier,
Ay An
L TP Ag,

where the first subscript stands for the order number of the genera-
lized coordinate and the second for the order number of the natural
frequency Lo which the given “amplitude”t of natural vibrations A
pertains. Substituting the above values of a, and a, into condition
(29), we obtain

Q41+ Q:4,=0 at °’=Qi} (30)

Q1A+ Q242 =0 at ©0=Q,

If the “amplitudes” of free vibrations A,, and A,, are considered
as components of one vector and the “amplitudes™ of the exciting
forces @, and Q, as components of another vector, then the first
of the expressions (30) is the vector orthogonality condition of (Q,,
Q,) and (A,,, A,,). The second equality expresses the vector ortho-
gonality condition of (Q,, @,) and (A,,, 4,,). The physical intgr-
pretation is that the sum of the works performed by the exciting
forces on the natural vibration displacements is zero (we are speak-
ing here of cases where the frequency of the exciting forces are equal
to one of the natlural frequencies), i.e., in spite of the existence of
exciting forces the system energy remains unchanged. Therefore
the vibration amplitudes are limited and no resonance sets in.

! The word “amplitude” is placed in quotation marks because A;; are equal
to amplitudes accurate to the sign as A;; can be either positive of negative.
3 These can also be determined accurate to the sign.
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Another important feature of multi-degree-of-freedom systems
is that one of the numerators of the right-hand sides of expressions
(29) can become zero at a frequency other than the natural frequ-
encies of the system. At the same time the denominator is not zero.
In this case the corresponding coordinate takes no part in the forced
vibrations of the system and remains unchanged. A phenomenon
occurs which is known as antiresonance or dyramic absorbing of
vibrations!. A minimum on the amplitude response curve corres-
ponds to the antiresonance and the amplitude value is zero in a
conservative system. This phenomenon cannot be observed in single-
degree-of-freedom systems.

We now turn to a brief consideration of dissipative systems.
When dissipative forces appear in a system, the dissipative func-
tion (20), Sec. 10, for two degrees of freedom, takes the form

o= % (baéf + Zbﬂéi&z + bzé:) 1)

The differential equations of free motion represented in the gene-
ral case by expressions (24), Sec. 10, can be written as follows:

01.9.1 + a:z.q.z + bi&i + bizq.z‘l‘ kg + kg2 =0 }
4291+ @292+ b12gy + bega -+ Fyoqy + kog2 =0

The integral of linear equations with constant coefficients can
always be taken to have the form

g1 = A (33)

Substituting (33) into the left-hand sides of equations (32), we
obtain two simultaneous homogeneous linear equations

(aw? 4+ bw+-ky) Ay (@00 +byoto + kyp) A, =0
(@12w?+4-bysw + ko) Ay + (aw?+ b+ k,) 4, =0 }
for which non-zero solutions are possible only if the condition
aw?+-bw+k, a w2+ byw+ky,

ay o +bw+kyy @+ byw+-ky

(32)

(34)

=0 (35)

is satisfied.

Expression (35) represents a characteristic equation the solutions
of which are four (in general, different) quantities w,, w,, w;, w,.
Any of the simultaneous equations (34) yields the ratio 4, : A,
i.e., the distribution coefficients for the four roots w: a,, «,, a;, ;.
The distribution coefficients corresponding to complex roots of
the characteristic equation are also complex quantities. We can

1 See Section 14.
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now write the general solution of the simultaneous equations (32):

gy = AjeV1t 4 A 02t | Agewst | A et
gz = Ay eVt + Aya,evs? | Ajoges! + 4 o 04t } (36
The roots of the characteristic equation (35) can be real non-posi-
tive or complex in conjugated pairs with negative (or, in particular
cases, zero) real parts. A particular solution of the type of one of the
terms on 'he right-hand sides of (36) corresponds to each single
real root. The sum of two particular solutions of type (51), Sec. 6,
corresponds to two equal real roots. If the multiplicity of the root w;
exceeds two, for example, is s in a multi-degree-of-freedom system,
. the particular solution then takes the form

A, 4 Agte®t - Attt 4 ..+ Ats—1e® 37

The suin of two solutions of type (30), Sec. 6, corresponds to a
pair of conjugate simple roots (not multiples) Let w;, =u+ iv
and w, -= u — iv. Accordmg to expression (33) the sum of two
particular solutions is

gy == A" - Ajevnt
@z = Ao eV -+ Ay0uett

In this case the coefficients o, and a, will also be conjugate com-
plex quantities: &, = % + iA, a, = % — iA. We take the arbitrary
constants also in the form of conjugate complex quantities A, =

= -;— (ey — icy), Ag = % (¢, + icy). We may do so since only two

constants, ¢, and c¢,, are selected arbitrarily.
Substituting all the above values in our solution, we get:

g, —e*! {% (cy—icy) e - % (cy+icy) e“"’] = e*! (¢, cos vt} ¢, sin vt)

The final transformation has been made using formula (8), Sec. 2.

g, =e*! [ 5 (ey—icy) (x4 iM) etvt +5 (ci+ icy) (w—id) et =
= e™ [(c,% + coM) €08 vt + (¢ — cyA) sin vE)

Thus, the solution has been obtained in real form. In distinction
to free vibrations of a conservative system, in the case considered
the phase difference of oscillations of the coordinates is not equal
to zero or .

If the real part of a pair of conjugate rools of the characteristic
equation is zero, i.e., they are imaginary, then the sum of two parti-
cular solutions takes the form (6), Sec. 6. If the conjugate roots are
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of s-multiplicity (in a multi-degree-of-freedom system), the solu-
tion corresponding to 2s roots takes the form

g = e** (¢, cos vt -+ ¢, sin vt - 3t €08 vt + c,t sin vt - 522 cos vE -
+cet?sin vt + . .. 4 254" €08 VE - c35¢° L sin V2) (38)

With forced vibrations of a linear two-degree-of-freedom system
in the case of a sinusvidal in-phase excitation the differential
equations of motion can be written as follows:

a1.€1.1+ ‘112’.1.2 + blq.i -+ bm‘}z'i- gy + k129, = Q4 cos wt } (39)
@42+ az.Qz + b12g1 + b2ga + Ki2qy -+ K2gr = Q2 cos ot

We assume the particular integral corresponding to steady-state
forced vibrations to have a form analogous to that of expres-
sion (19), Sec. 7:

gy=A; cos ot + B, sin ot } %
g»= A, cos ot + B sin ot (40)

In order to determine A,, 4,, B,, B,, substitute expressions (40)
in Eqgs. (39) and equate the cosine and sine coefficients on the right-
and left-hand sides of each of the identities obtained:

(ky—a,0%) Ay+ (ko — a20%) A+ b0B; + by,0B, = Q,
(12— a120%) Ay + (ky — a,0*) A+ byy0B; + b,0B; = Q,
—bwA; —b04,+ (k; — a,0?) B+ (kyy — ay,0%) B, =0
— b0 A — b0 Ay + (ks — ay,0%) By + (k; — a,0%) B, =0

The solution of these equations yields the required coefficieuts.

The forced oscillations of one coordinate are, in general, out of
phase with respect to the oscillations of the other coordinate; this
distinguishes dissipative systems from conservative ones. The second
distinctive feature of dissipative systems is the dulling or complete
absence of resonance phenomena, in a way similar to that pointed
out in Sec. 7 for systems with one degree of freedom. The third dis-
tinctive feature is the dulling or complete absence of antiresonance
even if there is any when dissipation is eliminated.

12. Continuous Systems
(Systems with Distributed Parameters)

We have so far considered only discrete systems comprising sepa-
rate sharply defined elements to each of which only one of the follo-
wing properties is assigned: inertia (for instance, a point mass or
undeformable solid body), elasticity (for instance, a spring), or
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viscosily (for instance, a damper). We shall now brieflly discuss the
vibrations of some conlinunous systems whose inertia, elastic, and
dissipative properties are distributed over the whole of the space
occupied by the system. Every isolated element, no matter how
small, possesses all the properties inherent in Lthe systemn. Such
systems are Lherefore said to be systems with distributed parameters
as distinet from discrele systems whose paramelers (mass, stiffness
coefticient, resistance coefficient) are lumped in separate elements.
Mechanical systems with distributed parametérs are also called
conlinuous media or countinuums, thus laying stress on their charac-
teristic property.

The knowledge of the stale of a system with distribuled parame-
ters al a cerlain moment of lime requires that the state at all its
poinls at that moment be specified; the number of such points is
infinite. A system with distributed parameters is sometimes said
to have an infinite number of degrees of freedom. The mathematical
means sititable for the description of such systems is a partial diffe-
rential equation.

Systems wilth distribuled paramelers may be classified as onc-
dimensional, two-dimeansional and three-dimensional. Real bodies
have, of course, always three dimensions. However, in many cases
when the extent of a body in one or Lwo dimensions is predominant
or when Lhe stale along one coordinate axis or two axes is sufficient
to describe the behaviour of a system, this classification is jus-
tified.

A string and a rod can be cited as examples of one-dimensional sy-
stems, and amemnbrane and a thin plate as examples of two-dimensional
ones.

It is characteristic of syslems with distributed parameters that
their vibrations inveolve wave propagation which in a mechanical
system is the propagation of strains in the body (system). This can
be illustrated by considering a string which is assumed to be an ideally
flexible cord (in which no bending stresses originate) under tension.
Let us impart to the string insection 123 atransverse deformation of
the shape shown in Fig. 25a. This can be achieved by pulling the
string laterally at point 2, having preliminarily placed at points 7/
and 3 two pegs which prevent deformation (lateral) of the rest of
the string. We now let go the string at point 2 and pull out the pegs
at points / and 3 simultaneously. Waves will be propagated along
the string to the right and to the left.

The string sections at consecutive moments of time are repre-
sented in Fig. 256 by solid lines. Dotted lines show the auxiliary
constructions.

In setting up the differential equation of the string transverse
vibrations nuse will be made of the following assumptions: the string
is ideally flexible and performs small transverse vibrations in one
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plane; the mass of the string is uniformly distributed over its length;
there is no energy dissipation.

In the equilibrium position the tensioned string coincided with
the z-axis (Fig. 26). The string was Lhen pulled laterally in the plane
of the drawing in the y-direction and formed the curvilinear section
shown in the figure. After being released at moment ¢ = Q' the
string started to vibrate freely.

The displacement of the string point with the abscissa x at time ¢
is a function y =y (z, t) whose form is as yet unknown. The force

of string tension will be denoted

/2\ by S. We now select the string

7 3 section between points whose ab-

scissas are £ and z 4+ dz and set up

@ the equation of motion using New-
\ ton's second law. If the linear
a2\ N density (mass per unit length) of the
string is p,, then the mass of the sec-
— RN - tion selected is p, dz. The accele-
4 ration of the section is 9%y/d¢2.
\
- // \ / \ - y‘ s

\ \

.7‘ vl
S B
(b) x xedx x
Figure 25 Figure 26

The sum of the projections of the tension forces onto the y-axis
is equal to —S sina + S sin (¢ + da) where a is the angle of
slope of the tangent line with respect to the abscissa. As the vibra-
tions are small, we can assume sin & = o = tan a. Using the firsi
part of this equality, we obtain the projection of the tension forces
in the form S da and from the second part of the equality Sd (tan o).
Now tan a = dy/dz. Consequently we have

sa(%’):—s%’;dz

1 At this moment under the action of a momentary impulse distributed along
the string its points can acquire initial velocities in the y-direction.

6—12
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We can now write the differential equation of motion:
o2 a2y
e e (1)

Dividing both sides of expression (1) by p,dz, we obtain the
wave equation in its final form?

2y Ry
= 5 (2)

where

S

c= o (3)
Two classical techniques of solving the wave equation are known:
D’ Alembert’s method (travelling-wave solution) and Fourier’s method
(standing-wave solutior). The former is suitable in studying vibra-
tions of an infinite as well as of a finite string; the latter can be used
only to investigate the vibrations of a finite string. We shall first
consider D’Alembert’s method. We change the variables setting

¥y =Y (u, v) where
u=z—ct, v=x-+ct (4)

Applying the rule of composite function differentiation, we can
write:

By oy By . oy
= e 2w T ava) ] 5
0z2 ~ Ju? dudv | avt

Substituting expressions (5) into the wave equation (2), we obtain

a3y a dy
uaw =0 Or W(?u‘)=0 (6)

As the derivative of the function dy/dv with respect to u is
zero, this function is independent of v and can only depend on v.
So integrating Eq. (6) with respect to u, we obtain

=1 (M)

where f(v) is an arbitrary function of v.
The integral of Eq. (7) with respect to v takes the form

y={ 1@+ o (®)
where ¢ () is an arbitrary function of u.
! This form is taken also by the longitudinal vibration equation of a pris-

matic bar and of air or a liquid in a prismatic tube and by the torsional vibra.
tion equation of a cylindrical shaft.
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Using the notation S f (v) dv=1 (v), 'we now obtain

y=0w)+% (@) 9

Using expressions (4), we can now write the general solution as
follows:

y=9(z—ct)+ ¥ (z+ct) (10)

This is known as D’Alembert’s integral.

To elucidate the physical meaning of the solution obtained, con-
sider first the particular case when ¢y =0 and assume that z is relat-
ed to ¢t by the expression

z—ct =k, =const (11)
The derivative of x with respect to ¢ obtained from (11)
dz

It can be asserted now that the relation (11) determines the ab-
scissa z of a point that moves at the velocity ¢ in the positive direc-
tion of the abscissa axis. With this relation y = ¢ (k,) = const.
Hence the point moving at the velocity ¢ in the positive direction
of the abscissa axis is the one whose ordinate y remains constant and
is equal to ¢ (k,) at all times. Thus ¢ is the velocity of propagation
of the wave along the string in the positive direction (direct wave),
and the particular solution y = ¢ (z — ct) corresponds to the tra-
velling direct wave.

With ¢ =0 and z 4+ ¢t = k, = const, it can be seen that the
particular solution ¥ (x 4+ ¢t) corresponds to the inverse wave tra-
velling in the negative direction of the abscissa axis at the velocity
—c.

The arbitrary functions ¢ and { can be determined from the
initial conditions at ¢ = O:

y=1@), =0 @) (13)

Inserting the first of the conditions into expression (10), we
obtain

(@)= (2)+ ¥ (2) (14)

Differentiating expression (10) with respect to time and substi-
tuting into it the second condition, we obtain

® () = —c@’ (2)+ e}’ (z)

and upon integrating with respect to z we have

Fjo®E=—0e@+v@ (15)
0

6*
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From the simultaneous equations (14) and (15) we determine
x
1 1
@ =gi@— [O®®
0

V@ =7/ @+ 0@
1}

Passing from the initial time value ¢ = 0 to the running time
variable, i.e. using the argument z — ¢t instead of z in the first
equality and the argument = + ¢t in the second one and substitu-
ting the values of @ and ¥ into the general integral (10), we can write
the following particular solution satisfying the initial conditions (13):

x4ct
y=glf@—ch+f@+etl+5 | O@E (16)

x—ct

Two waves are propagated along an infinite string—to the right
and to the left (see Fig. 25b). If the string is of a finite length, the
conditions at the ends must be specified. With fixed string ends the
boundary conditions take the form

y=0 at z=0,y=0 at xz=! (17

where ! is the string lenglh (the right-end abscissa).

Having reached the string end (the point of rigid fixation) the
wave is reflected and begins moving in the opposite direction; the
sign of the deformation is reversed. The wave reflection is shown
in Fig. 27a.

Consider the particular case of the vibrations of a fixed string
with the end conditions (17) and the initial conditions at ¢ = O:
y=ymxsin—’;-z, %-—— 0

This means that at the initial moment the shape of the string
is the half-wave of a sine curve. Substituting the y-values into
the solution (16), we obtain

y=%ym, [sin% (z—-ct)+sin%(:c+ct)]
Hence
Y =1VYmax sinila: cos% t (18)

We have obtained the equation of the standing wave whose

period of vibration

=2 (19)

[
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The character of the string vibrations is presented in Fig. 27b.
We now turn to Fourier’s method. The solution of the wave equa-
tion is sought in the form of the product of two functions of which

-~ 18T
el \} /4T
N/ — ~———— 4T
Vv 12T
— /h \_]
(]
\ /[ -— \/5/ T
AV 34T
i /\
yAAN 7/8T
A Y I 4
T
— /\ ¢h)
yi
( /—\
MR O\ "

\/
~= Avavi

(@) ()
Figure 27

one depends only on ¢ and the other only on z:
y=T() X (x) (20)
Substituting this solution into Eq. (2), we obtain

A=z T

Separation of the variables leads to
1 d:T 1 a2X

¢ e— G wm——

2T ' Tae X dz2

The left-hand side of the equation depends only on ¢, and the
right-hand side only on z. The two sides can be equal if they
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are constants; let us denote this constant by —A? Then.
A BT 4 EX
3T " dts . X ' da®
and we obtain from this expression two ordinary linear differen-
tial equations:
d:T
dt2

+ 2T =0

Their general solutions take the form (6), Sec. 6:

T = A cos cAt 4 B sincht
X =CcosAz+ Dsinlx

Inserting them into the solution (20), we can write the general
integral of the wave equation (2):
¥ = (A cos cM 4- B sin cAt) (C cos Az + D sin Ax) (21)

To determine the constants C, D and A we now make use of
the boundary conditions (17) which yield

(Acoscit+4 Bsineh) C=0 (22)

(A cos cAt 4 B sin cAf) (C cos Al + Dsin Al) =0 (23)

The first factor in equality (22) may be zero only when A=

= B =20 but the corresponding solution is y =0 which corresponds

to a state of equilibrium and does not imply vibrations. Therefore
we can only make the assumption € =0. Then from (23) we have

sinAl==0 (29)

since with D=0 we obtain again y = 0.
Equation (24) is satisfied by an infinite number of A values:

=", (pn=1,2,..)1 (25)

We now write the particular integral correspondmg to the nth
value of A by substituting this value from expression (25) into
the general solution (21)

=

! When n = 0, we obtain again the trivial solution y = 0.

sn—z
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The sum of all the particular integrals is the general solution
corresponding to any initial conditions:

oo

y= 2 (ancos—m;—ct—i-bnsin"Tmt) sinflia: (26)
n=1
To make the solution (26) satisfy the initial conditions (13) it

remains only to determine the arbitrary constants a, and b,. From
the first initial condition

o0
f(z)= an sintXz
]
n=1{

Taking the derivative of the integral (26) and using the second
of the initial conditions, we obtain

o

D (z) = D) -'E;ib,,sin-ﬁ;ix
n=1
The last two expressions are expansions of the initial functions
f(x) and ®(z) in a Fourier series in terms of sines!. Therefore

from formula (2), Sec. 4, we have?

{
a,.=% 5 f(:c)sin—"lizdz
9 {
by = — § @ (z) sin 2E z dz (27)

Il is readily seen Lhat the solution for the string whose shape is
the half-wave of a sine curve and whose velocities are zero at the
initial moment is expression (18) which has been obtained above
by using D’Alembert’s method.

The expressions sin nz/l, sin 2nz/l and sin 3nz/l represent the

normal elastic curves. Several normal elastic curves are shown in
Fig. 27c.
The natural frequency

Qu="T, (n=1,2,3,...) (28)
and the period of vibration

Tp= 2 (29)

ne
correspond to each normal elastic curve.

1 The expansion is valid only in the domain where the function is defined.
i.e., within the interval 0 Lz L

2 We arbitrarily define f (x) and @ (z) on the additional segment —I
£ z £ 0 as odd functions.
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Consequently, a system with distributed parameters has an
infinite number of natural frequencies. Various particular cases of
siring vibrations are superpositions of n normal elastic curves of
natural vibrations. That is why a vibrating string generally emils,
apart from the fundamental (first) tone, a number of overtones (hig-
her tones).

If there is a uniformly distributed linear damping, the wave
equation takes the form

9%y

29 2 0%
ot

a *
+2h =c* % (30)
With a continuously distributed exciting force the equation of
motion assumes the following form:

9%y dy
7 T eh5 =¢

i’
0z2

q(zt) .
+55 (31)

where g (z, ) = external force per unit length
h = damping coefficient.

S e 5+dS —=a
azr

Figure 28

Kinematic excilation can he represented by suitable end condi-
tions.

Consider the free longitudinal vibrations of a thin prismalic
bar, an element of which is pictured in Fig. 28. We shall neglect
the dissipation of energy accompanying the vibrations and the
cross-sectional Poisson contraction. Let z denote the coordinate
measured along the bar, y the elastic deformation in the same di-
rection; y is a function of the coordinate x and time ¢, i.e., ¥y =
= ¥ (z, t). The form of this function is to be determined.

Consider a bar element of length dz as shown in Fig. 28. An elastic
force S is applied to the left cross-section, and the force S + dS
to the right cross-section of the bar. The mass of the element

dm= oF dz

where p = density per unit volume
F = cross-sectional area of the bar.
The acceleration of the bar element is 3%y/312. The elastic force
—EF%
§=EF -~

where E = modulus of elasticity (Young’s modulus)
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Yy _ relative strain.
oz

Hence the resultant of the forces applied to the element of the
bar

— a%y
dS =EF = dz

The differential equation of motion of the element in question
can be represented in the form

oF 9¥ dz = EF 33 gz (32)

E
c= l/?
we obtain the wave equation (2):
2 %y
atz 9z (33)

The general solution of this equation for a bar of length ! takes
the form of Eq. (21):

¥y = (A4 cos cAt 4 B sin cMt) (C cos Az + D sin Az)

The conditions at the fixed ends of the bar have the form y =0
given by expression (17).

The end conditions for a bar with free ends are determined by the
expression

at2
Hence, using the notation

= 2 ——

6:: =0

which follows from the condition that the elastic force at the free
end is zero.

If both ends of the bar are fixed, the end conditions are determined
by (17), whence C = 0 and A is determined by expression (25):

="y (n=1,2,...)

To each value of A, there correspond the normal elastic curve

X,.::sin%z (34)

and the natural frequency

Q, =25 (35)
For a bar with free ends the end conditions can be written
as follows:
oy

ay
a_a:=0 at =0, a—=0 at =1 (36)
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Differentiating expression (21) with respect to z and using the
end conditions (36), we obtain

(A coscht+ BsincAt) )AD =0
(A coscht+ BsincAt) A (—C sinAl+ D cos Al)=0
from which D=0 and sinAl=0, and consequently

bty (n=0,1,2, ...)

which 1s similar to the preceding case and to expression (25), diffe-
ring in that there is a rool Ay == 0 at n = 0, corresponding to the
uniform motion of the bar as a rigid body.
The normal mode shapes are described by the expressions
X,.=cos-1;-‘-z (37)
and the natural frequencies

Q =22 (38)

This is analogous to expression (35) in Lthe preceding case; when
n = (0 we have @, == 0 which corresponds to the above-mentioned
motion of the bar as a rigid body.

If the left _end of the bar is fixed and the right one free, the end
conditions are determined by the expressions

y=0at =0, 2L 0 at z! (39)
We obtain accordingly
(Acoscht-+ Bsincit)C =0
(Acoscht+ BsincAt) A (—CsinAl+ DcosAl) =0
whence € =0 and cosAl=0; consequently

A,.:(n«l—%)—’;, (n=0,1,2,...) (40)
The normal mode shapes are given by the expressions
X, =sin (n+%) %z (41)
and the natural frequencies by
1
Q= (n+) T (42)

Figure 29 illnstrates the first few normal mode shapes of longi-
tudinally vibrating bars with both ends lixed (a), both ends free (b).
feft end fixed and right end free (c). The curves are a conventional
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representation of the deformations which in fact are directed along
the bar and not laterally.
In all the cases considered the equation of vibrations is

o0

y= 1 (ancosQut+basinQ,t) X,

n=0 or 1
where X, are called eigenfunctions or fundamental functions.

[ JHIINNIRINIARIN] ﬂ=é
U ]
1o 7=, wm n= w"ﬂﬂn=
(a thy (c)

Figure 29

The coefficients a, and b, are determined from the initial condi-
tions (13).

We now turn to the free plane lateral (bending) vibrations of
thin prismatic bars (beams) in the direction of one of the principal
axes of stiffness. We shall neglect the dissipation of energy in vibra-
tions, and the part played by longitudinal and shearing forces and
by the inertia of the turning cross-section. Denote the coordinate
measured along the beam by z, and the transverse deformation by y.
The equation of the axis of the beam bent by a uniformly distributed
load g can be written in the form

FL
EI % =q _(43)

where E ==Young's modulus
I = (equatorial) moment of inertia of the cross-section of

the beam.
For free vibrations the load g is due only to inertia, i.e.,
92
qg= —Pia—tg' (44)

where p, is the linear density of the beam (mass per unit length).
It follows that the differential equation of the motion of the
beam will be

dy pr 9%
drt EI oe2 (45)
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For a beam of length ! the solution is sought by using Fourier's
method in the form of a standing wave:
y=X ()T () (46)
Substituting this solution into the differential equation (45),
we obtain
—p T 1 X
EIT a2 = X dzt

Both sides of this equation must be equal to a constant which
we denote by Af. From this it follows that

St @T=0 (47)
X —MX=0 (48)

where

e=m)/ (49)

We can now write the general solutions of Eqs. (47) and (48):
T = AcosQt+ Bsin Q¢ (50)

X =C, cos Az+4- C, sin Ax+ C3 cosh Ax+C, sinh Ax -(51)
Before specifying the end conditions for determining the integ-

ration constants of the solution (51) note that the slope angle
of the axis of the bent beam (for sufficiently small deflections)

=9
8= oz
the bending moment in the cross-section of the beam
)
M=EI -
and the shearing force in the cross-section
o8
Q=EIo%

If one end of the beam is free (Fig. 30a), the end conditions
are determined by equating the bending moment and the shearing
force to zero; hence

ax eX _ g
dz2 dz3

If the end of the beam is connected to the support by a hinge
(Fig. 30b), the end conditions are determined by equating the

=0,
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deflection and the bending moment to zero; hence

d2X
X = 0, 7;2— = O
With a fixed beam end (Fig. 30c), the end conditions are deter-

mined by equating the deflection and the slope of the axis of the bent

beam to zero; hence J
X =
X=0, =0 (aj
Using the conditions at both ends, we obtain [
simultaneous homogeneous linear equations in A (p)
the integration constants. The condition for 4«
obtaining a solution other than the trivial one, /’}4
viz. C;, = C;, =C3 =C4 =0, is that the de- (©
terminant of the equations be equal to zero, Figure 30
which leads to a transcendental (or trigonometric
if both ends are supported on hinges) equation in A. This equation
has an infinite number of non-negative roots A, which determine
the fundamental functions X, and the natural frequencies Q,.
In the simplest case when both ends of the beam are supported
on hinges, the conditions at the left end yield the equations

—=

Ca+ci=0, Cs—ci=0

Hence C, =0, Cy=0. Using this result, the conditions at the right
end lead to the equations

C,sinhAl4-C,sinAl=0
C,8inhAl—C,sinAl=0
Since the solution C;=C, =0 satisfies the conditions of equilib-

rium rather than those of motion, the determinant of the last
two equations must be equal to zero:

2sinhAlsinAl=0

As a result, we have sin Al =0 and
=", (n=1,2,...) (52)

and, consequently, C,=0.

We can now write the expressions for the fundamental fun-
ctions:

X, =sin —"lf'—-z (53)

and for the natural frequencies:

242
9n=nn Er

=V o (54)



94 CH. 2. VIBRATIONS OF LINEAR SYSTEMS

The equation of vibrations takes the form
y= 2 (ancosQput-+bpsinQ,t) X, (95)
n=1

where a,, and b, are determined by the initial conditions.

The normal mode shapes of vibrating beams correspond to those
shown in Fig. 29a with the difference that in this case the graphs
represent actual deformations. Nole the difference between the two
sets of frequencies in these two cases.

For longitudinal vibrations of a bar fixed al both ends we have
from formula (35) €;:Q,:Q3 ==1:2:3, and for transverse vi-
brations of a beam supported on hinges at both ends, from formula
(54), Q,:9,:Q; =12:22:3* =1:4:9.

We have discussed only cases of free vibrations of one-dimensional
systems with distributed parameters. The vibrations of two-dimen-
sional systems (membranes, plates) are described by differential
equations containing three arguments (time and two coordinates).
The vibrations of three-dimensional systems depend on four argu-
ments—time and three coordinates.

The most important feature of systems with distributed parame-
ters is that they have an infinite nuinber of natural frequencies of
vibrations and of corresponding shapes of the normal modes of vibra-
tion.

The free ‘vibrations of such systems are a superposition of
normal mode shapes, which is determined by the initial conditions.
If the initial conditions correspond to one of the normal mode shupes,
the system vibrates only at one frequency corresponding to this
mode shape.

Systems with distributed parameters performing forced vibrations
may have an infinite number of resonances since they have an infi-
nite set of natural frequencies.

13. Amplitude and Phase Response Curves

To obtain generalized results and minimize the number of para-
meters that determine the behaviour of a system it is reasonable
to introduce dimensionless quantities; the particular set of dimen-
sionless quantities selected depends on the problem to be solved.
Thus, for the system described by differential equation (17), Sec. 7,
we can select as dimensionless variables the argument T and the
function § defined by the relations

T=ot, =Tz )

Not infrequently the quantities v and § are called, respectively,
the dimensionless time and the dimensionless displacement. These
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quanlities are proportional to Lhe corresponding dimensional varia-
bles. However, in using these and similar terms one musl have in
mind their conventional nature.

Introducing the new variables into the dilferentlial equation (17),
Sec. 7, it takes the form

E + 285+ E=cosyt (2)

where the dimensionless variables f and y are defived by the
expressions !
h (0] .
B=os Y=o (3)
Here and further in similar cases the dots above the function
notation are used to denote differentiation with respect to the cor-
responding dimensionless argument.
Other dimensionless variables can be introduced, viz.,
mw?2
Te=0t, Ey= I3 .'B (4)
a
whose substitution into Eq. (17), Sec. 7, transforms the latter
into the following form:

.g.# + zp*ét + Yigt = COS T, (5)
where
h *
Pe =2 ™= iz,i (6)
are dimensionless variables that determine the behaviour of the
system.

The change from the first set of dimensionless quantities to the
second one is represented by the relations

1
T =17, Ee=Ey, ptz:%v ?t=? (7}
These relations are invariant in respect of the direction of trans-
formation of the dimensionless quantities: the change from the
second to the first set is determined by analogous relations:

1

T=TaYu E=E7i B=%‘:-, V=97 (8)

The particular integral of the differential equation (2), corres-
ponding to steady forced vibrations, takes the following form for
the first set of parameters

§=Eacos (yT—0) (9)

1 The parameter § (damping ratio) was discussed in Sec. 6 {see, for instance,
formula (43), Sec. 6].
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where
1
a= 10
s V{t—y9)2+48%° (19
p= tan‘l% (1 1)

The corresponding particular integral of Eq. (5) can be written
as follows:

Es=EsaCOS (T — @) (12)
where
1
.= 13
B Ve 49
o= tant e (14)

Nole that formulas (21), Sec. 7, (11) and (14) determine the same
phase shift ¢.

Thus the behaviour of a single-degree-of-freedom system excited
by a sinusoidally varying force is determined by two dimension-
less parameters. The character of the natural molion of a single-
degree-of-freedom system is delermined by one dimensionless para-
meter.

The dimensionless response curves can be plotled using y or v,
values on the abscissa. In the latter case formula (10) can be written.
for instance, in the form

Ea = ———-—-?=
Vie—10'+4s

When y or y, are laid off along the abscissa, the graphical repre-
sentation of the response curves is not convenient in some cases as
both arguments change within the limits from zero to infinity.
As the zero value of one of these parameters corresponds to the
infinitely large value of the other, we shall plot, for the purpose
of representing the whole of the response curve on a finite segment
of the abscissa, the first part of the curve by laying off y values
in the segment 0 << y << 1 along the abscissa from left to right
(as is usually done); this segment corresponds to the interval oo >
> v+ == 1. The second part of the curve will be plolted on another
graph by laying off y, values in the segment 0 << y, << 1 along the
abscissa from right to left (i.e., in the opposite direction); this seg-
ment corresponds to the interval oo > y > 1. The ordinates of
both graphs are plotted to the same scale. By sewing the ends of
the graphs at the argument values of y =y, ==1 we obtain a
full response curve.
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To avoid plotting the curves in opposite directions for two diffe-
rent arguments we shall introduce a new argument:

Y at 0<y<t
o={

15
2—-% at 1<y<<oo (19)
laying it off along the abscissa, as usual, from left to right. The re-
sult is the same graph as that obtained by sewing the ends of the
two half-curves. The new argument varies in the finite segment 0 <C
<o 2

An analogous graph can be plotted by laying off along the abscissa
from right to left the argument

7+ at 0y, <1
O = 2—% at 1<y, <o (16)
Consider the physical meaning of the dimensionless quantities &
and &,. The second of the formulas (1) shows that E is the ratio
of the running value of displacement z to z,!:

T0=af = o = et amn

This is the displacement amplitude z, at ©—0 which
is equal to the static deformation =z, of the spring under
the action of the constant force F,. The dimensionless amplitude

L= (18)

Tst
is often called the dynamic response factor.
The second of formulas (4) shows that E, is the ratio of the
running value of the displacement z to
— Fa
ZToo = o (19)
which is the displacement amplitude at 2=0 and y=o0
(v = 0), i.e., the displacement amplitude of a free body of mass m
(not connected with spring and damper) under the action of the
force F, cos wt. Consequently, the dimensionless displacement am-
plitude

*a = 3 (20)

Zoo

We now introduce one more dimensionless quantity —the mag-
nification factor

oz o)/ O _YVITW @
&m = 2, (Vi —121 4% YV (I— )2 L4p%H2

1 The second of equalities (17) follows from expression (5), Scc. 6. The
zy in (17) should not be confused with z;, in expression (15). Sec. 6.

7—12




98 CH. 2. VIBRATIONS OF LINEAR SYSTEMS

which is the ratio of the amplitude of forced vibrations z, of our
syslem described by Lq. (16), Sec. 7, to the amplitude of forced
vibratlions z; of a truncated system having no spring and described

by the differential equation mzx + bz = F, cos wt. The magni-
ficalion factor is useful in characterizing systems operating at re-

sonance or near it.
With comparatively small values of B use may be made of the
following approximate formulas for the resonance magnification

factor E,, yes at y = 1:
1 1
gmresziﬁo §mrecz2—ﬂ+ﬁ (22)
and the error in using the first at § << 0.22 and the second at § << 0.6

will not exceed 10%.
Figure 314! illustrates the dimensionless displacement amplitude

response curves §, (g) for several values of the damping ratio p

plotted according to formula (10). At y,, =0, =V 1 — 2p¢ the
curves show a maximum

i

Ea mex = e T ps (23)

Obviously the maxima exist only with damping ratios p less than
the limiting value B; = 1/} 2.

Figure 316 shows amplitude response curves of the dimensionless

vibration velocity .§a (o) plotted according to the expression §, =
— &,y which follows from the solution (9). When v,, =0, =1,
the curves have maxima

for any value of .

The amplitude response curves of the dimensionless acceleration
§a (o) (Fig. 31c) arc plotted on the basis of the equality E,a = Eqav2.
With y, = '\/iTZ_B_‘i’ ie., 0, =2 — V1 = 2B%, the curves have
maxima

8a max = Ea max (25)

which exist only with B values less than the above limiting value.
We have seen that with 0 < B < 1/Y'2 the maxima, i.e., the

resonant values of §,, §a, {.’-,a correspond to different ¢ values.

! In Figs. 31. 32b, 33a, 34, 36-44 the curves for B — 0 are marked by 7,

or B =04 by 2, for § = 0.25 by 3, for p=71/2/2 by 4, for p.=1 by 5, and
or B —2 by 6.
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With the argument selected, o, the curves representing .Ea (o)
are symmetrical with respect to the straight line ¢ = 1. The curves

. (0) and §,, (o) are symmetrical to one another with respect to the

same .line.

¢a

&

)

\

!
2

~

N

|
|
L
¥

\Q__

J

L
RS
/N

; 9|56
0 05 / 15 G 0 a5 1 16 G
& (a) b)
Sa
5]
e
4
/ 2
3
J
2
/ 156
! F 31
/ igure
%‘/
/) 05 7 1S 6
(c)

The response curves &,, (0) = .§.a (o) ='§;a (o) plotted accor-
ding to relation (13) for several p, values are shown in Fig. 32a!l.

1 In Figs. 32a and 33b the curves for
by 2, for B, =1 by 3, and for B, =

g, = 0 are marked by 1, for g, = 0.25
by 4.

i
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The maxima whose values are 1/2f are reached at 6 = 1. The di-
flerence in the positions of the maxima in Figs. 31a and 32a is due
to the fact that each curve in Fig. 31a has been plotted at f = const
and in Fig. 32a, at B, = const.

Figure 32b shows curves of the magnification factor §,, versus the
argument o, plotted on the basis of (21), for several values of PB.

The phase response curves @ (o) constructed on the basis of for-
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mula (11) for several p values are presented in Fig. 33a. Figure 33b
shows @ (6) curves plotted according to formula (14) for several f,
values. It is important to note that in all cases at 0 =1 the phase
angle of the displacement lags by ¢ = n/2 behind the phase angle
of the force.

On the segment 0 < 0 << 2 the lag in phase is within the limits
I<e< .

The amplitude of centrifugally excited forced vibrations is de-
termined by formula (3), Sec. 8. We select as dimensionless varia-
bles

= —m+me
T—(!)ot, E"—m_or z (26)
Formula (3), Sec. 8, now takes the following form:

VA—y2R+4p32
Consequently &, = E,. The curves are presented in Fig. 31c.

The amplitude response curves of the dimensionless velocity éca (o) =
- «,gc‘, are shown in Fig. 34a and that of the dimensionless accele-

ration Eca = v%Ecs in Fig. 34b.

The differential equations of the absolute and relative motions
produced by kinematic excitation can be reduced to the form they
have in the case of force-excited vibrations. However, the kine-
matic excitation provides a wider range of possibilities as to the
number of schemata and the variety of response characteristics.
For comparison, Fig. 35a shows all the possible arrangements of
force-excited single-degree-of-freedom systems and those of a kine-
matically excited single-degree-of-freedom system are given in
Fig. 35b. Arrangements 4 and 16 are universal systems. The rest
are obtained by eliminating one or more of the elements.

Introducing into Eq. (9), Sec. 8, the dimensionless parameters

T= (')Ot! §h = i (28)
2q
we obtain
B+ 2Bk + Ex = p cos (yr+ V) (29)
where the dimensionless parameters
_b4d,, . @
p= in—m: V=4 (30)

The quantity o, is determined by the second of formulas (10),
Sec. 8. Using now two more dimensionless parameters

__ ¢ b
u= CI+C2' v_‘b‘-{—bz (31)
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we obtain
p=V P+ 4v*p*?, P=1tan? @ (32)

Thus, in the general case the behaviour of the system is determi-
ned by four dimensionless parameters @, y, u, v, and not by two
as with force excitation.

Taking the solution of the form §, = &,, cos (yv — ¢4,), We can
write expressions for the dimensionless absolute displacement am-
plitude &,, and the phase difference angle q44:

EWAET D
== (33)
Pae = tan™? y g _ﬂ :2 —tan™? —2':?7

The quantity E,, is the transmissibility. It is a characterislic
of motion transmission from the controlling element to the contro-
lled one, being equal to the ratio of their displacement amplitudes.
With kinematic excitation of vibrations cases can occur, as shown
by the second of formulas (33), when the excited vibrations lead
in phase the exciting factor. Indeed, the angle g, may be within
the limits —n/2 << @44 << , i.e., the lead angle can in the limiting
case attain a value of /2.

Figure 36 illustrates the amplitude response curves of the trans-
missibility &, (0) for various combinations of the parameters u
and v, each of which takes the values 0; 0.5 and 1.

The corresponding phase response curves @4, (0) are shown in
Fig. 37, dnd the amplitude response curves of the dimensionless

velocnty Eha (6) = yErq (6) and of the dimensionless acceleration

§,,a (6) = y*Ena (o) are presented in Figs. 38 and 39, respectively.
To correlate the arrangements in Fig. 356 with the curves, the order
numbers of the arrangements to which the curves in Figs. 36 through
43 refer are given in Table 6. The numbers in parentheses refer to
arrangements of limiting cases when f =0 or y = 0.

To plot the response curves for a kinematically excited relative
motion we now introduce the following dimensionless variables
into Eq. (13), Sec. 8:

T=of, n="1 (34
The result takes the form
14280+ n=g cos (yv+ %) (35)
where
g=V (1—u—y*)2+4 (1 —v)%py?
y=tan 1 20=00F (36)

T—u—y?
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The parameters §, y, u and v are determined by the relations (30)
and (31) and ®, by formula (10), Sec. 8.

Assuming the solution to have the form n = n, cos (yT — @)
we obtain

@ —u—v’)”+4 A—oppPy? |

Na = T—y?)% 1 4p%y2 -
SR IR TIE] )
—_ 1 1
@re; = tan | —tan 1—a—u2 —v
TABLE 6

Peos ot

characte- a b c d e f 4 h
ristics in

Figs. 36-43

Order 13(5,9) |15(5,11)| 7(5) | 14(6,9) |16 (6,11)| 8(6) | 10 (9) |12 (11)
numbers
of arran-
gements

in
Fig. 35

The response characteristics n, (6), @,e (), ';|a (0) = yn,. (0),

Ne (6) = y°na (o) are shown in Figs. 40 through 43. The correlation
of the characteristics with the arrangement numbers in Fig. 35b
can be seen from Table 6.

In order to present in dimensionless quantities the amplitude
response curve of the force acting in the drive of the system with
positive motion of its mass element we introduce into formula (18),
Sec. 8, the dimensionless amplitude of the force

Pa= 2 (38)
The formula now takes the form
Pa=V (1 —7%2 +4p%* (39)

where B and y are determined by the expressions (3). Figure 44 shows
a family of p, (o) curves.

There are so many varieties of multi-degree-of-freedom coupled
systems that it is impossible to give here a brief review of their
response characteristics even for the case of two degrees of freedom.
We shall therefore limit our discussion to the system presented
in Fig. 45. The numbers 7 through 6 have the same meaning as in
Fig. 24a; the only difference is that a damper 7 with the resistance
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coefficient b has been added. A sinusoidally varying exciting force
is applied to element 1.

With generalized coordinates similar to those used in discussing
the diagram in Fig. 24a we now set up the equations of motion:

mi':;i + b:;f'i —b-;?z'l' (14 ¢) Ty — 3Ty = Fq cos mt} (40)
m, :Ez + b:;g — bz + 32y — oy =0
Introducing the dimensionless variables
§1=';'~‘z;3u §2=%32s T=t 'fn—z; (41)
and the parameters
=20 —ol/ ™ A=l o
Bz 1=0) By A=, p= 7t (42)

we now write Egs. (40) as follows:

nE+ 268 — 285+ (A + 1)§,—§2=cosvr} (@)
&+ 2pE, — 2p8, +- 8, —E, =0
The particular integral of the simultaneous equations (43) cor-

responding to stationary forced vibrations can be represented by
the expressions

E =8 o8 (Yt — @) Ea=Eeacos (yv—@,) (44)
8—12
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where

£, — VAP YR 2T
16 = “ 435 __2y2AC+ yiD

2By
@, = tan™ A};%?Yzc
_ 'V(Ac_?zp)z+4pzye‘42
bee = —BF_gpAC T yiD (45)

= tap-1_2Pv*4
@2 tan™ Ge D
A=A—py¥; B=(1—y)i+ 4y
C=1—v244p%% D=1+ 4p%2

Though in (45) y is not the ratio of the frequency of the exciting
force to the natural frequency of the undamped system, it is con-
venient in plotting the response curves to use the argument o in-
troduced by expression (15). It should be held in mind that in the
case considered P is not the damping ratio that is defined by formu-
la (43), Sec. 6.

The above relations permit one to establish a number of important
properties of two-degree-of-freedom systems, in particular the exi-
stence of two resonances and one antiresonance of the §, coordinate.
It is of interest to note that, in the absence of damping, oscillations
of & and &, are in phase before antiresonance and in opposite phase

after it.
14. Dynamic Control of Vibrations

Three basic problems of the dynamic control of vibrations will
be discussed brieflly below: magnification, stabilization and sup-
pression of vibrations in open systems, i.e., systems having no feed-
back. The dynamic magnification is realized by selecting the para-
meters of a system in such a way that the system operates near the
resonance point of the amplitude response curve. This is feasible
in systems having one or several degrees of freedom at sufficiently
small dissipative resistances.

A serious shortcoming of single-degree-of-freedom systems opera-
ting in the resonance zone is the appearance of large forces transmit-
ted to the fixed foundation through the resilient element at large
vibration amplitudes of the inertial element. This can be avoided
in multi-degree-of-freedom systems. Consider the arrangement
in Fig. 24a. Let the exciting force F,, cos (wf -+ ) be app-
lied to element 7 and the force F,, cos wt to element 2. The diffe-
rential equations of motion will take the form

m1$1+(ci+cz) Zy— CyZy == Fy, COS (‘ot'*‘\l?)} 1)

oo

MaTy - CoTy — CoZy = Foq COS
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We shall now write the solutions of Eqs. (1) corresponding to
steady-state forced vibrations for three particular cases:

Case 1:
F1a=Fa, "~|’=0’ Fpu=0
T, = (cz—mZ(D’) Fq _ cz:a (2)
where

A = (cy+ ¢, — my?) (c; — mpw?) —c3 (3)

Case 2

Fia = 0, an = Fa

Ty = CZ:“ To= (c,+c2_Am,m2) fa coswt (4)

Case 3

Flau=Fpu=F, Y=n
—my©2

$1=&T\E— cos ot, zz=.£c.i—mz_%cos ot (5)

In all the three .cases resonance occurs when A = 0. The fre-
quency corresponding to the first resonance is ® == Q, and that
corresponding to the second one ® = ,, where the natural fre-
quencies are determined by expression (25), Sec. 11. To reduce the
vibratory load transmitted to the fixed support by spring § let us
select a very small stifiness for this spring, i.e., assume ¢; £ c,.

We then have
Qi ~ 0 Qz ~ l/‘-‘z (m|+ m2) (6)

mymy

In this way a considerable increase in vibration amplitude is
attained with small vibratory forces transmitted to the support.

Of great practical interest is the dynamic stabilization of vibra-
tions. Stabilization means keeping constant the vibration ampli-
tude of an inertial element of a system with more or less consi-
derable changes in its mass (or momenl of inertia for rotational
vibrations) and parameters of some other fixed elements which
are directly connected with the inertial element. The problem of
stabilization will be discussed using the same simple examples.

If in the second and third cases to which the solutions (4) and (5)
apply, we select a combination of ¢, and m, so as to fulfill the equality

m=]/ s ()
my
then the vibrations of element Z will be independent of its mass m,
and the stiffness ¢; of spring § which connects the element to the
fixed support 4. The displacement amplitude of the element
F

Tia = 'ﬁ ®
will then be equal to the static deformation of spring 3 when acted
upon by the constant force F,. Note that when condition (7) is satis-

8*
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fied, the vibration amplitude z,, of element 2 becomes highly sen-
sitive to changes in the parameters ¢, and m,.

The dynamic suppression of vibrations often used to suppress
foundation vibrations and torsional vibrations of rotating shafts
is a special case of dynamic stabilization when the purpose is to
stabilize the amplitude of one of the inertial elements at zero level.
Thus, if condition (7) is satisfied in the first of the cases considered
when solution (2) of Eq. (1) is valid, the vibration amplitude z,,
of element I becomes zero whatever the values of parameters ¢,
and m,. In the third case, as can be seen from solution (5), if ® =

= V'¢,/m,, the vibrations of element 2 will be eliminated, i.e.,
Z,, = 0, whatever the values of ¢, and m,. It is possible to have

T, = 0 in the second case too provided ® =V (c,+¢,)/m,, i.e.,
in this case the vibration elimination cannot be made independent
of the parameter ¢, [see (4)].

The dynamic suppression of vibrations corresponds to the anti-
resonance which was mentioned in Sec. 11 in discussing the structure
of the solutions of Eq. (29). It should be noted that complete sta-
bilization or suppression of vibrations is possible only in the absence
of energy dissipation in a sub-system that acts as vibration stabi-
lizer or suppressor. This refers, for instance, to the sub-system con-
sisting of elements 2 and 3 upon stabilization or suppression of vi-
brations of element 1.

With force-excited vibrations their dynamic stabilization and
suppression can be accomplished only in systems having at least
two degrees of freedom. With kinematic excitation the stabiliza-
tion of vibrations (though in a somewhat different sense) can be
achieved also in a single-degree-of-freedom system.

In fact, if we assume in expressions (33), Sec. 13, that

v=1—9% v=1 9)

Ea=1, @Q4a=0 (10)
this result being independent of the values taken by § and y. This
means that the amplitude and phase of the vibrations of inertial
element 7 in Fig. 19 are equal respectively to the amplitude and
phase of the vibrations of the exciting element 8, whatever the values

of ¢, and b,! if the conditions © =}V ¢,/m, and b, = 0 are satisfied.
It follows that the links 6 and 7 between the elements 7 and 8 behave
as if they were undeformable. It is easy to see the reason for this
behaviour if we recall that in a system with positive vibrations of
the mass element, when the above conditions are satisfied, the force
amplitude in the driving rigid element is zero, as can be seen from
the relations (18), Sec. 8, and (39), Sec. 13.

1 Except, of course, in the case where ¢, and b, are simultaneously equal
to zero. This case however cannot occur with kinematically excited vibrations.

we obtain



CHAPTER 3

PARAMETRIC
AND NONLINEAR
SYSTEMS

15. Parametric Systems

It was mentioned in Section 5 that the term parametric' is ap-
plied to systems described by linear differential equations with
variable coefficients, i.e., with coefficients that depend explicitly
on the argument (in the case considered, on time). For instance, the
differential equation

a®)z+b({)z+c()z=0 (1)

describes the motion of a parametric single-degree-of-freedom sy-
stem. The parameters @, b and ¢ of this system vary independently

2 am'
{ / \Bs t
P/
S \ F{I)
J 7 om
{a) 2

1]

7""

Flgure 46

of its motion. Moreover, the motion itself can be excited by varying
the parameters. We have disgussed above the force and kinematic
excitation of motion. We are now concerned with a third excitation
method—the parametric excitation.

Consider some examples of parametric systems. Figure 46a shows
a massless string I of length 2/ whose ends are fixed to supports 2
and 3. A point element £ of mass m is attached to the string midpoint.
The string is tensioned by force S. Denoting by z the displacement
from the equilibrium position of element 4 in the plane of the dra-

1 The term parametric systems is sometimes used in a broader sense to denote
all systems described by any differential equation with variable parameters,
including nonlinear ones.
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wing, we can write down for z & [ the following equation of motion:
m:z.—l— :li z=0
If the tension force depends on time, for example, S = §¢— 3§, (1),

where S, (f) << S, at any ¢, then, neglecting energy dissipation, we
obtain

mz+ 1 [So— 8, ()2 =0

Another example is shown in Fig. 46b. The mathematical pendulum
consisting of a weightless rod 7 having point mass 2 at its end oscil-
lates about pivot 3. The pivot is mounted on slide-block 4 which
can move vertically under the action of the force Q (). The pendulum
oscillations in a plane give rise to a horizontal reaction P (t). If the
length of the pendulum is , its angle of deviation from the vertical ¢
and point mass m, the coordinate of the point mass z=1Isin ¥,
then the equation of motion takes the form

mz =P (f)

As the moment of inertia of the system with respect to point 2
is zero, we obtain

Q(t)lsiny—P(t)lcosp=0
With small oscillations when Y€1 we can set siny=1 and

cosP=1; then P(¢)=0Q (¢!)¢ and the equation of motion takes the
following form

mip—Q (t) p=0
Let the force Q (t) = —mg—mgk (t) where g is the acceleration
due to gravity; we now obtain

b+ E—k@I9=0

As is well known, the simple pendulum is in its position of stable
equilibrium with the mass in the lower position. The lower position
of a parametric pendulum when the function % (¢) is periodic, for
example sinusoidal, may become unstable with a certain combina-
tion of parameters [g/l, the frequency of the function & (£)] even
at a small amplitude of function Xx(¢). On the contrary,
the upper position may become stable and the so-called inverted
pendulum shown in Fig. 46¢ can perform pericdic oscillations des-
cribed by the equation

b—L M+ E®IP=0

Another parametric system is shown in Fig. 46d. Here element 7
of mass m is hinged to two identical massless rods 2 and 3. The length



15. PARAMETRIC SYSTEMS 119

of each rod is I. The left end of rod 2 is connected to the fixed pivot 4
and the right end of rod 3 is linked to a pivot mounted on slide-
block 5§ which can move horizontally in the plane of the drawing.
Element 7 is connected to massless spring 6 of stiffness ¢, the other
spring end being connected to fixed stand 7. In the equilibrium posi-
tion rods 2 and 3 lie in a straight line. The hinge which connects the
rods is at the centre of gravity of element . The force F (¢) is applied
to slide-block 5. If the displacements of element 7 from the equili-
brium position are small so that z £ [, the equation of motion will
become

m.:a;+ [c+%F(t)]z=0

As the last example, consider Fig. 46e. The physical pendulumn 1
oscillates about the fixed pivot 2. Slot 3 in the pendulum accommoda-
tes a movable mass element 4. The axis of pivot 2 and the centres
of gravity of pendulum 7 and element £ remain always in one straight
line. The motion of element ¢ in the slot is delermined as a function
of time by an external factor. Because of this the moment of inertia J
of the system with respect to the axis of pivot 2 and the distance I
belween the axis of the pivot and the centre of gravity of the systemn
are also functions of time, i.e., J = J (¢), I =1 (¢). The equation
of motion can be readily written using the well-known theorem
according to which the derivative with respect to time of the moment
of momentum relative to a fixed point is equal to the moment of
forces about the same point:

Vo= —mawy
Hence

J @) 9+ J () p+mgl (t) p=0

Let us recall a few important points of the theory of linear diffe-
rential equations of the second order. Dividing Eq. (1) by a (¢) 0,
we obtain

z+p)z+g(t)z=0 2)
The general solution of the equation
z=Cix+Cyz, (3)

where C, and C,= arbitrary constants determined from the ini-
tial conditions

z, (t) and z, () = two linearly independent particular solutions.

The linear independence of the solutions means that it is not pos-

sible to find such constant numbers that could be used to form the

identity a,z; (¢) + .z, (£) = 0. The necessary and sufficient con-
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dition of the linear independence of z, and z, is that the Wronskian
of this pair of solutions be different from zero, i.e.,

Aw=]|.
Ty T3

+0, (4)

.

The Wronskian has the following important property: if it is
different from zero at any one value of #, it is not zero at any other ¢
value. On the contrary, if the Wronskian is equal to zero at one
value of ¢, it is identically zero at any t value. It follows that the

knowledge of the values of z,, z,, z,, , al one moment of time is
sufficient to determine whether the solutions are linearly independent.
A pair of linearly independent solutions of z, and z, is called a
fundamental set of solutions since any solution of Eq. (2) may be
represented by a linear combination of z, and z,, for example:

T3 = ay,%; (£) + 3,73 (¥) (5)
where a5, and a3, are constant coefficients.

In the further treatment only differential equations with periodic
coefficients will be considered, i.e., in Eq. (2) it will be assumed
that p () =p (¢ + T)and q(¢) =g (¢ + T), where 7' is the period
of variation of the coefficients. Using the notations

2+ T)=X,(t), z@+T)=X;() (6)
we may write, on the basis of (5):
X () =z, (t+T)=ayz, (t)+ ay22 () }
X, (t) =23 (t+T) = apz (£) + a2z, (2)

The solutions X, and X, are also a fundamental set since their
Wronskian is not zero. Using expressions (7), we may write

)

ayy Gy

Aw (t4+T)= Aw (2)

Az Qa2

Since Aw (¢4 T)5=0 and Aw (£) %0,
#0 (8)

ayy G2

Qzqy Qoo

Though the coefficients p (¢) and ¢ (¢) in Eq. (2) are periodic,
its solutions z; (¢) and z, (¢) are not necessarily periodic. However,
the so-called normal solutions z, can always be found whose distinc-
tive property is that the following relation is satisfied

Zp (t+4T)=Az, (2) (9)
where A is a constant.
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With A = 1 solution (9) will obviously be periodic, with period T,
and when A = —1 it will be periodic with period 27'. From equality (5)
we have

T (2) = c5Zy (8) + €272 (2) (10)
whence
zn(t+T)=‘Ciz‘(t+T)+02z2(t+T) (11.)

Comparing the expressions (9), (10), (11) and (7), we obtain the

following relation which holds at any ¢:
fes (@49 — A) -+ c2a54] 24+ [€3812+ 5 (@23 — A)) 2, =0

Since z, and z, are linearly independent, the equalities

cy (Byg—A) +c28,4=0, cya10-+cq(a3—A)=0
must hold simultaneously.

Taking into account that ¢, 5= 0 and ¢, 5= 0, we obtain the so-called
characteristic equation:
ay—>h  ay

Gy Gy—A
Its roots are independent of which fundamental set of solutions has

been used.
We have now a quadratic equation in A whose roots are different

from zero since its absolute term is not zero, according to (8).

Assuming that the roots of the characteristic equation (12), A,
and A,, are unequal, we multiply both sides of equality (9) by the
exponential factor

e-nj(H-T)zni (t+ T) =A’ie—“jTe-ujtxnl @, (= 1, 2) (13)

The function @ (£) = e *i'z,;(f) is periodic and has the period 7 if

e fT=A.J (14)

In this case the fundamental set of normal solutions can be exp-
ressed in the form

Zny (2) =ebtlepy (£), Zny (2) =et2ley (2) (15)

If the roots of the characteristic equation (12) are multiple
(equal), i. e., A;=A,=A, then the fundamental set of solutions
may be written as follows:

T () =eg (1), m=emt[peWTo)+9 ()]  (16)

where e*T = A, ¢ (¢) and v (¢) are periodic functions with the period T,
and k is a constant. The solution z, is normal only with & = 0.

The parameters p and pj, called characteristic indices, generally
speaking, are complex quantities.

=0 (12)
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The solution z (¢) is called stable if in the course of time up to ¢ =
— oo il remains finite. With unequal roots of the characteristic equa-
tion, as can be seen from expressions (135), the ‘'solutions are stable
if the real parts of the characteristic indices are negative or zero.
With equal roots of the characteristic equation the solutions are
stable, as shown by expressions (16), if the real part of the charac-
teristic is negative. If it is equal to zero, the solutions are stable
only with & = 0.

The solution is periodic here as with purely imaginary characte-
ristic indices p, and p, in the preceding case if the imaginary part
of p is the product of a rational number and 2n/7T. For example, if

2n 1
Imp="7fes

where ! and n are relatively prime integers, and T is the period of
the functions ¢ (¢) and p (¢) in Eq. (2), then the period of the solution
is equal to nT.

In geperal the solutions of Eq. (2) cannot be obtained in closed
form or expressed in terms of quadratures by using only elementary
functions. There are methods of constructing the solutions in the
form of infinite series. Special functions are often introduced to
present the solutions.

Equations of type (2), for example,

s+ p()z+q(t)=0
may be reduced to the form

z+f(t)z=0 (7
by substituting

- L § ppas
z=ze ° J (18)
If f(¢) is a periodic function, expression (17) is called a Hill's
equation. The term is often applied to the special case when f ()
is an even function which can be expanded in a Fourier series in
cosine terms.
A special case of Hill's equation has been studied extensively;
it is the Mathieu equation:

z+ (@a—2gcos2u0t)z=0 (19)

If 2’ (t) is a solution of the Mathieu equation or of a Hill’s
equation in which f(¢) is an even function, then z'(—¢) is also a
solution. It follows that

zl=%[$'(t)+z'(—t)] and .1:2=-;—[z' (t)—z' (—1)]
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are a fundamental set of solulions, where z; is an even and z, an odd
function.

Whether the solutions 2; and z, are stable or unstable depends
on the relation between the paramelers ¢ and g in Eq. (19). The
boundaries between slable and unstable solutions are the periodic
solutions known as the Mathieu functions. The notation ce, (©t, q)
is used for even Mathieu functions, and se, (ot, g) for odd ones,
where n® = a with ¢ = 0. If n is an integer, we have Mathieu func-
tions of integral order; if nisafraction, they are Mathicu functions of
fractional order.

1 Ok ’i ce, 10
,,"\)<,'.1 et

-10

Figure 47

If n is an integer (n =0, 1, 2, ...), the functions ce,, (®t,
q) have the period n/w and can be exparded in a series in cos 2kw¢
terms with a constant term depending on g but not on #; the func-
tions ce,n4y (02, ¢) have the period 2n/w and can be expanded in
a series in cos kwt terms without any constant term; the functions
Syn+ (02, ¢) have the period 2n/® and can be expanded in a series
in sin kot terms; the functions se,,+, (0¢, ¢) have the period n/w
and can be expanded in series in sin 2kw? terms (k =1, 2, . ..).
In the interval 0 << ¢t << n/w all these functions have a number of
zero values equal to their subscript.

The Mathieu functions of integral order are normalized so that

2% 2%
(1] (0]
—:"? S ce? (ot, q) dt=%’- S se? (wt, q)dt=1 (20)
0 0

The graphs of ihe functions ce, (wt, 2), ce, (0, 2) and ce, (0t, 2)
are shown in Fig. 47a; cf the functions se, (0t, 2), se, (0¢, 2) and
seg (0t, 2) in Fig. 47b; of the functions ce, (0, 2), ce; (0t, 2) and
ces (ot, 2) in Fig. 47c¢; and of the functions se, (wt, 2), se; (w2, 2)
and ses (o, 2) in Fig. 47d.
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The shaded areas in Fig. 47¢ in the ga plane are unstable regions
for the solutions of the Mathieu equation. The boundary lines of
the regions correspond to Mathieu functions of integral order. The
figure shows that the lower the value of | ¢ |, the wider is the stable
region in the a-axis direction. With sufficiently large | g | values
the stable regions taper out.

16. Autonomous Nonlinear Systems

Systems whose behaviour is described by nonlinear differential
equations are called nonlinear. 1f a dilferential equation does not
contain terms explicitly depending on time, the system described
by this equation is called autonomous (see Sec. 5). The study of
nonlinear systems often proves a difficult problem. There are only
a few types of nonlinear differential equations whose exact general
solutions can be expressed in closed form by elementary functions.

In studying the solutions of differential equations the analysis
of the structure of the state space is very important. The coordinates
of the state space of an autonomous system are generalized coordi-
nates and generalized velocities. Hence, the state space of a system
having n degrees of freedom is a 2n-dimensional space. The state
space of a single-degree-of-freedom system is two-dimensional and
can be graphically represented in a plane (state plane).

Consider the equation of motion (4) of an autonomous conservative
linear system which was discussed in Section 6:

z+ wgz =0

Its solution (11), Sec. 6, is
Z = Z4 €08 (Wt — @)

whence

v=z= — Z oWy Sin (o2 — @)

As mentioned above, the z-, v-plane is called the state plane.
To each moment of time ¢ there corresponds a pair of z and v values
which are the coordinates of a point in the state plane. This point
is called the representative or .mapping point. The representative
point describes in the course of time a line called the phase or state
trajecitory.

The equations £ =z (¢) and v = v (f) may be regarded as equ-
ations of the stale trajectory in parametric form. Eliminating the
parameter ¢, we obtain the equation of the state trajectory f (z,
v)=0. For the case considered we can write:

v
TgWo

;’:"; == C0oS (o)ot —q)), = —8in ((l)ot -— fP) (1)



16. AUTONOMOUS NONLINEAR SYSTEMS 125

Squaring equalities (1) and adding them up, we obtain the
equation of the state trajectory:
23 2
i I Ay | (2
a a*™’o

Since z increases with v > 0 and decreases with v << 0, the repre-
sentative point moves clockwise.
)4 [ ]

i\

@ © )

Q

A

i)

.

) d) tf)
Figure 48

(

For various values of the amplitude z, which, according to for-
mula (11), Sec. 6, depends on the initial conditions z, and v,, viz.

Zo= l/z: mi% (3)

the state trajectories are ellipses of different size as shown in Fig. 48a
(the arrows indicate the direction in which the representative points
move). Thus, the structure of the state space of the differential equa-
tion considered is very simple: the entire state plane is filled by
ellipses encircling one another. One and only one state trajectory
passes through each point in the state plane. The origin of the coor-
dinates is an exception as no state trajectory passes through it.

The velocity of the representative point is called the state velocity.
The modulus of the state velocity

u=V 22422 (4)
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In our case
u = 20, V' 5in® (05f — @) + 0 c0s? (0t — ¢) )

At no value of z, > 0 can the state velocity be zero, whatever
the value of ¢, since the sine and cosine of the same argument cannot
be zero simultaneously. At z, = O the representative point is at the
origin and its state velocity equals zero. This corresponds to the
equilibrium state.

We now replace the second-order differential equation (4), Sec. 6,
by a set of two first-order equations:

d d
{t—=v, -J’i’-=—(o§z (6)
Dividing the second of Egs. (6) by the first one, we obtain
dv
=0 (7

This equation defines the integral curves which coincide in our
case with the stale trajectories. The left-hand side of Eq. (7) is the
slope of the tangent Lo the stale trajectory. The curve crossing several
state trajectories at points of equal slope is called an isoclire. For
this line dv/dx = const. In our case this yields —wiz/v = const or

v=kz (8)
where k& =‘const.
Consequently here the straight lines passing through the origin
are isoclines.
Integrating Eq. (7), we find that

z3 ve
T tam=c

Hence, assuming 2¢ = z3, we obtain the solution (2).

At the origin we have the indeterminacy dv/dx = 0/0. It follows.
that at the origin therc exists no definite direction of the tangent
line and the origin is a singular point of the centre type. The term
centre denotes an isolated singular point which is not passed through
by any state trajectory and is encircled by closed state trajectories,
one inside the other.

It should be noted that a closed state trajectory corresponds to
a periodic oscillation.

The singular point at the origin corresponds to the equilibrium

state of the system. Here £ = 0 and = = 0. The centre represents
the state of stable equilibrium, since the representative point displa-
ced but slightly from the centre will move in its immediate neigh-
bourhood. A pendulum displaced from its state of stable equilibrium
behaves in this manner (Fig. 23d).



16. AUTONOMOUS NONLINEAR SYSTEMS 127

The pendulum motion in the neighbourhood of the position of
unstable equilibrium (Fig. 23¢) can be approximately described
by the equation

z—olz=0 9

where ©, must not be regarded as the natural frequency.
Using the same procedure as in the preceding case, we replace
Eq. (9) by the following system of equations:

dz dv

—(—1-‘-=v, -a-t-'= (0:1 (10)
Hence, dividing the second equation by the first, we obtain
d
LNE (11)
Integration of this equation yields
V?— @izt =2¢ (12)

i.e., the equation of a hyperbola whose asymptotes can be deler-
mined by setting ¢ = 0. The state plane in the neighbourhood of
the origin is represented in this case by two families of hyperbolas
(Fig. 48b): the upper and the lower at ¢ << 0, the right and left
ones at ¢ > 0. At the origin there is now a singular point of the
saddle type. Two peculiar state trajectories passing through the
saddle point are the asymptotes separating the two families of state
trajectories and therefore called separatrices.

The differential equation of the free motion of a dissipative system
[see (28), Sec. 6]

z + 2hz +ajz=0
can be replaced by an equivalent system:

d d
=0 5= —(2hw+ elz) (13)
whence
dv _ 2hv4-ofz
o= o (14)

The general solution of this differential equation is represented
by a family of state trajectories if 0 <<h <<@,! and takes the
form

(v + hz)?+ (0] — k) 22 =Ce" (15)
where C is the integration constant;
2 vtk
n-——@a_hz tan Ve (16)

1 In this case the free motion is decaying vibrations (see Section 6).
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It can be proved that expression (15) represents a family of spirals
winding onto the origin which in this case is a singular point of
the focal type (Fig. 48¢). In fact, by making the linear substitution

y=z Vo —8, w=v+thz (17)
and introducing polar coordinates
y=pcosp, w=psing (18)
we obtain the equation of a family of logarithmic spirals:
ho
p=Ce VoM (19)

In the case discussed the focal point represents the state of stable
equilibrium. However, if 2 << 0, i.e., we have the so-called regative
damping, then with | A | << ©, the origin is again a singular point
of the focal type, but the equilibrium is unstable: the state trajec-
tories unwind out of the focal point (Fig. 48d).

If » > o,, the corresponding motion being a nonvibratory free
motion (see Sec. 6), then the general solution of Eq. (14) is a family
of state curves and may be written in the following form:

fv—

-y -3
~Clo—(h+VE=o) 2] Ve (20)
This is the equation of a family of curves similar to parabolas
(Fig. 48e). All the state trajectories enter the origin which in this
case is a singular point of the stable node type.
If <0 and | k| > w,, the origin is a singular point of the
unstable node type: all the state trajectories issue from it (Fig. 48f).
Consider a nonlinear autonomous system having one degree of
freedom and described by the equation

d
f(z, v) d—:—P(z, v)=0 (21)
Noting that
dv dv
& =Va

and using the notation
Q (z, v)=vf(z, V)
we obtain
dv __ P(z,v) (22)

dz = Q{z, v)

where P (z, v) and Q (z, v) are in general nonlinear functions of
beir arguments.
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If P (0, 0) =0 and Q (0, 0) = 0, the origin is a singular point.
In this case expansions of P and Q in power series in the neighbour-
hood of the origin do not contain any constant terms. Let us denote
these expansions by the expressions

P(z,v)=pz+qu+ Py (z,v), Q(z,v)=rz+s0+Q,(z,v) (23)

where P, and (Q, are power series in z and v beginning with
terms of the second power at least. With expansions (23) taken
into account Eq. (22) takes the form

dv _ pz+tqu+tPy(z, v)

dz . rz+ s+ Qs (=, v) (24)

This differential equation has at the origin the same singularity
(a singular point of the same type) as the linear equation

dv _ pziqu
== rstw (25)
on the condition that the determinant
1P 1
A= . s %0 (26)

Table 7 contains the conditions determining the type of singu-
larity at the origin for Eq. (25). The same conditions may be used
to determine the type of singularity for Eq. (24), except those spe-
cifying a centre: in the case of a nonlinear differential equation the
singularity can be either a centre or a focus. To determine which

singularity we then have it is necessary to consider the terms of
higher degree.

TABLE 7
. Additional eonditions
,S.i'{'yglt';.‘,’,'e Principal conditions
Stable Unstable
Saddle (9—r)2-4ps>0; ps—aqr>0 — -
Node (g- -3 +4ps > 0; ps—gr <0 ¢+r<0 | a+r>0
(g—r)*+4ps=0
Focus (g—r)24-4ps < 0; g4r£0 g+r<0 | g+r>0
Centre (g—1r)2+4ps<0; ¢g+r=0 — —

8—12
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Consider the conservative system described by the differential
equation
m.:£+ f(x)=0 (27)
For this system the differential equation of state trajectories
takes the form

-t 2
The integral of this equation is
X

I+ | t@di=c (29)
0

which expresses the law of conservation of energy.

It follows from Eq. (28) that all the state curves cross the z-axis
at right angles (since at v = 0 we have dv/dz = o0). The state curves
are symmetric with respect to the z-axis since in Eq. (29) the v

term is of degree 2.
The state trajectory can be plotted as follows. Plot the relation
* x

between the potential energy I = Sf(z) dz and z on an auxiliary

graph (Fig. 49a). Draw a straight (l)ine parallel to the z-axis at a
distance C, equal to the total energy of the system. The value of z
varies in the interval where IT << C,. Calculate the values of v for
every z by means of formula (29) and plot the points of the state
curve. The point at which the polential energy II is at a minimum
(the state of stable equilibrium) is a singular point of the centre type.

In Fig. 49b a similar construction has been made for the case when
IT () has several extreme values. All the points on the abscissa
in the state plane which correspond to minima of the potential energy
are centres. Singularities of the saddle type (the states of unstable
equilibrium) correspond to maxima of the potential energy. The thick
line in Fig. 495 represents the separatrix which separates the regions
of qualitatively different motions,

A good illustration of the above general statements is provided
by the free motion of the undamped physical pendulum. The diffe-
rential equation of this motion (17), Sec. 6, takes the form

J'\|;+mglsin1p=0

where the angle ¢ is measured from the position of stable equi-
librium (the lowest position of the centre of gravity).

Since
Y . 2T ol
¢=¢%, 51n¢='\1’—‘3p]+§:_
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we may write down the expression
. 2 (Dg 3 03 5
ap Ot Vvt
T— .
¥ b
where @, is determined by expression (19), Sec. 6.
The origin in the state plane is a singular point. To determine
the type of singularity we refer to Table 7. According to formula (24)
we have p = —3, ¢ =0, r =0, s =1. Using these values, we

obtain (¢ — r)? + 4ps = —4o; << 0, ¢+ r =0. It follows that
the singular point is a centre.

n n

'

| L 0

| i i P
U | ]

I |

| |
0 — 0

a)
Figure 49

The differential equation of free motion of the same pendulum may
now be written, the angle ¢y being measured from the position of
unstable equilibrium (the uppermost position of the centre of gra-
vity):

Jip —mglsin =0
whence

of §
& _ WPty v

dp b
We have now p =3, ¢ =0, r =0, s =1 and consequently
(@— 1)+ 4ps = 403 >0, ps — gr > 0. Thus, the origin is a
singular point of the saddle type.
The state pattern (a set of state curves) of the system is illu-
strated in Fig. 50a.
If the pendulum swings with linear damping, the differential
equation of motion takes the following form (the angle ¥ is mea-
g




132 CH. 3. PARAMETRIC AND NONLINEAR SYSTEMS

sured from the position of stable equilibrium):

J;;;+ u\i;—{— mglsiny=10

or
¥+ 2k + o sinp=0
where
ke 2 <G,
Hence . .
d_:»= —mgw—qu,{- .‘30—!0 8—% ¢5+ °e
dy v
We have here p = —0}, ¢ = —2k, r =0, s =1. Hence (g —
— r)?5- 4ps =4k* — 4o, < 0. In thiscase g4 r =— 2k << 0. Using
v Table 7, we find that the state of
stable equilibrium is a singular po-
N int of the focal type.

@ z Measuring the angle ¥ from the
position of unstable equilibrium,
we obtain

(@ . (l)’ 0!
v & _ 0fp—2kp— 3y ¢+ ¥0— ...
Here p =0} ¢ =—2k; r =0;
6 - § =1. Consequently (g — r)*+
+ 4ps = 4k* + 403 >0, ps—qr=

= @3> 0. The result shows
that the state of unstable equilibri-
um is a singular point of the saddle

type. The state pattern of the sy-
stem is depicted in Fig. 50b.
Figure 50 Consider, as another example,
the free vibrations of the system
with dry friction schematically shown in Fig. 51a. Figure 515 shows
the characteristic of the friction force. The differential equation of
motion about the position where the spring tension is zero takes
the form

b)

m:'c.+cz=—-Psgn:;: (30)
i.e.,
:t'+m:z=—% at >0 31
.:l:.+(0::t=-£- at :;:<0
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VI

p
mo}

where

For 5} 0 we substitute

ry=z+
and the result obtained is
'J;, + (!):31 =0

This equation, as shown above, gives, on the state plane, a singu-

lar point of the centre type at z, =0, z, =0, i.e., at 2 = —P/ma?,
z =0.
x
’ i B=-Psgni \\
4 " _: JJD
(a
)
)
Figure 51

For z < 0 the substitution of z, =z — P/mo) results in the
dlfferentlal equation taking the form

Ty+ @)z, =0

The state plane coordinates z, = 0, z, =0 or z = P/mo}, z =0
determine in this case a singular poinl; of the centre type.

The state paltern of the system is illustrated in Fig. 51¢c. The tra-
jectories on the upper half-plane are ellipses with the centre at point
A (—P/mw?, 0) and on the lower half“plane —ellipses with the centre
at point B (P/m(oo, 0). When the state trajectory reaches the abs-
cissa segment AB, the motion stops. Segment AB is called accor-
dingly the stagnation zone or critical line.

The spring force R in the system shown in Fig. 7 was a linear
function of the deformation z. The spring characteristic, i.e., Lhe
relation S (x), for this case is represented in Fig. 52a by the straight
line 1. Two types out of an infinite set of nonlinear characteristics
should be noted: the stiffening or hardening spring represented by
curve 2 and the softening spring represented by curve 3. The linear
spring has a constant rate (stiffness) —dS/0z. The stiffness of the
hardening spring —8S5/0z is an increasing function of the absolute
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value of deformation |z |. The stiffness of the softening spring
—a8/8z is a decreasing function of | z|.

Let § = —cz — ¢,2%, where ¢ > 0. If ¢, > 0, the spring has
a hardening characteristic. If ¢, << 0, the spring has a softening
characteristic. With a hardening spring the differential equation

Z I xz
AN 25 N
[ T T 0 T
Figure 52

of motion of the system shown in Fig. 7 can be written in the follo-
wing form:

z +ojz +atz®=0

Y Eiazo

and z is measured from the equilibrium position.

where

Hence
dz _ —0jz—als3
==
Here p = —w}; ¢ =0;r =0; s = 1. As shown above, this means

that the origin on the state plane is a singular point of the centre
type. Figure 52b illustrates the state pattern of the system.
For a softening spring the differential equation of motion becomes

z+ iz —adzd =0

a=]/-——%; ¢, <0

dz _ —oiz+a?z?

where

Hence we obtain

z

At the origin we have again a singular point of the centre type.
However, if | z| can take sufficiently large values, the system
has two positions of unstable equilibrium, apart from having a stable.
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equilibrium position at z = 0. In fact, the equation of equilibrium
is a cubic one:

o)z —alz®=0

It has three real roots: 0, wy/a, —w,/a. By shifting the reference
point of the abscissas to the point ®,/@ we introduce the argument
zy =2z —wy/a. Hence

dz __ 203z, + 3awez} + ads}
dz .

T4
Since in this case p = 20); ¢ =0; r =0; s = 1, the new origin
is a singular point of the saddle type. The same is true of the singu-
lar point (—% , O) . The state pattern of the system with a softe-

ning spring is illustrated in Fig. 52c.
Steady self-excited (self-induced)
vibrations may occur in autono-

mous systems whose motion is des-
cribed, for instance, by a nonlinear
differential equation of the follo-

wing type:
z+@(2) 41 (2)=0
This is the case when at small
values of |z| the derivative

do (:E)/d:; << 0 and at large values

of | z|itis greater than zero, i.e., dp (.‘l;)/d-‘l:' > 0.
The swing of self-excited vibrations zmes — Zmin attains such a value

x

Figure 53

that the work done by the nonconservative force @ (.1;) during the
period T is zero, i.e.,

T L L]
S 9(z)zdt=0
0

The state pattern of such a system is pictured in Fig. 53. The
closed state trajectory represented by the thick line corresponds to
steady-state self-excited vibrations and is called the limit cycle.

17. Method of Successive Approximations

The idea underlying the method of successive approximations
is very simple. It consists in using some suitable iteration process,
i.e., repeated application of the same mathematical procedures.
The use of the method requires, first of all, a suitable initial appro-
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ximation (i.e., an approximate solution), and then a check-up is
needed to see whether the process of successive approximations is

a convergent one,
Consider the differential equation

z4f(z, z, 1)=0 (1)

where f(z, z, t) is a periodic function of the argument ¢.
We shall seek a periodic solution of Eq. (1) :assuming the initial
approximation (zero approximation) to be

x =2, (1) (2)

This assumption may be based on experience, preliminary quali-

tative treatment, some plausible reasoning or even on intuition.
Solving Eq. (1) for z, we can write

z=—f(z, z, 1) 3)

and inserting solution |(2) and its derivative into the right-hand
side, we have

'-“;1 = —f (2o, 5’0’ 2) %

The subscript of x is the number of the approximation. Integrating
Eq. (4) twice, we obtain

z=— | § #(z 2 ) ar (5)

The arbitrary constant of the first integration has been taken to be
zero as we seek a periodic solution. Taking the arbitrary constant
of the second integration to be also zero, we choose in this way as
the origin the mean position of the vibrating point. Having deter-
mined the approximate value z,, we seek in the same way the next
approximations

zn=—{ | 1z 2 nan (6)

and so on until we achieve the necessary accuracy.

In praciice each successive approximation involves rapidly in-
creasing unwieldiness of derivations and calculation difficulties.
One often limits the procedure to one approximation.

For example, let the approximate solution of Duffing’'s equation,

z+ 03z + a3z® = u cos Wt 7
be of the form
Z,=a cos wt (8)
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Substituting it in the differential equation (7), using the trigono-
metric identity
cos‘*ﬂE% cosB+71*- cos 3f 9)
and equating the coefficients of cos w? on the left- and right-hand
sides, we obtain the cubic equation

@ - at 23—y (10)

which determires the amplitude a.
Solving now Eq. (7) for the second derivative, introducing into
it z, and using identity (9), we obtain

.o 2
Z, = — Wja cosS Ot — 32 a® cos ot - u cos (nt+—::a.“’a3 cos 3wt (11)

Substituting into (11) the value of u from expression (10), we obtain

:'c., = —m?a cos ot — aZas cos 3ot (12)

and this yields the next approximation
z;=a cos ot + ??;_;:' cos 3wt (13)

which comprises the firs! and third harmonics. Further approxima-
tions which could enabl¢ us to make the amplitude values of the
first and third harmonics more precise and to find the amplitndes
of the subsequent harmonics are complicated in practice by unwieldy
computations and are not as a rule attempted. Tests for the con-
vergence of the iteration process will not be treated here.

One of the versions of the successive approximalion methods is
Rauscher’s method in which a suitable solut'on of the differential
equation describing the free vibrations of & nonlinear system is
taken as the initial approximation in solviag the differential equa-
tion of forced vibrations of the same system. The former equation
for a single-degree-of-freedom conservative system can be reduced
to a quadrature. Consider the differential equation

:'c.+f () =ucos ot (14)

We begin with the periodic solution of the equation
z4+f(@)=0 (15)

with frequency ®. We take as the initial conditions
z (0)=a, z(0)=0 (16)

where the maximum displacement @ must be chosen so as to corres-
pond to the angular frequency .
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The first integral of Eq. (15) with the initial conditions (16) takes
the form

2

2

f(§)dE

B ey

Hence, introducing the notation
x

® (z) = § f ) dE (17)

we obtain

z=—V2[®@)—0 ()] (18)
The second integral can be obtained from Eq. (18) in the form

e ( a
=h®)=) Vice—ow (19)

For the sake of simplicity we shall assume that the function f (z)
in the differential equation (14) is odd, i.e., f (r) = —f (—x). In this
case the change of z from a to 0 will take a quarter of the period,
i.e., n/20. Consequently

. a

N S
| vice—sor— )

Relation (20) determines the value of the maximum displace-
ment a.

Having obtained from expression (19) the initial approximation
¢, (z), we insert it into Eq. (14):

Z+ f (z) —u cos [t (z)] =0 (21)

Solving this equation in the same way as Eq. (15), we find ¢, (z)

and, if necessary, proceed to the next approximation and so on.
18. Method of Harmonic Balance

The method of averaging in solving nonlinear differential equa-
tions was developed and substantiated in the works of N. Krylov,
N. Bogoliubov and Yu. Mitropolsky. The method of harmonic balance
is a variety of the method of averaging. The method will be illu-
strated by the following example. Consider the equation

Z+f(z, ) =ucos ot (1)
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The periodic solution of this differential equation suggests itself
in the form of a Fourier series:

= -%°—+ 2 (an cos n@t 4- b, sin nwt) (2)
n=1
whence
z=0 ) n(— @y sin not + by, cos not) (3)
n=1

Expanding now the function f (:;:, z) in a Fourier series, we may
write;

b4 [m 2 n (— a, sin not 4- by cos nwt),
%4— gi (an cos not + b, sinn (ot)] =

=—‘;l+ Z (An cos not+ B, sin nwt) (4)
n=1{
We shall retain only the first harmonics in the expansions and

write down the expressions for the coefficients A,, A,;, B, using
formulas (2), Sec. 4

N
©
A, =—2— S f(—coa, sin 0t 4 ob, cos ot,

n
)
ﬂ-}- a, cos wt 4 b, sin mt) dt ()
o
)
= % S — wa, sin ¢ 4 ©b, cos w?,
—+a, cos ¢ - by sin mt) cos ot dt (6)

—2— — wa, sin ot - wb, cos wt, o +

'-——55

+ a, cos ot -} b, sin cot) sin ot dt )
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From relation (3) we find, limiting the sum to the first harmonie,

z= —? (a, cos ot 4 b, sin wt) 8)

Inserting the expressions obtained into the original equation,
we have

— ©%a, cos wt — w2, sin ¢ %+ Ajcosot+ B sinwt=ucosot (9)
whence

A4,=0)
—o?h,+ B, =0 (10)
—ofa,+A;=u

Replacing the coefficients A;, A, B, in expressions (10) by their
values from (5), (6), (7), we obtain the equations which deter-
mine a,, a4 and b,:

T Y

(]

S f (—ma, sin ot + ob, cos wt, %4-
_x
+ a, cos (I)t+ bi sin mt) dt = 0,
[ (11)

T
©
—m’bl+% 5 f(—o)a,sinmt+mb, cos ot, -“21
(L]
)

+ a, cos wt+ b, sin mt) sin wt dt =0,

—wia, 4

ale

Eis

©

S f (—ma,sinmt+(ob1cos wt, %-l-

[
)

- a, cos wt4- b, sin mt) coswtdt=u
/

Mow accurate is the approximate solution obtained depends on
hcw rapidly the series (2) converges.

Ve take Duffing’s equation (7), Sec. 17, as an example, to illu-
strate the method:

z + 03z + 23 =y cos ot
We take the solution in the form

z=%+ a, ¢os wt -+ b, sin of
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which can be conveniently transformed as follows;
a:=-—a21+c,cos (0t — @,)

where ¢, and @, are determined in terms of @, and b, from formu-
las (4), Sec. 4, where

ai = Ci (VX ‘pl
b, =¢;sin'g,
In the example being considered
/ (a.:, z)=f (z) = wjz + az®

Substituting the value of = and retaining only the first harmonic,
we obtain the expression

f(z)= m’ao_l_ a3ad + 3oc® aac1 ' ( i, + 32 aoc1 + 3a2 c,)oos (0f — )
Using now the first of equalities (11), we can write

o | "a%ad = '3c}
% ( P+ +71) =0

whence g,=0.
The second of the equalities (11) yields

[(m:—m’) ¢+ % a’cf] sin g, =0

whence @,=0.
Finally, we find from the third of the equalities (11)

e (03— )+ 2 adel=u

which coincides with expression (10), Sec. 17.

Using the above approximate solution, one can replace the ori-
ginal nonlinear differential equation by a linear one whose solution
coincides with the approximate solution of the original nonlinear
equation. Such a transformation of a differential equation is called
equivalent linearization.

We now replace Duffing’s equation discussed above by the linear
equation

z4+ kwyz = u cos ot (12)

Inserting into Eq. (12) the approximate solution of Duffing's
equation obtained by the method of harmonic balance, we can
write down the following relation:

(kwg—®) cy=u (13)
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On the other hand, we have
(0 —0?) e+ % alcl=u (14)

Comparing the last two expressions, we obtain
p=14220 “"’1 (15)

Thus the linearized differential equauon (12) becomes
3adc}

o+ (14 e ) 0iz=u cos ot (16)

The differential equation furnished by equivalent linearization
has one important property: the coefficient of z on the left-hand
side of the equation, which is the natural frequency squared, depends
on the amplitude of vibrations ¢,.

19. Small-Parameter Method

The small-parameter method consists in expanding the solution
of the differential equation in a power series in a small parameter
in the neighbourhood of the so-called generating solution. This is
the solution of the generating (abridged) differential equation to
which the original equation is reduced if the small parameter va-
nishes. This method was proposed and substantiated by Henri
Poincaré. We shall limit ourselves to the consideration of the tech-
niques of application of one variant of the small-parameter method
to the solution of the following differential equation:

mi—::+cz+c,a:3 =0 (1)
or
d’z g 2.8
—d¢T+‘°o-‘”+°4 3 =0 (2)
where

o= %; ar=-2t 3)

The solution will be constructed in the form of a series in the
neighbourhood of the solution of the following generating equation

a2
d—t:+ olz=0 (4)

The concept of the small parameter can be given a precise mean-
ing if the parameter is dimensionless, i.e., if its magnitude is
independent of the unit of measurement used. It is therefore reason-
able to reduce the differential equation to the dimensionless form



19. SMALL-PARAMETER METHOD 143

which can be done, for example, by introducing dimensionless va-
riables
X
T=Mogt =0t, E=— (5)

where @ = half-swing of vibration displacement
@ = vibration frequency
A = ratio of vibration frequency o of the given system to
the frequency w, of the generating system.
Introducing the new variables (5) into Eq. (2), denoting diffe-
rentiation with respect to T by dots over § and using the small para-

meter

253
b= (6)
we obtain

ME+E+pE=0 (M
We now seek the solution of Eq. (7) in the form of the series
E(@)=E" () +pE? (v) + &> () +-. .. (8)
The ratio of the ‘frequencies may also be represented in the

form of a series
A=14ph+p2A+... (9)

In each particular case the chosen parameter p is considered small
if the power series in p is convergent. If no suitable parameter is
contained in the original differential equation, such a parameter
may sometimes be introduced artificially.

We now insert the series (8) and (9) into the original equation (7)
(retaining terms of smallness order up to the second, inclusive, i.e.,
containing p? as a factor):

(44 2uAy+ 2 g+ 2hg)+ .. ] (O pEOf oo 1)
+§(0)+p§(l)+u2§(l)+ ves +p§(0”+ 3p‘2§(0)2§(l)+ e = 0 (10)

This substitution transforms the differential equation (7) into
identity (10) which holds for any value of p within the convergency
of the series. Coefficients of all powers of p, beginning with zero
power, must therefore be zero. Equating the coefficients to zero,
we obtain a sequence of linear differential equations of the second
order in the functions §&™, (n =0, 1, 2, . ..). The equations can
be written as follows:

'g'(o) 4200 (11)
'g'm 4= 2;\'1'&;(0) g (12)
'éz) FEP = — (A4 2)) 'g'(o) _ 2M'§'u) —3pozwm (13)
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In solving the equations we shall require that all the &€ func-
tions have the common period 2mn, i.e.,

E (v)=E™ (v+2n), (n=0,1,2,...) (14)

We take also the displacement of the system from the equilib-
rium position at the initial value of the argument to be maxi-
mum, i.e., at t=0

E=1, £=0 (15)

These initial conditions are distrib}lted between the component
functions ™ and their derivatives £ as follows: at v=0

E9 =1, §9=0, P =0, *=0, (k=1,2, ...) (16)

The general solution of the generating equation (11) can be
written in the form

E® =g,cost4bysint 17
Under the conditions (16) e¢,=1, b,=0 and consequently
EP=cos 7 (18)

Substituting this solution inlo the right-hand side of the differ-
ential equation (12) and using identity (9), Sec. 17, we obtain

E(x) 4BV = (2A,1 COST — % cos 3t (19)

To satisfy the periodicity condition (14) it is necessary to have
no resonance term on the right-hand side of Eq. (19), i.e., the
coefficient of cos v must be zero:

whence
M= (20)

Using this result, the general solution of Eq. (19) assumes the
form

£V = g, cost+4 b sin 1.'+3—1., cos 3t
From the initial conditions (16) we find
i
a; == —E ’ bl =0
Hence

E(l)_ _Lz cosS T+ = 32 cos 3t (21)
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We now insert the results (18), (20) and (21) into the right-
hand side of the differential equation (13) and after using trigo-
nometric identities we transform it into

) 21 3 3
E® L E® (2kz+-m) €08 T+ = €0S 3t — —op- €08 5t (22)
The periodicity condition (14) furnishes the expression
21
whence
21

Using this result, we can write the general solution of Eq. (22)
as follows:

£® =a, cos T+ b, Sin 1:—--i cos 3t+ﬁcos 5t

128
From the initial conditions (16) we derive
23
= 1g57+ b2=0
Hence
E¥ = 2 cost—-2cos 3r+ 1 cos5t (24)
1024 128 1024

Inserting now the results into the series (8) and (9), we obtain
the required solution of the nonlinear differential equation (7)
accurate to the terms of second order smallness inclusive

E= (1 —Tiz' p-{——ﬁ% pﬁ) cos 'r+-31—2-p (1 —% p,) cos 3v+

—{——1012—4 utcos 9t (25)
and the frequency ratio
3 21
A=1+g p—35 W (26)

Returning now to the original differential equation (2), we write
down its solution:

o2q? 23ctbat
T= (1 —35w1” + 102408 ) acos ot +

a2a? 3a2a2 adad
-+ 5 (1 T ) a cos 3ot + 102408 ¢S dwt (27)

where

3a2q3 21cdat
0 =0, (145 — 75501 (28)
10—12
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Other examples of the application of the small-parameter me-
thod will be found in Sections 36 and 42.

20. Method of Fitting

Approximate analytical methods of invesligating nonlinear sy-
stems have been discussed in Sections 17 through 19. In ihe present
section we shall concern ourselves with the precision method of
fitting (jointing, sewing) usually employed in investigating pie-
cewise linear systems, i.e., nonlinear systems whose behaviour wi-
thin separate sections is described by lincar equations. A solu-
tion is obtained for each seclion and the initial conditions for
the next section are then made to fit the terminal conditions of
the preceding section.

We now turn to the computation procedure using, as an example,
the free vibrations of a single-degree-of-freedom system with dry
friction (Fig. 51). The differential equation of motion of this system
[Eq. (30), Sec. 16] is broken up into two linear equations, viz.:

'z',+¢o::ci= ——Z— at z>0 (1)
:1.:2+0):z3=% al a:'\<0 (2)

The motion in the first stage starts at the initial conditions
t—_—'O, zi=—ao, Ii=0 (3)

The corresponding general solution of Eq. (1) may be taken in
the form

P P
= (ao - mw ) C0S o — mws (4)
Hence the velocity
z= (aoco., - ML;)O) sin @yt )

The first stage of the motion is completed at :c.,=0 at the
moment

b= (6)

Substituting this value of ¢, into Eq. (4), we obtain
Thus the terminal conditions of the first stage at ¢=m/w, are
T=ay— b, 2,=0 ®)

ma} ’
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These conditions will be the initial ones for the second stage in
which Eq. (2) becomes valid, i.e., at t=x/w,

2P
mo? '

Ty==Qqyg— 3;2=0 (9)

The solution of Eq. (2) corresponding to the initial conditions
(9) takes the form

3P P
Ty= — (aO_Em_g) coscoot—}-W (10)

Hence the velocity

* 3P
.‘22 = (ao(l)o _ m@,

) sin @yt (11)

The second stage of the motion is completed at z, =0, i.e., at
the moment ¢ = 2n/w,.

It follows that the terminal conditions for the second stage at
t = 2n/wy will be:

4P y
Xy = —(ao—Tnm—a) N 22=0 (12)
These conditions will be the initial ones for the third stage for which
Eq. (1) again will be valid.

The motion is decaying vibrations where the displacement maxima
decrease in an arithmetic progression with the difference 4P/mew;.

When at the end of one of the stages in the sequence the absolule
displacement value becomes less than or equal to P/mwj, the motion
will stop.

The possibilities of the method of fitting may be presented more
vividly by using, as an example, a system with periodic vibrations.
Let a sinusoidal exciting force be applied to the vibrating body
of the system discussed above. The differential equation of the
vibrations will now take the form

m%+cz= — P sgn (—';%)+Facos(mt+q>) (13)

where ¢ is the phase of the exciting force at the starting moment
of the first stage; the phase is to be determined.
We now pass to the dimensionless variables

0z
T=o0f, &= "‘Fa z (14)
and introduce the dimensionless parameters
1 e p
v.=T]/-,f—,, P="F; (15)

10*
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Equation (13) can then be written in the form

E+1iE= —psgn+cos(v+ @) (16)

The dot over E denotes differentiation with respect to .
Equation (16) is broken up into the following two equations:

€+ yit= —ptcos(r+9) at £>0 (17)

T4 viE=ptcos(t+¢) at E<O (18)

We shall seek the periodic solution with the period 2n for the
case when there are no pauses of finite duration, Let the initial

conditions at T=0 be

= —§&, £=0 (19)

at the beginning of the first stage when Eq. (17) becomes valid.
The general solution of Eq. (17) may be written in the follo-

wing form:
E=a,cos (vaT+ V1) __s +a=gceos(*+9) (20)
Hence
E= —ay. sin (1,7+ $) — —y— sin (++ 9) (21)

Inserting the initial conditions (19) 1nto the relations obtained,
we can write

a, cos Py — , + .:os_cPi =—% (22)
— ayy, sin P, — %“j’—_ 0 (23)

As the configuration is symmetric, we can write the terminal
conditions for the first stage of the motion (after a half-period)
which will also be the initial conditions for the second stage at

T=7.

E=E, E=0 (24)

It should be noted that more complicated motions with the period
2n may take place when a finite interval of rest in the end position

follows each stage of motion.
Inserting the initial conditions (24) into the relations (20) and (21)

yields
@,c08 (7, +by) — 5 — '7_5_.—1 = (25)

— a,y, sin (77, - tln) o (26)
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Thus four equations (22), (23), (25) and (26) have been obtained
which will serve to determine the integration constants a, and V,,
the initial displacement &, and the initial phase ¢ of the exciting
force. We now proceed to the determination of these quantities.
Adding equations (23) and (26) together, we obtain

sin (svp, 4 ) + sin ;=0

Hence
2sin (%4, ) sin Tfr =0
Since, generally speaking,

sin “zi %0

we have
sin ( ng* +l|31) =0

Hence

Py = — "z* (27

Adding Egs. (22) and (25) together and using expres-
sion (27), we get

a,= %— sec n;., (28)

Substituting the values of ¢, and a, from expressions (27) and
(28) into Eq. (23), we obtain

¢ = sin™! [ P (?i— 1) tan “;’* ] (29)

Finally, from Eq. (22) and taking into account that & >0,
we find

| 2 (v —1)2
=gV 1 — 0 e 2 (30)

Expression (29) allows us to establish the following condition
for the existence of the solution sought:

p< I (31)
(vi—1) tan 3¢

The general solution of differential equation (18) which descri-
bes the motion in the second stage can be presented in the form

E= 2,008 (37 + o) + -+ cos(r-+ 9) (32)
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Hence

E= —ayy. sin (T4 ¥ — — = T+ ) (33)

Inserting the initial conditions (24) into the last two expres-
sions, we obtain the following equations from which the integra-
tion constants @, and P, can be determined:

3008 (0P ¥) + o5 — =P = (34)
— Gz Sin (W + ¥) + g =0 (35)
From Eq. (35) and using the relation (29), we obtain
az sin (ny, +9;) = tan “;‘ (36)
From Eq. (34) we find
R S @)

Dividing expression (36) by (37), we can write:

tan (my, + P) = —tan “;"‘

whence
e+ Y= — uz *
or
3
A —— __“27_* (38)
and further
ay = — —?% sec “g‘ (39)

The required solutions for both stages can now be written as
follows:

B cos (yr—T2e)

1 o (P —1) AYa
—l—?‘,‘_1 cos[‘r-{—snnl ;* tan — )] at 0t (40)

p p x 3n
§=ﬁ-—-}—,§—sec ‘cos(v.t— 27‘)+

+—i_—1—cos[r+sin‘1( PGE—1) tan nv‘)] at nr<L2n (41)

T V= 2
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The condition (31) is necessary but not sufficient. The sufficient

condition is .§.>/O at T=0 whence, on the basis of the relations
obtained, we get:

P< LB (42)
lvz—ill/vz+tan= o

The above discussion clearly shows the possibilities of the method
of fitting and the procedure to be followed in applying it. It should
be borne in mind that only in a few cases is the situation so simple
as in our example. The method of fitting leads, as a rule, to tran-
scendental equations which can be solved only by numerical tech-
niques and usually no general analytical relation for the motion
stages can be obtained in explicit form.

Other examples of the application of the method of fitting will
be given in Section 41.

21, Some Specific Features of Nonlinear Systems

An important negative feature of nonlinear systems is that the
principle of superposition is not applicable to them. This is seen,
in particular, from the fact that the sum of two or more solutions
of such a system is not its general solution. It can also be seen from
that the response of a nonlinear system to two or more simnultaneously
acting factors is not equal to the sum of the responses of the system
to each of the factors applied separately.

Autonomous conservative nonlinear systems, generally speaking,
are not isochronous (though there are special cases of isochronous
nonlinear systems). This means that the frequency of the vibrations
of such systems is dependent on the vibration swing. The natural
frequency of systems with a hardening characteristic of the resto-
ring force increases with increasing swing. If the restoring force
has a softening characteristic, the natural frequency decreases with
increase of vibration swing. Referring to Eq. (1), Sec. 19, this can
be seen from formula (28), Sec. 19, which will be written now with

only two terms being retained and expressions (3), Sec. 19, taken
into account:

0=, (1+%i—‘a“) (1)

If ¢; > 0, i.e., the restoring force has a hardening characteristic,
then dw/da > 0. If ¢; <0, then dw/da << 0 (where a is the vi-
bration half-swing).

In accordance with the above the resonant frequency of forced
vibrations of nonlinear systems depends on the displacement swing.
Figure 54a shows the “amplitude”t response curve of the system
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described by the equation
z + ojz + a2z =u cos ot 2

at &® > 0, and the curve at a? << 0 is given in Fig. 54b. In these
figures the lines 6-7, called skeleton curves, represent the relation
(1) between the frequency of free vibrations and the “amplitude”.
The portions 4-3 correspond to unstable vibrations.

7
2

o
a, e 7

Figure 54

If linear dissipation of energy takes place in the system, we
shall have, instead of Eq. (2),

z4-2hz+ 03z + o223 = u cos wt (3)

The “amplitude” response curves furnished by Eq. (3) are shown
in Fig. 54c for a? > 0 and in Fig. 54d for a? << 0.

We shall now use Fig. 54c to investigate the behaviour of the
system at a sufficiently slow increase of the frequency w, starting
from zero. The increase of the half-swing value will follow the curve
1-2 and at point 2 it will reach a maximum (resonance). With fur-
ther increase of the excitation frequency o the half-swing value will
drop to point 3 at which the tangent to the response curve is vertical.
Any further increase in ®, no matter how small, will cause the half-
swing to jump down from point 3 to point 4. From this point on,

1 The quotation marks are used to indicate that the quantity laid off along
the ordinate is the half-swing rather than the amplitude.
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with increasing ©, the half-swing value will diminish smoothly
along the line 4-5. If, starting from point 5, the frequency o is
decreased at a sufficiently slow rate, the vibration half-swing will
increase smoothly up to point 6, at which the tangent to the response
curve is vertical. Any further decrease, however small, in o will
cause the half-swing to jump up from point 6 to point 7. From this
point, with decreasing frequency, the vibration half-swing will
smoothly diminish along the line 7-1.

It should be noted that the response takes such a simple course
when the excitation is provided by an ideal source of energy having
an absolutely hard characteristic. This means that the excitation
is completely independent of how the system reacts. Similar phe-
nomena will occur in the case represented in Fig. 54d for oppositely
directed changes in frequency.

As we see, there exist firstly critical frequencies corresponding
to points 3, 4 and 6, 7 in Fig. 54c and d at which the vibration swing
changes by a jump (sweep). Secondly, the amplitude response curves
have portions 7-2 and 4-6 which can be attained when the excitation
frequency changes only in one direclion, i.e., only when the fre-
quency increases or only when it decreases. Thirdly, there exist
portions 3-6 which correspond to unstable states and therefore can-
not be realized. Fourthly, when the excitation amplitude is changed
(for instance, decreased), the amplitude response curves are shifted
(see dotted lines in Fig. 54c and d) in such a way that the maximum
moves along the line 2-8, nol leaving it. Hence the resonant frequ-
ency changes. It has already been pointed out (see Section 16) that
there are some autonomous non-conservative nonlinear systems in
which periodic vibrations with strictly definite swing and frequency
(self-excited or self-induced vibrations) can set in. Such vibrations
are maintained at the expense of the energy supplied from a non-
oscillatory source.

Many nonlinear systems arc capable of realizing qualitatively
different motions, a very small change in one of the parameters
being sufficient at the state boundaries Lo cause the system to jump
from one type of motion Lo another differing qualitatively from
the former. The vibration jump phenomenon discussed above is
the simplest case of such a transition. Under the action of sinu-
soidally varying excitation the nonlinear system performs vibra-
tions forming a broad spectrum. The fundamental vibration
frequency may be lower than the excitation frequency by a factor
of 2 or some other integer (subharmonic vibrations).

In many cases nonlinear systems display the phenomenon of fre-
quency entrainmenl. This means that when two or more frequencies
become sufficiently close to one another, the system vibrates at one
frequency only. The self-synchronization of two or more coupled
objects is a special case of the entrainment phenomenon.



CHAPTER 4

ENERGY
RELATIONS

22. Transformation and Dissipation of Energy
in Free Vibrations

The equation of motivn of a conservative vibratory system can
be written as follows:

mz+ f(z)=0 (1)
where f(x) is the restoring force.
Using the identity

P @
we can rewrite Eq. (1) in the form
mz d:l.:-l— f(x)dz=0 (3)

We now integrate this expression between the initial values of
the variables contained in it

and the running, values:
S mudu+Sf(z)dz=0 (5)
: 0

Im
Introducing the notation S f (z) dz = II (z) and assuming [T (0) =0,
we obtain

. .
ma? mx,

5 + 11 (:L’) T 79 (6)

The integral (6) is the mathematical expression of the law of con-
servation of energy; the first term oun the left-hand side is the run-
ning value of the kinelic energy 1" of the system, the second, the
running value of the potential energy of the system. The constant
on the right-hand side is equal to the total energy E of the system.
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In fact, E is the kinetic energy of the system at the initial moment
when its potential energy is zero.

As known, the level from which the potential energy is measured
may be chosen arbitrarily. By putting I7 (0) = 0 we have set the
potential energy of the system to be zero at the position of stable
equilibrium when z = 0. Maclaurin’s power series representing
IT (z) thus takes the form (see Sec. 10)

M@)=T0  TO 5 (M)
Expression (6) may therefore be written in the following form:
T+0O=E (8)

The potential energy of a vibrating system will attain its maxi-
mum value twice within a period

Hmaz = E (9)
at T = Zmqey and T = Zp;p, 1.e., when the displacement of the sy-
stem from the equilibrium position to either side is the greatest.

At these moments the kinetic energy will have its minimum value

Tmin=0 (10)

The system will pass through the equilibrium position twice
within a period and at these moments its kinetic energy will
reach a maximum

Tmax = E (1 1)
and its potential energy a minimum:

Thus, the oscillations of the kinetic and potential energies occur
with a swing E at a frequency double that of the vibration of the
system under consideration.

This statement is best illustrated by the behaviour of a conserva-
tive linear single-degree-of-freedom system. It is described by Eq.
(3), Sec. 6,

m.a:.+cz=0
In this case the potential energy is defined by the expression
=<z (13)

If at £=0 the conditions are similar to (%), i.e., we have z=0,

.-;:=:;:a, the general solution of Eq. (3), Sec. 6, will take, accor-
ding to formula (10), Sec. 6, the following form:

Ta .
z =4 sin Wyt (14)
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where ©, is given by expression (5), Sec. 6:

Il
Wy = 1/7[
Since 1:a=0)02¢, we get, instead of expression (14),

Z = 2, Sin Wyt
whence

T = T, COS Wyt

The total energy of the system

ook _ mobh _ ot (15)
Its kinetic energy is
T =E cos? oyt = %E (14 cos 2wyt) (16)
and the potential energy
IT = E sin® oyt = . E (1— cos 20,1) (A7)

The last two expressions show that the kinetic and potential ener-
gies oscillate in opposite phase at a frequency twice the natural
frequency of the system. It follows
that during one period of free vib-
rations of the system there occur
two complete cycles of transforma-
tion of the kinetic into the potential
energy and of the potential into the
! Kkinetic energy. Figure 55 illustrates
the process.

In the free vibrations of dis-
sipative systems, besides the trans-
formation of the kinetic into the
potential energy and of the poten-

tial into the kinetic energy, there is dissipation of energy. Consider,
gor eg’ample, the system described by differential equation (27),
ec. 6:

Figure §5

m;+bz':+cz=0

If we assume the initial conditions to be z=0, a.:=:£° at 1 —=0,
then, in accordance with relations (30), (32), (33), and (34), Sec. 6.
we shall have

z=-;—‘:e-"' sin ot (18)
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where, as defined by formulas (29) and (31), Sec. G,
h=ae; 0 Y G— R

Differentiating expression (18) with respect o time. we obtain

z= é,,z—g e="t cos (a,f + ) (19)
where 8 is the loss angle; according to formulas (36). Sec. G,
=9
cos § = o

With the conditions assumed z = 0 at the initial moment and
the system possesses no potential energy; consequently the whole
of its energy is in the form of kinetic energy. A similar situation
will occur after any whole number of half-cycles (one cycle equals
2n/w,). After n cycles the energy of the system will be determined
by the expression

E, - ”‘2’% = -"_‘;i g=20n (20)

where ¥ is the logarithmic decrement of vibrations which is defi-
ned by formula (42), Sec. 6, i.e.,

After n+1 cycles the energy will be

mat mz3
L. R T 1)

Hence the amount of energy dissipated during the (n + 1)st! cycle is

AE,, = E, 4 —E,= T8 g=20n (1 _¢=29) (22)

The total energy dissipated during the preceding n cycles

n .
N AE; =8 (1 —g-20m) (23)
i=1

In a conservative linear multi-degree-of-freedom system specified
by its normal coordinates (see Sec. 11), for each of its degrees of
freedom defined by its normal coordinate and normal velocity there
is observed the same picture of allernate transformations of the
kinetic into the potential energy and vice versa as in a conserva-
tive linear single-degree-of-freedom system.

An essentially new phenomenon occurs in coupled systems. In these
systems, apart from the energy transformations discussed above,
there takes place an alternate exchange of energy (energy circula-
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tion) between the degrees of freedom. Such a case was discussed in
Section 11 for the free vibrations of a conservalive system having
two degrees of freedom shown schematically in Fig. 24b. The phe-
nomenon was illustrated by Fig. 24c and d.

We now turn Lo an autonomous dissipative linear multi-degree-of-
freedom system. Its equations of motion, according Lo formulas (10),
(16), (20) and (22), Sec. 10, take the form

arJQJ‘I' 2 kijqi-i- 24 btﬂi—ov (i=1,2,3,..., n) (29

i=1

Let us find 1hc rate of changc of the total energy of the system,

i.e., the derivative dE'dt. As defined by formulas (10) and (16),
Sec. 10, the total energy of the system is

n n

2 2 aszin"l" 3 2 2 kiqi9; (25)

i=1 j=1 i=1 j=1

Differentiating this expression with respect to time and making
use of Eq ("4), we obtain

Z 2 :jqig; -+ 2 2 kisgig; = Z g {aauqz 2 kii‘li}

i-=1 j=1 ==t j=1
n n . .
= -—2 Z b;,qiqj-——- -20 (26)
=1 j=t
Thus the total energy of the system decreases (as evidenced by
the minus sign) at a rate equal to twice the magnitude of the dissi-
pative function.

23. The Power Necessary to Sustain Forced
Vibrations. Energy Circulation Between the
Source and the Vibrating System

Consider a single-degree-of-freedom system described by Eq. (16),
Sec. 7,
m:.c.—}— bz +cx=F,cos ot

The periodic solution of the equation is given by expressions
(19) through (21), Sec. 7:

Z =1z, c08 (0t — @)

where
Fe
Zo=
m V(o —0?)2+ 4h202
¢ =tan™? Zheo

2
0 — ot
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The velocity
= —x,8in (®0f — @) == — 0T, sin (0t — @)

The energy needed to sustain the vibrations during one period
is defined by the expression

‘.(_:-: L]
A-- S Fzdt (1)
0

where, according to (1), Sec. 7,
F ==F,cos ot

Insertion of the values of the exciting force and velocity into
the integrand gives

—_— l"axa(o

c&-——-‘elg

cos i sin (o — @) d¢
Hence

A=nF z,8in¢

(2)
The expression of the mean power developed by the energy
source is now readily written:

w.d 1 .
Nmean =51 =79 Faxam sin @ (3)

Substituting the value of z, and

sin @ - 2ho
¢ V (0f—02)2 - 4hiet
we obtain
Fiw2l,
- 4
Nmean m [(02 -— 2)2 -}- 4h2w2] )
Making use of the obvious relation
2, <= —LaC0S®
277 m(0Z--02)
we can reduce formula (3) for the mean power to the form
Fiwsin 2
Nmean = = ®

Tn @f—o%) (%)

If the exciting force in expression (1) is replaced by its equiva-
lent on the left-hand side of differential equation (16), Sec. 7,
then, taking into account expression (3), we obtain

[0)] (0] w
A-meanr_%':? S m.:z;a.:dt—|—2—u:! S b.;:2dt+% S ez zdt (6)
] v 0
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Because of the mutual orthogonality of x, x and x, x within one
period of vibration the first and third integrals vanish. This means
that with periodic vibrations the exciting mechanism need not de-
velop any power to overcome Lhe inertia and elastic forces or other
potential forces (it is the mean power that is meant here, not its
instantaneous values). Consequently, power is required only to
overcome the dissipative force. Integrating the second term on the
vight-hand side of expression (U), we obtain, after necessary trans-
formations, relation (5) already known to us.

The instantaneous or running value of the power developed by
the source is equal to the product of the instantaneous values of
the exciting force and vibration velocity:

N=Fz (7)
whence
N = —F,z,0 cos ot sin (of — ¢)
or
N= % Fz,08in p— % F,z,0sin (20t — @) 8)

Using expression (3), we can also write:
N = N mean— 5 Faz,05in (20t — ¢) Q)

Thus, the instantaneous power .V developed by the energy source
is a sinusoidally varying funciion of time which oscillates at a fre-
quency twice the frequency o of the vibrations of the system about
the mean value Nmean. Sincesin ¢ << 1, the amplitude of power oscil-
lation 0.5 F,z,0 exceeds the consltant component (mean value)
0.5 Foz,0 sin @. Owing to this the instantaneous power is a function
which changes its sign four times during one period 2n/w of vibra-
tion. So twice during one period of vibration the energy flows from
the source to the system (when the power developed by the syslem
is positive), and twice it flows back from the vibrating system to
the energy source (when the power developed by the source is nega-
tive).

The maximum (positive) value of the power

Nmax= % Foz a0 (14 sin @) (10)
The minimum (negative) value of the power
Nin= — 5 Fatao> (1—sin ¢) (11)

Obviously at x> ¢ >0 (when 2> 0)
INma:|>‘Nm‘ﬂl
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In the case of ¢:- m/2 (which means that o=, or the unat-
tainable limiting value % == o0)

Noin =0, Nmax = Fox,0

i.e., the instantaneous power in this exceptional case always exceeds
zero or is zero. Figure 36a shows the curve of instantaneous power
for the general case.

Making use of the identily transformation

sin (20t — @) = sin (2wt — 2¢ 4 @) =
= sin @ cos (20t — 2¢) - cos ¢ sin (20t — 2¢)

we oltain from relation (8) the expression of the instantancous
power in the form of a sum

of two terms different from Npar
those in (8):
N
N=1 Fox,0sing[1— mean
—cos (20t — 2¢)] — % Fox,0% it z
(a)
¥ ¢0S @ sin (2wt — 2¢) (12) 2 N, pon [1-c052001-2p)]
N,

where the first term on the mean
right-hand side remains non- Nooan
negative all the time and os-
cillates about N,,.,, with the 0 t
amplitude N,,p0n. The second i _
term oscillates about zero. Fi- -f Fazawcos p-sinlZun-2p)
gure 56b shows the {wo terms. b

Consider now expression (7) Figure 56
in the form

N = (mz+bz+cz) z (13)

It is easily verified that the first term on the right-hand side of
expression (12) corresponds to the power developed on the dissipa-
tive element of the system,

= Foz,08in @ [1 — cos (20t — 20)] = bz* (14)

and the second term corresponds to the sum of the powers deve-
loped on the mass and elastic elements (reactive elements) of the
system,

— 5 Faza0 c0s @ sin (20t — 2¢) = (mz +c2) = (15)

it vanishes at ¢ ==x/2, i.e., with o=@,
11—12
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The amplitude valuc of the varying part of the first term on the
richt-hand side of expression (12) is called the active power

1 1 .
Nact 7= Vmoan = aTa® Sin @ - 5 Fuza sin ¢ (16)

and the amplitude value of the second term is known as the reac-
tive pouwer

1 1 .
N reaet = 5 Fox,0co8 @ - - Foz,cos ¢ (17)

One can make use of the effective (root-mean-square) values of
the exciting force and vibration velocity

eff“]/ " g F2dt — 5= VZ

- (18)
w
S 7 g Y2
1] J
and then express the active and reactive power as follows:
Nact = FopsZesssin @, Niyeget — Fo45xepc08 @ (19)

24. The Maximum Mean Power of a Vibration Generator

One of the difticult problems in designing new types of vibralion
machines is the calculation of the power required to suslain the
vibrations. The compulations should be based on the given dissi-
palive resistances but one has usually only a rather vague idea of
them. Generally no standard methods of calculating Lthe dissipalive
parameters of a particular design are available. Even experimental
investigations and testing of machines do not always provide an
answer. This is why gross errors in the evaluation of the driving
power are far from exceptional in designing new types of vibration
machines.

In many cases the situation is complicated by the fact that the
factors determining the energy dissipation in vibrations are not
stable and vary within rather wide limits. In some cases these varia-
tions are a consequence of the operation of a machine, in olhers
they result from random processes.

Not infrequently the only reliable criterion proves lo be the
maximum of the mean power of the vibration generator. Moreover,
in many cases the maximum power is realized in practice and the
criterion becomes necessary and sufficient.
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The problem of finding the maximum mean power of the vibra-
tion generalor can be formulated as follows: one must first establish
at which value of the resistance coefficient (or some other parameter
unambiguously expressible in terms of this coefficient) the vibration
generator will develop ils maximum power on the condition that
other parameters of the system (mass, stifiness. and the amplitude
and frequency of the exciting force) remain unchanged and theu
find the maximum value of the mean power.

For a single-degree-of-freedom linear system the problem is readily
solved by considering the relation (5). Sec. 23. The right-hand side
of this relation reaches its maximum value either if sin 2¢ =1
at 0o > o or if sin 2¢ =- —1 at ®y << w. The maximum value is
attained ai @,, = n/4 in the first case, and at ¢,, = 3n/4 in the
second. In bolh cases the maximum mean power of the vibration
generator is given by
Fio

max Nmean ::W (1)

The damjing coefficient at which the power reaches its maxi-
mum can be determined from the relation

2
|tanq>m|—-—|m3_.0, =1
whence
02— 02
hm = I_°2m_—l (2)

As the coefficient of resistance b= 2hm we obtain

2_ w3 — 2
by = m|mom [ |=|c mmo) ] (3)
The corresponding damping ratio defined by formula (43),

Sec. 6, is

{1 —a2
B =5 4

évhere v=w0/w, according to the second of the expressions (3),
ec. 13.
The quality factor, by formula (44), Sec. 6,

On=T1=377 ®

The logarithmic decrement of vibrations (it has meaning at
f < 1) is, according to Table 1,

b= (5)

V-’*L_i
=y

11+
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The loss angle (it has meaning at B<1) from the same table
. g [1—92 -
6m=SllI. l'—zv?—-l' (l)

Expression (1) is not valid at «,-=© as in this case ¢ =z 2.
The right-hand side of expression (5), Sec. 23, becomes indeter-
minate at ¢--m/2 and @, =w; ils value is found by substituting

4hy(wi—w?)
(02 — w2)2 4 4h302

sin 2¢ =
Thus, with wy=

2P (8)

mean = 7k = b

and the maximum, max Npean = 00, is reached at hn=0 (b, 0).

max Xmegn f m

Zﬂl | ! 2 k l

(ay 1..0 - (b)l.'o \ /

0 ns 10 15 o6 0 45 10 15 @
Figure 57

Introducing a dimensionless paramecter which is proportional to
the power (we shall call it the dimensionless power)

no N ( 9)

M=F—?p
we can rewrite expression (5), Sec. 23, in the form

_Yy’sin 29 _ sin2g
Hmean = %) " AGI— D (0

where y,=1/y according to the second of the expressions (0),
Sec. 13. '
Expression (1) may then assume the form
y? i
=71 = 4ye=1 (1

max ®mean =

Finally, relation (8) which is valid at y=y,=1 takes the form
1
¥mean =E (12)

Figure 57a shows the relation between maxx,,.,, and o calcu-
lated from formula (10), the value of o being determined from
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equalities (15), Sec. 13:
y at 0yt
"Tlez—5 at 1<y<o

Figure 57b shows f,, against o plotted from formula (4). The pars-
meters calculated above are tabulated in Table 8.

The use of the criterion of maximum power is complicated by
the fact that dissipative resistances are often substantially nonlinear

TABLE 8
Value of parameter at
Parameter
0 < g © > 0o O = ®p
Fio
max Nmean ImTal—] 00
72
max xmean m o0
n _3_:: a
P 3 3 2
. m
b | e ::co | 0
0 — n?
o Lot —ot| o
{—o2
B I 2Yv | 0
on TT=vT *
Om i_ 0
12
_ 1
j/ (1—y?2
. 1— 92
O sin-1 I 2?? | 0
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functions of velocily whos=e form is in general unknown. It is there-
fore imporlant to establish whether the vesults oblained for linear
systems may be used with systems whose dissipalive resislances are
nonlinear.

To this end we shall consider a set of laws of energy dissipalion
where the dissipative force —B is an odd function of velocity.

The differential equation of the forced vibrations of a single-
degree-of-freedom sysiem will then take the following form:

m%+B(d—f)+cz=Facosmt (13)

We now introduce dimensionless variables (4), Sec. 13, dropping

the asterisks which are of no use here:

Teot, E="0 g (14)
a
We also introduce the dimensionless parameters
. 1 Fa __ <
p*‘EB(W)' Ye=" (15)

The parameler y, is analogous to the parameter defined by the second
of the expressions (06), Sec. 13, and the parameler B, is the generalized
forin of the parameler delined by the first of the expressions (6),
Sec. 13, and becomes identical with it in the special case of a linear

dissipalive resistance when #3 (.7.:) _- bz. Introducing the notation
Fot
8 (5ve)
Fq
B ()
and inserting the relations (14) through (16) into Eq. (13), we
obtain

1§ (16)

E+28,f () +vit=cost (17)

The solution of this equation corresponding to the periodic
vibrations of a system al the frequency of the exciting factor can
be represented by the series (cf. Section 4)

E= i}i Cp €OS (RT — @) (18)

where ¢, and ¢, are the amplitude and the initial phase of the nth
harmonic, respectively.

Since the exciting factor has the frequency of the first harmonic
and the sine and cosine functions of multiple frequencies within
the period are mutually orthogonal, it will do work whose mean
value is different from zero only on the first harmonic of the vibra-
tions. Consequently, in ovder to calculate the mean (active) power
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it is sufficient to determine only the first harmonic of the series (18).
In view of this we set

E=c, cos (1—,) (19)
Hence

E= —cysin (t— @), E=—c,cos (r—¢y) (20)
As f(é) is an odd function of § it can be expanded in the fol-
lowing series:

f®= 3 pasinn(t—g) @)

The amplitude of the first harmonic of the series can be deter-
mined from the second of formulas (2), Sec. 4:

2n
pi=——= | flasinc—@)lsinr—g)dr=—D(c) (22)
0

We insert now the expressions (19) and (20) into Eq. (17) and

replace f(.g) by the first harmonic in accordance with expressions
(21) and (22):

—¢4¢08 (T— ¢1) — 2B, D (¢} sin (v — @) + vyeq co8 (T — ¢g) = cos T (23)

Substituting successively the values of t=¢, and v= ¢, —x/2
into the identity (23), we obtain

sing; =2, @ (cy), cos@=c((ye—1) (24)
whence
F(ey, Ba) =ci (v2 —1)2+4fD% (c,)) —1=0 (295)

The values of ¢, and ¢, furnished by these equations constitute
the first approximation the error of which is (he less the nearer the
motion considered approaches the sinusoidal vibration.

The dimensionless power averaged over the period is defined by
the expression

2
Rmean = % S écos tdv (26)
0

Substituling into (26) the value of the first harmonic of £
defined by the first of expressions (20), we obtain

®Xmean = %an (P‘ (27)
or, making use of the first of expressions (24),

%mean = PicsD (c;) (28)
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We shall determine now max Xmeen. This maximum value is
reached at

dXmean __
e =0 (29)

The amplitude ¢, depends on f,, and the relation F(c;, ¢,)==0
is expressed by Eq. (25). Therefore

ar

d¥%mean %mean %mean 0B

dBs  OPa dcy  OF (30)
301

Inserting into (30) the values of 0%,,00n/0Be and 0%, .qn/dc, cal-
culated from Eq. (28) and those of dF/df, and dF/dc, found from
Eq. (25) and equating the result to zero in accordance with Eq. (29),
we obtain

_ om|ye—1]
Bom =20 (crmy— (31)
Substituting expression (31) into Eq. (25), we find:
1

= 2
NEITTRY 2
Making use of the results (31) and (32), we obtain, from expres-
sion (28), the required quantity:
1
4lvi—1i

Thus, we have obtlained the same relation as (11) which was derived
for a linear system. This means that for systems with nonlinear dis-
sipation the maximum mean (active) power calculated to a first
approximation which can be realized by Lhe vibration generator is
independent of the form of the law of energy dissipation and is de-
fined by the same expression as in Lthe case of a linear system.

It follows from expressions (24) that the necessary conditions
that must be observed are:

LIRSS c,<|—?i-‘_—1—l (34)

max Amean =

(33)

These conditions are satisfied at ¢; := ¢;,, and B, = P,n. That
this is true of the second condition (34) follows from relation (:32).
Inserting the value of ¢;,, from relation (32) into expression (31),
we obtain

1
2V 28um
i.e., the first of the conditions (34) is also satisfied.

D (cym)=
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If we consider the set of the laws of energy dissipation in vibra-
tions for which the dissipative force can be expressed as a single
term representing an odd power-function of velocity,

dr | dz

<5 | sen—» (0<a <o) (35)

then from what has been said we obtain

= —)

D ng_" . . . (- . )
_2(mm)a’ j(g)—'lgl Sgng
%L (o +1)
D(c) = 2 ) =
_ I3

z=ir (2=) T (35°) (36)

|v3—1]22e-s1ep (24 p (232
Pom = T 1)

where I' (z) is the Eulerian gamma-function.
In the special case =0, i.e., when the dissipative resistance
is the so-called dry or Coulomb friction, we have

b * .
Be=s55: Ff(®)=sgni
~i'a
4 £ (37)
(D(Clm):';; ﬁ*m=8—'\/§
In Section 20 an exact periodic solution was obtained for this
case wilh the period 2a (motion without pauses). The dimension-
less mean power can be determined from the formula

Kmean = 2’:50 (38)

where §,, the maximum displacement from the equilibrium position,
is found from (31), Sec. 20, and p — 2f,. Subslituting the values
of £, and p into the righl-hand side of expression (38), we obtain

—_ 4B 4p% (y3—1)° K.
Kmean = T =T ]/1 ——-*—-7—2‘—- tan? =5 (39)
This expression reaches its maximum at
Bem Ve (40y

“77

and this maximum is determined from the following expression:

(v4—1) tan 2}*

V=
Max Xmean = (41}
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Expression (40) satislies condition (31), Sec. 20. In order to
satisfy also condition (42), Sec. 20, the inequality

1’.<|tan%

must be fulfilled.
The values of max %,,,.,, calculated from formulas (41) and (33)
and the percentage errors in formula (33) are tabulated in Table 9.

TABLE 9
Values of max ¥mean at V=
0 0.4 0.2 0.3 0.4 0.5 0.8 0.7 0.8

From formula (41)
0.203 | 0.206 | 0.214 | 0.227 | 0.247 | 0.282 | 0.337 | 0.438 | 0.639

From formula (33)
0.250 | 0.252 | 0.260 | 0.274 | 0.296 | 0.333 | 0.390 | 0.490 | 0.690

Errors in formula (33), per cent
+23.0 | --22.3 | +21.4 +20.7| +19.8l ,—18.1] +15.8| +11.0| +8.0

The data in Table 9 show that the approximate formula (33)
yields ¢ood resulls even in the case of such a nonlincar dissipalion
as dry friction.



CHAPTER 5

THE DYNAMICS
OF VIBRATION
GENERATORS

23. Generation of Single-Frequency Excitations

The alternating exciting forces developed by centrifugal vibra-
tion generators are centrifugal inertia forces produced by the rota-
tion of unbalanced rotors called unbalances (also called unbalanced
amasses or eccentric weights). Practical demands necessitate the wide
use of vibration generators whose rotors are statically unbalanced.
However there are also dynamically unbalanced and combined
types of vibration machines.

The absolute magnitude, spatial orientation and character of time
variaiion of the exciting forces and moments of centrifugal (unbalan-
ced-mass) vibration generators depend on the motion of the working
member vibrated by means of the generator and on the properties
of the driving motor which rotates the unbalances. The molion
of the working member is determined, in particular, by the position
of the generator, the type of connections between the working mem-
ber and the generator, and by interactions with the mediuin with
which the working member is in contact either directly or via inter-
mediale elements. Hence it is necessary to study the dynamics of
the whole system comprising the drive, vibration generator proper,
working member and external medium as well as the conneclions
and intermediate elements.

We shall here consider several schemes of the generation of exci-
tation, assuming that the vibration generator body and the axes
of rotation of the rotors are fixed and the unbalanced masses are not
acted upon by any forces or moments, i. e., that they rotate at a con-
stant angular velocity. Out of a multitude of possible schemes only
the simplest ones covering the greater part of practical applications
have been selected.

Consider first plane diagrams with statically unbalanced rotors
(Fig. 58a-l). Here the centrifugal forces of all the unbalanced
masses are coplanar and lie in the plane of the drawing. The vectors
of the moments of forces, if there arise any, are perpendicular to the
plane of the drawing. If there is only one unbalance (Fig. 58a),
we have a circular exciting force (a rotating exciting force of constant
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modulus). The hodograph of the-exciting-force vector is a circle
(Fig. 58b). The numbers designate the successive positions of the
unbalance and the corresponding exciting-force vectors. If we denote
by K the static mass moment of the unbalance with respect to the

Ty . T
e o4 4 ® ° .Z 04
s
J 3

AN

a 1)) )
atli——

(m) o) (0) (p)
Figure 58



25. GENERATION OF SINGLE-FREQUENCY EXCITATIONS 173

axis of rotation, then the exciting-force modulus is determined from
the expression
F,=Ka? (1)

where ® is the angular velocity of rotation of the unbalanced
mass; the vector itself can be represented in the form

F=Feiot 2)

in accordance with expression (12), Sec. 2, if the unbalanced
mass rotates in the positive sense, and in the form

F=Fe-iot 3

if it rotates in the negative sense.

A circular exciting force reduced to the midpoint of the generator,
which usually coincides with its centre of gravity, can be also pro-
duced in more complicated systems, for instance, in the presence
of two equal unbalances rotating in phase in the same sense as shown
in Fig. 58¢. If the static mass moment of each of the unbalances
with respect to the axis of rotation is K, then the exciting-force
modulus F, == 2Kw?. The generator midpoint is at the middle of the
segment connecting the axes of rotation of the unbalanced masses.
In the case of three unbalances, Fig. 58d, the circular exciting force
reduced to the midpoint situated on the axis of the central eccentric
weight can be produced by rotating the three eccentric weights in
phase in the same sense, placing the axes of the unbalances on the
sides on the same straight line with the axis of the central mass
and syminetrically to it and by making the static mass moments
of the side unbalances equal.

A sinusoidally varying exciting force with unchanging direction
(directed exciling force) can be generated by rotating two equal
unbalances A and B about a common axis (Fig. 58¢) in opposite
senses at the same (as to modulus) angular velocity. The exciting-
force line of action intersects the axis of rotation. If the static
mass moment of each unbalance is K, then the amplitude of the
exciling force F, = 2Kw?. In accordance with the closing remark
of Section 2 the exciting force is defined in this case by the
expression

F= 1 Foetot {2 Foe=iot— Fy cos ot (%)

under the assumption that the initial phase is zero. A similar result
can be obtained if each of the two unbalanced masses rotates about
an individual axis (Fig. 58f) with the line of action of the force
passing through the middle point of the straight-line segment between
the axes of the unbalanced masses.

If the directed exciting force is to be produced by making use
of three unbalanced masses, as shown schematically in Fig. 58g,
with the axes of the side unbalanced masses placed symmetrically
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relative to the axis of the central mass, then the side masses whose
stalic mass moment is equal to half of the static mass moment K of
the central mass must rotate in phase in the same sense. The central
unbalanced mass must rolate in the opposile sense al Lhe same
angular velocity (as Lo modulus). The exciting-force line of action
will pass through the axis of the central unbalanced mass. Its
amplitude F, = 2Kw?.

An elliptical exciting force can be realized by using two unbalances
A and B of different slatic mass moments (Fig. 58%) rotating about
the same axis in opposite senses at the same angular velocity (as to
modulus), The hodograph of the exciting force is shown in Fig. 58i.
The force is applied to the axis of rotation.

A\ sinusoidally varying exciting moment can be generated by
using two ecqual unbalanced masses rotating in anliphase in the
same directiens (each aboul ils individual axis) as shown in Fig. 58/.
In this case the exciting moment is defined hy the expression

M= M,coswt (5)
and its amplitude
M,=Klo? (6)

where K = static mass moment of one unbalance
l = distance between the axes of rotation of the unbalances.

A directed exciting force together with an oscillating exciting
moment can be realized by making use of the arrangement shown
in Fig. 58f but with different initial phases as illustrated in Fig. H8k.

A circular exciling force together with an oscillating exciting
moment can bhe obtained by using the arrangement illustrated in
Fig. 58¢ but with different initial phases (cf. Fig. 581).

Of the spatial arrangements consider in the first place the case
of purely dynamic unbalance of one rotor; we represent it schema-
tically by two equal unbalanced masses A and B fixed in antiphase
on the two ends of shaft C. Two projections of the arrangement are
pictured in Fig. 58m. A rotating exciting moment of constant
modulus (circnlar moment) is generated. The veclor of this moment
rotates in the plane of the projection on the left.

Two such identical rotors with parallel shafts rotating in opposite
senses at the same angular velocity (as to modulus) and phased as
pictured in the axonometric diagram (Fig. 58n) generate a sinusoidal
exciting moment whose vector lies in the plane of the axes of the
rotors and is perpendicular to them.

If the rotor is unhalanced both statically and dynamically as
shown in the axonometric diagram in Fig. 580, then a circular
moment and a circular force will be generated together.

With equal unbalanced masses the circular force is applied at the
midpoint of the axis.
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Two rotors (IFig. 580) rotating about parallel axes in opposite
senses at the same angular velocity (as to modulus) and phased
as shown in Fig. 38p generate a sinusoidally varying dynamic helix,
i.e., sinusoidal in-phase (or in-antiphase) exciting force and exciting
moment whose veclors are parallel.

26. Reduction of Stiffnesses, Resistance
Coefficients and Masses

lastic elements in one-dimensional arrangements may be grouped
in parallel or in series. Elastic elements grouped in parallel are

ULl L L LLLLLL AR T
: ; c
;

() (h)
Figure §9

shown in Fig. 59a-d. The total stiffness ¢ of the group is equal to
the sum of the stifinesses c; of its elements
n
c= D ¢ (1)
i=1
where 2 is the number of the group elements.
A group of elastic elements in series is illustrated in Fig. 59e.
The total compliance of the group, 1/c (compliance is the reci-
procal of stiffness), is equal to the sum of the compliances 1/c; of its
elements:

=3+ 2)
i=1

The coefficient of resistance of a group of damping elements
in parallel is defined like the total stiffness (Fig. 59f and g):

b= 21 b (3)
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The mobility! 1/b of a group of damping elements in series
is defined like the compliance (Fig. 594):

=24 @
LI

Suppose that lever 7 in the system shown in Fig. 60a can perform
only small oscillations; one end of the lever is pivoted at 2. The

NS

N\

Figure 60

lever is supported by a spring of stiflness ¢;, al point 3 al a distance
of l;, from the pivol. We arc concerned with the motion of the lever
end £ at a distance of ., from the pivol. The equivalent stiffness
ceq Of the spring supporting the lever end is to be determined and
the action of this spring must be equivalent Lo that of the spring
installed as shown in the diagram.

The criterion of equivalence of the installed and equivalent
springs, which provides the equalily of the natural frequencies,
consists in that the potential energies stored by the springs when
the lever is displaced (turned about the pivot) must be equal

. 22 2

2 2

where z;, = deformation of the installed spring due to lever displace-
ment
Z.q = deformation of the equivalent spring with the same
lever displacement.

Since
Tin — lin
Teq leq

! The term mobility is analogous to the term conductance which is used in
electrical engineering. Conductance is reciprocal of electrical resistance.
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we obtain

lin
Coq=cin (5)

13
The procedure of finding the equivalent coefficients of resistance
(the arrangement is schematically illustrated in Fig. 60b) is similar
to the above. The criterion of equivalence of the installed and equi-
valent dampers which provides the equality of the damping coeffi-
cients is that the power dissipated by the dampers with a displace-

ment of the lever must be the same

bin-".:%n = beq-';:gq

where b;, and b, = resistance coefficients of the installed and
equivalent dampers

a':i,, and z, = lever velocity at the points of connection of
the respective dampers.

Since
Tin —_ lin
. ]
. T
we may write
l’.
beq = bin __;_n_ (6)
leq

If a point mass m;, installed at point 3 of lever 7 is to be reduced
to point 4, i.e., if we want to find the equivalent mass m,q, then the
criterion of equivalence providing the equality of the natural fre-
quencies is that the kinetic energies be equal:

MminZi, - MeqZeq
2 2
whence
l‘.’
in -
meq == mln __2 ( { )
lfq

The angular stiffness, angular coefficient of resistance and moment
of inertia are reduced in a similar manner.

Consider, for example, the single-degree-of-freedom system illustra-
ted in Fig. 60c. Rack 1, gears 2, 3, and £ and rack § are in mesh. Rack
5 is connected to lever 6. Gears 2, 3, and 4 and the pivot of lever 6
have fixed axes. Rack 7 and lever 6 are connecled to springs. Elastic
torsional elements are connected to the gear shafts. The designations
of the masses m;, moments of inertia J;, pitch line radii r;, angular
stiffnesses s; and stifinesses ¢; of the respeclive clements as well
as of the arms of lever 6 are shown in the figure. It is necessary to
reduce all the inertia elements to mass m; and all the elaslic

12—12
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elements to spring ¢; (we consider here small oscillations of
lever 6).

Introducing the notations z; aud ¢; for the linear and angular
displacements of the respective elements, we can write

|$1|=7‘z|‘Pz|="s|(Ps|="4|‘P¢|=|$5|=le|%| (8)

The total kinetic energy of the system is

meqrl _ myzi | Jagd , Jsod | Jafl
7 T T - t+—5+

2

. My ::r J mgl?
-+ + G(PG + 6 m(Ps

2
Hence, making use of expression (8), we obtain the equivalent
INass Megq:

-’3 Je

+

Meq = My My -+ My lﬂ +

The total potential energy of the system is

Ceq”i __ oz} 5203 S3¢3 5493 cglipt
2 2 + 2 + 2 + 2 + 2

from which, using expressions (8), we obtain the total stiffness:

Ceq=ct+ce + +

Not infrequently there arises the problem of approximately
reducing a multi-degree-of-freedom system or a system with distri-
buted parameters to a system having a

¥ smaller number of degrees of freedom, most
often with one degree of freedom. Consi-

der, for instance, a system comprising ele-

ment I of mass m suspended from spring 2

¥ of mass m, (Fig. 61a). The spring mass is
¢ uniformly distributed so that the system has
) (b) an infinite number of degrees of freedom. Let
Figure 61 us reduce approximately the spring mass

to the spring end connected to element 1.

As a result, a single-degree-of freedom system will be obtained.
Let us denote by x the coordinate of a spring cross-seclion measured
along the spring axis from the lixed end and by y the displacement
of this cross-section from the equilibrium position. Lel us assume
that the y (z) diagram of the vibrating system at any moment of
time is similar to the diagram of the stalic deformation of the spring
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under the action of a force applied to the lower end of the spring.
This diagram is a triangle as shown in Fig. 61b and

Y
y=-r=<

where ! = length of the spring
y; = displacement of its lower end.

The above assumplion is the more accurate the stronger are the
inequalities m; << m, 21 <C A, where A is the deformation-wave length
in the spring; this length is known to be inversely proportional
to the vibration frequency.

We shall determine the equivalent mass by applying the above
method of energies. The kinetic energy of an infinitesimal portion
of the spring

1 .

dT — 3 y*dm,

where

dm,:-ﬁl‘—dz

Hence, upon using the relation ,{/(z), which is analogous to
Y (z), we obtain

my3
aT = 2’13’ z2dz
The kinetic energy of the whole spring

. l
2 2
T= mayy S 2 dr = miyi

218 6
0
On the other hand
_ meq_:/?'
r= 2
where m., is the equivalent mass of the spring. Hence
my
Meq =3

27. General Equations of Motion of a System with
a Centrifugal Vibration Generator

In studying the vibrations of systems excited by a centrifugal
vibration generator we shall assume that the unbalances of the
generators rotate uniformly. Though, as shown in Chapter VI, this
assumption often does not correspond to reality, it enables usto solve,

12»
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with sufficient accuracy, a number of simple problems treated by the
dynamics of centrifugal vibration machines.

Even with constant angular velocity of rotation of the unbalances
the inertia forces exerted by these unbalances on the system to be
driven depend themselves on the motion of the system excited,
the character of this relation being determined by a number of factors
mentioned in Section 25. In this respect the action of centrifugal
vibration generators differs from that of uniformly rotating forces

Yo

6

I Yel=z

) y ,| {‘
\B‘E

@t | Yo

SERE A
y:iL?L% \..// ‘z.o A\\j<

‘ T

. [ S

7 8 g
Figure 62

of constant modulus. The former however can be reduced to the
latter. In order to elucidate the conditions and methods of reduction
it will be useful to study the general case of the motion of a plane
system with a centrifugal vibration generator or exciter.

Figure 62 illustrates schematically such an arrangement. The
body of vibration generator 7 is rigidly fixed to the driven body 2.
The lalter together with the parts of the machine fixed to it is
called the working member. The centre of gravity of the working
member is at point A whose equilibrium position! is taken as the
origin. Unbalanced mass 3 rotates about the axis passing through
point B rigidly fixed to the working member. The numbers 4 and
5 designate the projections of the resultant of elastic forces applied
to the working member, and the numbers 6 and 7 are the projections
of the resultant of dissipative forces. An elastic moment 8§ and
a dissipative moment 9 are also applied to the working member.
We introduce the following notations:

m, = unbalanced mass
r = eccentricity of the mass relative to the axis of rotation B
Z,, Yo = projections of point B

I=AB=V 23§ 4

m, = mass of the working member
Ze, Yo = arms of the projections of the elastic force

! If stable equilibrium does not exist, the mean position is taken as the
origin.
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Iy, Yo — arms of the projections of the dissipative force
Jo = central moment of inertia of the unbalance
J, = central moment of inertia of the working member
© = angular velocity of rotation of the unbalance

Z. y = projeclions of the displacement of point A from the

equilibrium position

y = angle of rotation of the working member measured from
its equilibrium position

t = time.

To derive the differential equations of motion we shall use the
Lagrange equations (5), Sec. 10. The system under consideration
has three degrees of freedom. We select z, y and 1 as generalized
coordinates. We assume the angle ¢y to be small and hence z, and y,
are constant. The elastic and dissipative forces are proportional
to the corresponding generalized coordinates and velocities. The
arms of the moments of elastic and dissipative forces are constant.

The kinetic energy of the system

T=T,+T, (1)
where

i . 1 . 1 3
Ty=5 ma'+ 5 myt+ 5 J§? (2)

is the kinetic energy of the working member and

T, =% m, (:;:—yoxia— or sin ot)2 4

l . .
+ 5 Mo (y+ 2gb+ or cos )+ 5 J ! 3)
is the kinetic energy of the unbalance.
The potential energy of the system
1 1
H='§'c= (I—yc¢)2+§0y (y+zc¢)2+%s¢2 (4)

where ¢y, ¢, and s are the coefficients of linear and angular
stiffnesses.
The generalized forces

Qx= —bx (-';3 - yb‘i’)
Qy= —by (y+ zs¥) (5)
Qv = — (P4 beyd + byxd) Y+ beyip — byzey

where b,, b, and p are the coefficients of linear and angular resistan-
ces.

After the Lagrangian function is determined from formula (6),
Sec. 10, and the operations indicated in equations (5), Sec. 10,
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are performed, we oblain the required differential equations of
vibrations of the system concerned:

(my4-my) 2+4- bz + cxx —my Yo — by yb‘i) —CxlYc} =
= myre® cos ot

(my -+ mg) Y+ by + ¢y + mozop+ by ey =
= myrw? Sin wt (6)

1+ mol2) b+ (p-F bV by b+
+ (s+eaye + cyxd) b — rnoyoz bxyba: —CxYe+

+ moa:oy + b,,zby + ¢y = myrw? (z, sin wé — y, cos wt) |

If the action of the unbalanced mass is replaced by that of a force
of constant modulus F, applied at point B and rotating at the same
angular velocity o, Lhe differential equations of motion will assume
the following form:

mi.:::'—l- bxa;:+ Cxl — bxyblia —cxycp = Focos ot
mi:y.+ by y +cyy+ byzb{p + ¢,z p = F, sin ot
T+ (P4 beyb+ byah) b+ (s + cayt+ ez v—

— bxyba:' — CxlfcT + by xbi/ + cyxey = Fq (xy sin wt—y, cos wt)

- (7)

Comparing expressions (6) and (7), we see that to reduce equations
(7) to (6) it is necessary:

(a) to take the modulus of the exciting force F, equal to the
centrifugal force myrw? developed Ly the unbalance in its relative
motion about the B axis;

(b) to take as the mass the total mass of the syslem, i.e., to add
the mass m, of the rotating unbalance to the mass m; of the working
member;

(c) to calculate the moment of inertia of the system with respect
to the centre of gravity of the working miember, taking the unbalanced
mass to be localized on the axis of rotation B. i.e., to add the pro-
duct myl? to the central moment of inertia J, of the working member;

(d) to introduce into the left-hand sides of the differenlial equa-
tions the termns representing the inertia coupling of the rotational
degree of freedom with the translational one, the coefficient of the
terms delermining the coupling between P and z being equal to
—mgy, and the coefficient of the terins determining the coupling
of P and y to myx,.
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If the axis of rolation of the unbalance and the centre of gravity
of the working member coincide (zy, —= y, = 0) or the motion of
the working member is translational (Y = 0), then the last two
conditions are eliminated.

28. Vibration Generators with a Directed
Exciting Force

We shall call the system centred if the resultant of the centrifugal
forcex developed by unbalanced masses, the resultant of the elastic
forcex applied to the working member and the resultant of dissipa-
tive forces applied Lo it pass all the time through the centre of gravity

x
z |
e\l !
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Figure 63

of the working member. A centred system is pictured in Fig. 63a;
the vibration generator 7 whose action is directed along a straight
line is mounted on plate 2 supported by springs 3 and damper 4,
the exciling, elastic and dissipative forces act along the same straight
line—the z-axis.

The arrangement in Fig. 630, which shows a circular-aclion vibra-
tion generalor. is equivalenl (o the preceding one provided the
idealized constraints 5 warrant a rectilinear motion of the plate
along the r-axis; the unbalance and its static mass moment with
respect 1o the axis of rotation are equal to the sum of the masses
and to the sum of the mass moments of the preceding arrangement.
respectively, and the rest of the parameters of the two systems
are identical. The ideal constraints 5 make snper{lluous the require-
ment that the forces be centred.

In this case the dillerential equalion of vibrations, in accordance
with the first of equations (6), Sec. 27, {akes the form

(my 4 my) T + bz + cx = myro? cos wt (1
or
° * 2., Mmoro? 9
z+ 2hz + 0 = o C0S ©¢ (2)
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The particular integral corresponding to steady-state forced vibra-
tions can be written in the following form:

.

{

where

z = x4 cos (ot — ¢) (4)
where [according to formula (3), Sec. 8]
. m.c)"(l)2

e it mo) V@l — 0% + 4Rt

and in accordance with formula (21), Sec. 7,
2o

— tan~] =%
¢ = tan oi—a?

The amplitude response curves, using the corresponding dimen-
sionless variables (26), Sec. 13, are shown in Figs. 31c and 3%a and b.

l Y
l
Slr
e
(a)
Figure 64

We now turn to the study of the centred system of Fig. G4a in
which the line of action of the exciting force coincides with neither
of the principal axes of stiffness Oz or Oyl. The line of action of the
exciting force of the vibration generator 7 is inclined at an angle «
to the axis Oz. The origin O is at the centre of gravity of the working
member 2 when it is in the equilibrium or mean position.

3 In the direction of one of the principal axes the stiffness is maximum. in
the direction of the other (at right angles to the former) it is minimum: the
direction of the static force coincides with that of the deformation caused by
it only if the line of action of the force coincides with one of the principal axes
or if the two principal stiffnesses are equal. In the latter case the stiffnesses
in any direction are equal and the action of the springs is equivalent to the
action of an isotropic elastic medium, possessing no inertia. uvn the working
member of circular section.
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Since the system is centred, its vibrations will be only transla-
tional. In this case the differential equations may be written as
follows:

(m,+ my) :t.-]- CxT = Mr®? COS a. oS Wi 5)
(my+my) :1/.+ cyly = myre® sin o cos ot
or
z + okz = m—"';i:)%:—a cos ot 6
i/'+w§y— mor@?sin o oS ot ©
T mytmg
where
— tx . — Cy
(o"_]/.mﬁ-mo vy = my+mg M

The solutions of Egs. (6) corresponding to steady-state forced
vibrations take the form

= acosa cos of, y_ﬂ%cosmt (8)
II
where
_ more?
@= my-+mg ©)

Expressions (8) show that the working member vibrates in

a straight line at the amplitude V/ z%Z+4y2. In fact, from these
expressions it follows that

2 __ o2
tan a1=§%=%§z~ tan o = const (10)

where a, is the angle of slope of the path relative to the Oz-axis.
When m"‘ 2>0 i.e., when the vibrations along the two principal

axes of stlﬁness are simultaneously preresonant or simultaneously
postresonant, the paths 2, & of the working member (Fig. 64b) lie
in the same quadranl.s as the line of action 7 of the exciting force.
If o = 0, i.e., ¢, =c¢,, we obtain from formula (10) a; = a,
i.e., the path comcldes w1th the line of action of the force.

When w" 2< 0, i.e., when the vibrations are preresonant along
U

one of the principal axes and postresonant along the other, the paths
0} —o?
x mz
= — cotan? @ the path 6 of the working member is perpendlcular
to the line of action of the exciting force.

4, 5 of the working member lie in adjacent quadrants. Wlth
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Figure 65 shows a centred system which differs from the preced-
ing one by the presence of damping, with the principal axes of
stilfness Oz and Oy coinciding with the principal axes of damping.
The differential equations of motion for this system have the follow-
ing form:

(my =4 my) 4+ b T+ cxT = myre® cos a cos wt

L] L] (ll)
(my+my) y + byy + ¢y = myro® sin o cos ot
or
oo 2h=. 2. mgr? cos o
x4+ z+ 03T e cos ot (12)
o 2 . :, __ moro?sina l
y—+2hyy+ oyy e cos w!?
where
) bx . . b ;
R TET R e e

ons (7).

The solutions of Eqs. (12) corres-
ponding to periodic forced vibrations
can be presented in the following form:

. and o, and ®, are defined by expressi-
Ty ‘

T = T, 08 (O —
Figure 65 Y = Ya C0S (0f — @y)
where
moro2 cos o
(my+-mg) V(0% — @?)2 - 4h% 02 l "
2 o (15)
more? sin o
Ya= 3 2)2 752 ]
(my+ mo) V (0} — 02)24-4h3o
3 2o | 1 2y
P = tan 16}—;(02-’ ¢, = tan ITD?I——ymT (16)
. hy 0f—-02 L .
If ¢ =¢,.1.e., ;5= —F——=, the system behaves like a conserva-
' hy —of—o?

tive one, i.e., the working member performs rectlilinear vibrations

at an amplitude of V'z2 + y2 which is less than the vibralion
amplitude of a conservative system. The direction of the motion
is determined by expression (10) with &, and o lying in the same
quadrant.

If ¢, @,. the working member has a translational elliptical
motion; every point moves in ils own elliptical path counterclock-
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wise at @, << ¢, and clockwise at ¢, > @,. One of the axes of the
elliptic path is at an angle

oy = % tan-1 224Yq €08 (¢y — Gx) (17

) 2
Ta—Ya

with respect to the Oz-axis.
The vibration amplitude along this axis

a = - - ZaYa | SID(Gy—@s) | (13)
]/3- (2% +¥3) — 5 (25— y3) cos 2ay— Zay, C0S (P —¢x) 5in 204

The vibration amplitude along the other axis of the elliptic path

b, = 1 ; TaYa | SN (qy— ¢x) | (19)

]/7(13 i ¥%) Ty (2% — y%) €os 24y — xzgYq €0s (y— ) Sin 22y

When z, =y, and | ¢, — @z | = %, the vibrations performed
by the working member are circular.

The study of the system shown in Fig. 66 y
is of some interest. The working member 7 not
subjected to the action of gravity is vibrated 8,

by generator 2; the line of action of the ex-
citing force is at a distance 4,0 =1 from the /4
centre of gravity 0. We select the displacement 0 T
z of the centre of gravity and the turning angle 2[4 |~
Y of the working member from the mean po-

—

sition as generalized coordinates. The differen- 3| A
tial equations of motion can be written, on the Figure 66
basis of expressions (6), Sec. 27, in the follo-

wing form:

(my+ my) .'.t.+ mol;p. = mqro?® cos wt } (20)

(J1+mpl?) ‘llJ + m.,zZ£= mgrin® cos wt
Inserting the periodic solution of (20)
z=Acosot, Pp=DBcosot (21)

and solving for 4 and B the resulting simultancous algebraic equ-
ations, we obtain
A= — mord B= mymglr
= Jy(my-+mo) T+ mymgl2 ? Jy (my 4 mg)4 mymgl2
All the points of the working member on the y-axis vibrate in
a horizontal direction and their displacement from ihe mean posi-
tion is determined by the expression

z, = (A— By) cos ot (23)
where y is the ordinate of the vibrating point.

(22)
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Let us find the ordinate y = L of such a point B, on the Oy-axis
that remains motionless at all times, i.e.. a point for which x, = U.
From expression (23) we have 4 — BL = 0; hence, using expressions
(22), we obtain

=N
L= e (24)

The point B, is called the centre of vibration or zero point. It should
be noted that points A4, and B, are reciprocal: if the line of action
of the exciting force passes through point B,, then point A, will
become the centre of vibration. The zero point or centre of vibration
corresponds to the centre of percussion.

Thus, the vibrations of the working member can be considered
as swinging motions about the zero point B, which itself remains
stationary. An ideal hinge can be placed at this point and no reac-
tions will appear at the hinge with small vibrations of the working
member.

29. Vibration Generators with a Circular
Exciting Force
The working member 7 of the centred system illustrated in Fig. 67

is driven by vibration generator 2 which develops a circular exciting
force. Assuming b, = b, =0, we

¥ can write down the differential
acl e equations of the vibrations on the
b, _]:‘ iy basis of expressions (6), Sec. 27:
a by % 3 (my+ mo)z+ CxT = myrw® cos ot }
4 7z .o .
ya- g ché;' (my+my) y + ¢y = myro? sin ot
y 1
(1)
%‘-r The equations are not coupled
7 and consequently x and y are the
Figure 67 normal coordinates of the system.

The solutions of equations (1) des-
cribing the forced vibrations take the following form:
_ moro? _ mor@?

7= T tmg @I —wo9) SO V=g @i =09

where the natural frequencies ©,, ¢, are defined by formulas (7),

Sec. 28. All the points of the working member describe identical

elliptic paths and their equations referred to the centres of the
ellipses can be presented in the form

32 y‘: _
aty =1

sinot  (2)
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where the ellipse half-axes

_ morm“
@7 (my+ mo)| 03 — 032 |
— mgreo?
Ya= Tt mo) [0f—o] &

As can be seen from expressions (2), the points of the working
member move along their paths in the sense of rotation of the unbal-
ance provided the tuning of the system along both coordinate
axes is simultaneously preresonant or simultaneously postresonant.

S w2
In both cases ngzz> 0. If the tuning of the system along one
of the coordinate axes is preresonant while along the other axis
it is postresonant 1, then — 2'< 0 and the points of the working
ll

member move along their paths in a sense opposite to that of rotation
of the unbalanced mass.

There are two special cases in which the paths of the points of the
working member become circular: if the principal frequencies
are equal (0, = wy, ¥ ), the motion is in the sense of rotation
of the unbhalanced mass; if the frequency of the excitation is the

) 2
rms value of the principal frequencies (o) =V m,_;my) , the mo-

tion is in the opposite sense to that of the unbalanced mass rotation.

The differential equations of vibration of the system shown
in Fig. 67 with the coefficients of resistance different from zero
can be written as follows:

(my+ my) Z+bet +cxt= myre? cos ot }

(my 4 my) !./'+ by.'; + eyy = mora? sin ot

These equations are not coupled. The solutions corresponding to
the forced vibrations are determined by the expressions

(4)

T = Zo €08 (0F — @x), ¥ = YaSin (08— @y) ()
where
mcpr'il)2
~ (my+mo) V(0E—oPp dhZat
2
Ya= Por2 (6)

(my+ mg) V{o} —0?2 - 4het

The quantities ¢, and @, are defined by formulas (16), Sec. 28;
o, and o, by formulas (7), Sec 28; and h, and h, by formulas (13),
Sec. 28.

1 According to V. Zemskov this tuning is called interresonant.
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The working member of the system discussed performs elliptlical
vibrations but the axes of the elliptical path are not, generally speak-
ing, parallel to the coordinate axes. One of the axes of the elliptical
path is inclined with respect to the Oz axis at the angle

_ 4, 1 2%y, Sin (Gy—@x)
) = tan SI—st ¥)}

The amplitude of the vibration displacement along this axis
ZaYa | €08 (Gy—Px) | 8)

a;
]/.2_ (r3 " ¥3)— o (' — ¥4 €08 20y -~ 7q¥q SIN (Gy — q) Sin 22

The amplitude of the vibration displacement along the other
axis of the elliptical path

b Tala | cos (‘I‘y—‘Pr) | (g)
l/— (r%+v3) + 5 (2% —y3) cos 204 — x4y, sin (g, — ¢x) sin 2

When |g@, — <p,|<%, the working member moves in the

sense of rotation of the unbalanced mass. If | ¢, — q>x|>52t—,
the working member moves in the opposite sense to that of the
unbalanced’ mass rotation. With |¢, — @] = g the elliptical

path degenerates into a rectilinear one with an amplitude a, —-
=V 22 + 3% and an angle &, = tan-! [gﬂ sin (@, — q),)] . When
a

Z, = Yo and ¢, — ¢, = 0, the working member performs circular
vibrations in the sense of rotation of the unbalanced mass. The
necessary and sufficient condition for the realization of the last
case is that k, = hy, Oy = O,

If there are no springs in the system shown in Fig. 67, i.e., ¢, —
=c¢, =0, then the following values of the displacement amplitudes
and phases must be inserted into the solutions (5):

___ more myro
o it my Va1 " ) Vet i ahg (10)
== tan™ . gy=tant ( —ZT"") (11)

Since in this case| ¢, — ¢, | << -, the working member can

z ?
perform only an elliptical motion (in a special case, a circular motion)
in the direction of rotation of the unbalanced mass.
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Having studied the behaviour of centred systems (or equivalent
systems that can have only a translational motion because of the
restraints imposed), we consider it useful {o lay stress on a number
of their features, having in mind that some of them may seem, at
first sight, to be paradoxical or even unlikely.

Firstly, centred systems can be constructed whose working member
will perform the following vibrations when driven by a vibration
generator with directed action: along a rectilinear path at any
angle to the line of action of the exciting force, including the right
angle; in an elliptical path whose axes may be at any angle to the
line of action of the exciting force; in a circular path.

Secondly, centred systems can be constructed whose working
member will perforin the following vibrations when driven by
a vibration generator of circular aclion: along a rectilinear path
at any angle to the principal axes of stiffness and resistance; in an
elliptical path (in a special case, in a circular path) in the sense
of rotation of the exciting-force vector; in an elliptical (in a
special case, circular) path in the opposite sense to that of rota-
tion of the exciting-force vector; the axes of the elliptical path
in this and the preceding case may be at any angle to the princi-
pal axes of stiffness and resistance.

30. Force Interactions and Power Consumption

Having integrated the differential equations of motion, one can
easily calculate the reactions of the elastic (spring) and dissipative
(damper) connections. The reaction of the ith elastic element

Sg= —CiZ¢ (1')

where ¢; = coefficient of stiffness (linear or angular) of the elastic
element
z; = deformation of the elastic element (linear or angular)
S: = reaction (force or moment) of the elastic element.
The reaction of the ith dissipative element

B;= —biz; (2)

where b; = coeflicient of resistance (linear or angular) of the dis-
. sipative element
z; = rate of deformation of the dissipative element (linear
or angular)
B; = reaction (force or moment) of the dissipative element.
The projections onto the coordinate axes of the force of interaction
(pressure force of the unbalance acting on the bearings) between the
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unbalance and the working member are determined by the expres-
sions

.o n ]
X=maz+ ‘Zl Siz+ ‘21 Bix

.o n Rk (3)
Y=my+ .21 S+ _2‘ By
= 1=
where x. y = running coordinates of the centre of gravity

of the working member
Six» Bixs Siy, By = projections onto the respective coordinate
axis of the reaction forces in the linear,
elastic or dissipative connections
n, k = total number of linear elements, elastic and
dissipative, respectively.
There is no need to carry out labour-consuming calculations
using the above formulas since by correlating the first two equations
(6). Sec. 27. with formulas (3), we can obtain the relations

X = mro? cos ot — m(;z; + moyo;j;

L] ea (4)

Y = myro® sin ot — myy — myzp

representing the projections of the exciting force of a circular

vibration generator. The correlation of Eqs. (5). Sec. 28, with for-
mulas (3) -yields the relations

X = myro? cos a cos of — mo:.r:. (5)

Y = myro?sina cos of — myy

for a vibration generator with a directed exciting force in a centred
system.
The total pressure force of the unbalance acting on the bearings

P=VX*+Y? (6)

The structure of relations (4) shows that for a vibration generalor
with a circular exciting force the maximum value of the pressure
force of the unbalance acting on the bearings may be either greater
or less than the centrifugal force of the unbalance in its relative
motion about the axis of rotation.

Special cases are possible in which the pressure force of the unba-
lance applied to the bearings is identically zero. In a centred system
this is realized when £ —r cos wt, ¥y = —r sin wt. In this case
€x = Cy = mo?, b, =b, =0.

For a vibration machine with a directed exciting force the ampli-
tude of the pressure force produced by each of the unbalances and
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applied to its bearings cannot be less than the centrifugal force
in the motion about the axis of rotation. It should be kept in mind
that formulas (5) as well as expression (6) for such a generator furnish
the resultant of the pressures of all the unbalances on their bearings.
The pressure of each of the unbalances on its bearings can be calcu-
lated in each case as the product, taken with the opposite sign,
of the unbalance mass and the absolute acceleration of its centre of
gravity. For the system shown in Fig. 62 we obtain

X = —my(z— yop — rot cos ut)

= —my (y+ 29 — re? sin wt)

)

For one of the unbalances of the system pictured in Fig. 65
we have

X,= -—%[;—-rmz cos (o + wt)] ‘
m .o (8)
Y= — <[y —ro*sin (a + 7))
and for the other unbalance
X,= -—%[;— re? cos (o — wt)]
. ©)
Y,= —5*[y—ro*sin (a —o?)]

Using D’Alembert’s principle, we can now write an expression
for the moment M applied to the rotor shaft by the driving motor
(Fig. 62):

M =m,r [i/'cos ot — z sin ot + (xy cos ot + y, sin ©F) ;p.] (10)

or
M =myr| ycos ot — .:c'sin ot + lsin (0t 4 y4) ;];] (11)
where
1=Vzi+u;
—_ ~1.%0
%4 = tan ™
Since

Y=YysSin (0l —@y), &=,¢08(0f—Py)

b =1 co8 (0f+ % — X) (12)

the moment applied to the rotor shaft in the general case consists
of two terms: the constant component M,,,,, and the sinusoidally

13—12
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varying component M, cos (2wt — 0) oscillating at a frequency
twice that of the exciting factor. Thus

M = Moean + M cos (20t —6) (13)

Only in the absence of energy dissipation .M meqen =0. The value of

Mpmesn can be calculated from the formula
2%
"o

Mmean = S M dt (14)
0

Since the unbalanced mass rotates at coustant angular velocity o,
the power N transmitted by the motor to the vibrating system

N=Mo (15)
Nmean = Mmean®, No= M0 (16)

A number of types of centrifugal vibration generators are in use,
which differ in the manner of realizing the force interaction between

Hence
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Figure 68

the unbalance and the generator body and in the method of imparting
rotational motion to the unbalanced mass. In the above discussion
of the force interaction between the unbalance and its shaft bearings
we were speaking of the arrangement pictured in Fig. 68a. Shaft 7 of
the unbalanced mass 2 rotates in ball-bearings whose outer races
are rigidly fixed in the body 3 of the vibration machine. This type
of machine is generally called unbalance vibration generator.

Another type of generator—the carrier planetary type—is schema-
tically illustrated in Fig. 68b; in this type runner 7 rolls over runway
2 in the body 3 of the generator. The runner is moved by carrier 4
mounted on the driving shaft 5. The shaft rotates in ball-bearings
whose outer races are fixed in the generator body. If the inertia
properties of the shaft and carrier are neglected, the runner may
be regarded as an unbalance. The eccentricity r of the runner mass
m, relative to the axis of rotation is equal to the difference between
the radius of the runway R, and that of the runner R,:

r=R,—R, (17)
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The normal component of the force with which the runner acts
on the body is transmitted at the site of contact of the runner and
the runway. The tangential component is transmitted to the body
via the shaft bearings.

A third type of vibration generator—the friction or gear planetary
one—is schematically illustrated in Fig. 68c. As in the preceding
arrangement, runner I rolls over runway 2 in body 3. The runner
is rotated by a shaft that can transmit only the torque. The rolling
motion of the runner on the runway is ensured either by the friction
force (frictional-planetary type) or by a special gear drive (gear-
planetary type). In the former type both the normal and tangential
reaction components of the runner are transmitted to the body
at the site of contact between runner and runway. In the latter
type the tangential component is transmitted by the gearing.

The angular frequency of the excitation generated by the planetary
vibrator is equal to the angular velocity @ of the circular motion
of the runner over the runway and is related to the angular velocity
wgp of the shaft driving the runner about its axis as follows

= i(ﬂsh (18)

, R,

i~r—=rg, (19)

In this case the runner is to be taken as an unbalance; the mass
eccentricity is determined by the relation (17). The moment M at the
shaft is i times that obtained from formula (13); however, in calcu-
lating the power transmitted to the vibrating system the moment
calculated by formula (13) should be inserted into formula (14).
Figure 68d shows another variety of the planetary vibration
generator. In this machine, runner 7 which has the shape of a ring
rolls with its inner surface in contact with pin 2 rigidly fixed to

body 3. Since in this case R, << R,, the eccentricity of the unbalanced
mass is found from the formula

where the transmission ratio

T=R2—R1 (20)
The transmission ratio is now defined by the expression
. R,

31. Pendulum Vibration Generators

The pendulum vibration generator (or vibrator!) shown in Fig. 69
consists of bedplate 7 which is rigidly attached to body 2 to be

! The term vibrator has long been incorrectly used in the literature as a sy-
nonym of a vibration generator. It is well known that in physics, radio engi-
neering, acoustics, and the theory of vibration the word vibrator is identified

with an oscillator, i.e., an oscillatory system, and in this sense it does not cover
the concept of forced vibrations.

13+
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vibrated, pendulum 3 swinging about the axis O fixed to the bedplate
and unbalanced mass £ rotating about the axis A fixed to the pendu-
lum. The working member of the centred system (the body vibrated
together with the bedplate) performs practically rectilinear vibra-
tions provided the parameters have been suitably chosen. This
system will be considered centred
I L if with the swinging pendulum in
g %‘ the mean position the centre of
gravity B of the working member,
the pivot axis O, the pendulum
centre of gravity E and the axis
of rotation A of the wunbalanced
mass are all in one straight line
if the lines of action of the resul-
tant of elastic forces and of the
dissipative forces applied to' the
working member by the external
medium pass through the centre of
gravity B of the working member
and if one of the principal axes of
stiffness and one of the principal
axes of resistance offered by the
constraints between the working
member and the external medium
Figure 69 coincide with the straight line

BOEA.

In order to keep the pendulum in its equilibrium position at the
required angle to the vertical an elastic bushing 5 or elastic elements
6 are provided for in the design. We introduce the following nota-
tions:

my, = unbalanced mass
m, = mass of pendulum
m, — mass of working member
s = coefficient of angular (torsional) stiffiness of
bushing §
p = coefficient of angular resistance of bushing 5
¢ = coefficient of stiffness of elements 6
b = coefficient of resistance of elements 6
¢’ and b’ = stiffness and resistance coefficients of elastic and
dissipative constraints between the pendulum and
the external medium
¢z ¢, and s, = coefficients of stiffness along the z- and y-axes
and the coefficient of angular stiffness of elastic
constraints between the working member and the
external medium, respectively
b,, b, and p, = coefficients of resistance along the z- and y-axes
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and the coefficient of angular resistance of dis-
sipative constraints between the working member
and the external medium, respectively ,

h = distance BO between the centre of gravity of
the working member and the pendulum pivot axis

a = distance OF from the pivot axis of pendulum to
its centre of gravity

! = distance OA from the pivot axis of pendulum
to the axis of rotation of the unbalanced mass

l, = distance OD from the pivot axis of pendulum
to the line of action of elastic and dissipative
forces of elements 6

k,, k = distance OH from the pivot axis of pendulum

to the line of action on the pendulum of the
elastic and dissipative constraints imposed by the
external medium

r = eccentricity of the unbalanced mass relative to the
axis of rotation A

Jo = central moment of inertia of unbalanced mass
J; = central moment of inertia of pendulum
J, = central moment of inertia of working member

z, y and ¢ == coordinates of the centre of gravity and the angle
of rotation of the working member, measured
from the mean position

Y = angle of rotation of pendulum measured from
the mean position

a = angle between the vertical directed downward and
the mean position of the line BOEA

© = angular velocity of rotation of unbalanced mass

t = time

ot = angle between the radius-vector of the centre
of gravity of unbalance drawn from the axis of
rotation and the positive direction of the z-axis
coinciding with the line BOEA in its mean position

g = acceleration of gravity.

In order to find out the conditions under which the working
member performs rectilinear translational vibrations along the
z-axis we shall set up the general equations of motion assuming
the angles @ and ¢ to be small:

(mg+m,+ mo). :'I:.+ bax + ¢xZ = myro? cos wt (1)
(Mg my+mg) g+ (by+ b)) ¥+ (cy+ ¢’) y + (my -+ mg) hp + bR -+
+ ’h@ + (ma+ myl) {p.-i- b'k'li) + ¢’ kpp = myre? sin ot (2)
[+ (my+mg) 4] @+ (pa+ b'h3+ p+ bl3) @+
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+(sp+ c'h+ s+ cl2) 9+ (ma +mol) y+ b'hy +c'hy +

+ (mya + mal) kp+ (b'kh — p — bl%) b+
+ (c'ksh — s — cl}) $ = myroh sin wt (3)

(J;+ ma? + mol®) Y+ ('k* + p -+ bI2) b+
+ ('K 4-myga cos e+ s+ cl2) Y+ (ma+ mol) y+ bky + c'hy +
+ (mya + myl) ko + (' kh— p—bl2) @ + (c'ksh— s—cl) p =

= myro®l sin ot (4)
The conditions sought are those under which
y=0, o=0 ()

We now rewrite Egs. (2), (3) and (4), bringing their right-hand
sides to the same form and making use of identities (5):

(mya+ myl) 1p + b'k{p + ¢'kpp = myro® sin ot (6)
(maa+ myl) Y+ (b’k P'H’l: ) b+ ( “*;l"'l? ) P = myro? sin ?
™)

(J'+m1a2+molﬁ) ‘\p+— (bR p+- b 9+
+ (c’k’ + myga cos & + s+ ¢l3) Y = myro? sin wt (8)
Thus we have obtained three differential equations of the form

Ayp+Bp+Cop=F,sinot, (i=1, 2, 3) (9)

whose particular integrals corresponding to periodic forced vibra-
tions must be identical. To ensure their identity it is necessary
and sufficient that the following equalities be satisfied:

/TR Y .« W o (10)

B,=B,=B5B; (11)

Comparing Eqs. (6) and (7) in accordance with expression (10),
we obtain

ﬂ:O
(]

whence
s=0, ¢=0 (12)
since I; >0 and k0.
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Comparing the same equations according to expression (11), we
obtain

p-Lblk

=0

from which it follows that
p=0, b=0 (13)

From the comparison of Eqs. (6) and (8) on the basis of expres-
sion (11) and taking into account the conditions (13) we find that

k=1 (14)

Finally, comparing Eqs. (6) and (8) by using expression (10)
and conditions (12), we obtain

J, 1 c'k1 (ki—l)

l=——— T—{-gcosa] (15)
where the moment of inertia of the pendulum with respect to the
axis of rotation

J1=J;+m1a2 (16)

Expressions (12) through (15) are the necessary and sufficient
conditions for the identilies (5) to be fulfilled. Thus, for the working
member in a centred syslem with a pendulum vibration generator
to perform reclilinear vibrations it is necessary and sufficient to
observe the following conditions: absence of dissipative and elastic
conneclions of the pendulum with the working member; the line
of action of the dissipative reaction of the external medium applied
to the pendulum must pass through the axis of rotation of the
unbalanced mass; the distance between the axis of swinging of the
pendulum and the axis of rotation of the unbalanced mass must
conform to expression (15).

The first of the condilions can be satisfied in very few cases but
the elastic conneclions of the pendulum with the working member
are made very compliant, with low values of the stiffness coefficients,
and the amount of energy dissipated is small. Therefore the effect
of such connections may usually be neglected.

The second term on the right-hand side of expression (15) is,
as a rule, small as compared with the first and so the distance between
the axis of swinging of the pendulum and the axis of rotation of the
unbalanced mass may be determined by the formula

Jy
mya

(17)

i.e., the axis of rolation of the unbalanced mass must be located
at the centre of percussion (centre of swinging) of the pendulum.
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In the idealized model of the system considered, which is described
by the differential equations (1) through (4), two features, among
others, of the behaviour of the system have not been taken into
account, viz. the mean positions of the working member vibrating
along the z-axis and of the swinging pendulum are not the positions
of static equilibrium of these clements. The displacement of the
mean position of the vibrating working member is determined by
the centrifugal inertia force developed by the swinging pendulum;
this force has not been taken into account in the above discussion.
The running value of the centrifugal force

P = (ma+ myl) §* (18)

It can be seen, for example, from differential equation (6) that
the oscillations of the pendulum are governed by the law

= pa sin (0 —6,) (19)
where 0, = phase difference of the oscillations of the pendulum
with respect to the phase of rotation of the unbalanced
mass
P, = angular displacement amplitude of the oscillations
of pendulum which can be expressed by the relation
_ mor
‘ Vo= Setmd (#0)
since the elastic and dissipative constraints imposed
on the pendulum are weak.
In general P, << 0.1 and so our assumption of smallness of the
angle v is justified. Making use of relationships (19) and (20), we now
rewrite expression (18) as follows

= M cos? ((!)t — 61)

mya -+ mgl
or
P = Pmean + Pm.;n cos 2 (mt—e’) (21)
where the mean value of the centrifugal force
_ (mor)ﬂ o? - 1
Pmean =3 (m"‘a' + mol) ) \pamorm’ (22)

This force will cause the mean position of the working member

to be displaced by
—Pmean __ (mor)20? __ Yamoro?

Tmean = '::m_2(m1a+ mol) cx a2cx (23)

The second term on the right-hand side of expression (21) shows

that under the action of the centrifugal force of the pendulum the

working member will perform additional oscillations at double

the frequency of rotation of the unbalanced mass. The amplitude
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of thesc oscillations with the weak elastic and dissipative constraints
imposed on the working member can be determined from the follow-

ing expression:

- Pmean = (mor)? (24)
€7 (mg+my+mg) 02 2 (mya-i- mgl) (my- mq-|- mo)

z

With the same conditions the amplitude of the fundamental tone
of vibrations is, according to differential equation (1),
mor (25)

Lo =y T T mo
Comparing the last two equalities, we obtain
1
xm = ’7 IIJaza (26)

that is, the amplitude of the second harmonic is usually small as
compared with that of the fundamential tone of vibration of the
working member. But the displacement of the mean position of the
working member defined by relation (23) may be large enough for
a small stiffness coefficient c,.

Before proceeding to the calculation of the displacement of the
mean position of the pendulum we turn now to the power balance
of the given system. The mechanical power N developed by the
motor on the shaft carrying the unbalance can be represented by the
following sum:

N=N,+N{+N{+N; (27)

where N, = power required to overcome the dissipative resistances
to the rotation of the unbalanced mass
N; = power required to overcome the friction in the pendu-
lum pivot
N, = power required to overcome the rest of the dissipative
resistances to the swinging of pendulum
N, = power required to overcome the dissipative resistances.
to the vibration of the working member.

Assuming that all the resistances to the rotation of the unbalanced
mass have been reduced to an equivalent Coulomb friction in the
bearings and neglecting the relatively small influence of the swinging
of the pendulum and of the vibration of the working member on the
pressure in the bearings, we may write

Ny = forgmero® (28)

where f, = equivalent coefficient of friction in the bearing of the

unbalance
ro = equivalent radius of the journal in the bearing of the:

unbalance.
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If conditions (12) through (15) are satisfied, the reaction of the
pendulum pivet is constantly directed along the z-axis. Therefore,
the power reqmred to overcome the friction in the pivot bearing
of the pendulum is defined by the relation

N{= firymyro®| ‘llJ cos wt | -

where f, = equivalent coeflicient of friction in the pivot bearing
of the pendulum

r, = equivalent radius of the journal in the pivot bearing
of the pendulum.

|cos 8, +cos(Zwt =6,)|

L

0 46,
r qu lw Zw'

Figure 70

2¢c0s 8,

Inserting ap from expressions (19) and (20) into the above relation,
we get

N; = firyhamoro? | cos @t cos (ot —0,) | (29)

The reaction component in the pendulum pivot due to the centri-
fugal force of the pendulum has not been taken into account in the
last expression since this force is much less than the centrifugal
force developed by the unbalanced mass.

Upon using an identity transformation expression (29) takes the
following more convenient form:

=5 f,r,ll:amorm" | cos 0,4 cos (2wt —6,) | (30)

Figure 70 shows a graph representing the dependence of the
variable factor in (30) on time. The mean power Nj,., can be
calculated from the formula

’ _ 20
i mean — F13

N [
e|°*-—=el='
ns

2
j (31)
e

This quantity is proportional to the shaded area in Fig. 70.
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Substituting the value of instantaneous power from equality (30)
into expression (31) and integrating, we obtain

N mean =5 f,r,\bamor(o”[(1——) cos9, —isinf)l] (32)

or, upon using expression (20),

' ry (mor)? o3
N pn = % [(1-2% 24 coso, +—smo] (33)
This expression shows that the mean power V| ... depends on 0,
which is the phase difference between the pendulum swing and
the rotation of the unbalanced mass. However the variation of
'{ mean OVer the entire range of 6, angles is moderate. The maximum
of N{ jnean attained at 6, = n/2

2fyry (mor)? @3
7t (mya+ myl)

The minimum value of Ny ., is obtained at 8,=0 and 0,=m:

’
max Ni mean =

(34)

’ fyry (mor)? 03
min Ny mean = 3 (ma -+ mol) (35)
The ratio M—M = 0.785. Therefore, the error in calculating

Nl mean
N{ mean due to uncertainty in 0, cannot exceed 21.5% of max Ny ncan-

In practice the value of thls power must approach min Ny ,,.qan
because a large dissipation of energy on swinging of the pendulum
should not be tolerated.

The mean power N pean is determined from formula (4), Sec. 23,
which takes in this case the form

N (mqr)? 1208p]
N{ mean= 2 {[s3— (mya - mol) lm13]3+ pie?} (36)

where p; = reduced coefficient of angular resistance to the swinging
of the pendulum with no allowance for the friction
in the pivot bearing
py = ditto, with allowance for the friction in the pivot
bearing
s; = reduced coefficient of angular stiffness taking account
of all elastic constraints imposed on the pendulum.
Since the elastic and dissipative constraints imposed on the
pendulum are but slight, expression (36) can be simplified to the
following form:
» _ (mgr)? @2p]
Ni mean—z(mia_*_ mcl)z (37)
If the angle 0, is toe be calculated, one may use formula (5),
Sec. 23, according to which, taking into account that the elastic
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constraints imposed on the pendulum are weak, we have

, » __ (mgr)? lo3sin 20,
Nl meun+N1 mean — 4 (mia+ mol) (38)

Substituting the values of the mean powers from expressions (33)
and (37) into the left-hand side of (38), we obtain the following
transcendental equation for calculating the angle 0,:

20 4 . 1, . 1
fir,[( —T‘) cose,+?31n9,]+?lsm291=—(—m‘—aﬁ)l)—w (39)

The mean power necessary to sustain the vibration of the working
member will be calculated from differential equation (1) on the
basis of formula (4), Sec. 23:

_ (mor)? wbbh,
Nz mean = 2 {lex—(ma+my+ Mo)xmzl“-i-b?:wz} (40)

In accordance with equality (27) the mean mechanical power
developed by the motor that drives the shaft of the unbalance is

Nmean=N0+N;mean+N:mean+N2mean (41)

The angular displacement of the mean position of the pendulum
from its position of equilibrium can now be calculated. If the motor
is built into the pendulum vibration generator, then the mean
position is shifted in the opposite sense to that of rotation of the
unbalanced mass by

_ Nmean—No
Ymean = ofs+ (r:zn:: = mgl) cos a) (42)

With an external motor the mean position is shifted in the sense
of the rotation of the unbalance and

o (43)

Pmean = © [8g + (mya+ mol) cos a]

It has been assumed in both cases that the angle Pmean is small.
The following transcendental equations yield more accurate values

for VYmean:
OYPrmean [81 =+ (ma+ myl) gsin‘p'% coS (a + 1’%‘) ] = Nmean— N,
in the first case and
©OPmean [si + (ma+ myl) gsin _1%, cos (a + 'plze“i‘) ] =N,

in the second case.

The plus sign is taken when the centre of gravity of the pendulum
in the mean position is higher than in the equilibrium position;
otherwise, the minus sign is taken.



32. INTERNAL VIBRATION MACHINES 205

The displacement is determined in the first case, from formula (42),
by the difference between the moment at the shaft of the unbalance
transmitted to the pendulum by the stator and the moment of the
resistance to the rotation of the unbalance, the latter moment being
transmitted to the pendulum mainly via the bearings. In the second
case the displacement is determined from formula (43) by the moment
of the forces of resistance to the rotation of the unbalanced mass.

32 Internal Vibration Machines

Internal (poker or immersion) vibration machines are used mainly
for compacting concrete mixes. They are centrifugal vibration gene-
rators of circular action, of either the unbalance or planetary type.
Figure 71 is a schematic of the unbalance type
of internal vibration machine whose shaft 2 rota-
ted by an external motor is supported by bea-
rings 3 mounted in the cylindrical case 4. Unba-
lanced mass § is fixed on the shaft. Shaft 2 is

connected with the motor by flexible shaft 7. At f A

ordinary vibration frequencies the concrete mix )_"Ng J

may be considered to be an isotropic medium of ‘a'w %

low stiffness but developing considerable dissipa- ? %

tive and inertia forces. 1 | [/‘ P
The body of the vibration machine is held so ?ﬂ"’*/

as to prevent its rotation about its axis. Because P& d

of the isotropic nature of the medium, the concen-
tricity of the unbalance shaft and the machine
body, the cylindrical shape of the body and

§

Figure 71

the axial symmetry of the body masses (inclu-
ding all the elements rigidly fixed to it) the points on the body
axis describe circular paths.

Consider the case when the vectors of all the forces applied to the
body of the machine (inertia forces of the unbalance and the concrete
mix vibrating together with the body, dissipative resistance forces
of the concrete mix) are in the same cross-section as the centre of
gravity of the body and their lines of action pass through this centre
(which, by reason of the axial symmetry of the masses, is on the
geometric axis of the body coinciding with the axis of rotation
of the unbalanced mass). In this case the body will perform a transla-
tional circular motion in which each generatrix of the body will
describe a circular cylindrical surface of equal diameter. Hence we
may consider the motion in the plane of action of the forces.

In this treatment the arrangement of the internal generator will
differ from the one shownin Fig.67 by the absence of elastic constraints.
Besides, in order to take account of the inertia forces developed
by the vibrating masses of the concrete mix, the mass m, of its
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co-vibraling part reduced to the body must be added to the mass m,
of the working member (the machine body). Since the problem
under consideration has axial symmetry, the polar coordinates p
and 0 are an adequate system of coordinates to treat it. We place
the pole at point O (Fig. 72) about which the axis of the machine
body rotates and direct the polar axis OP parallel to the initial
position (at time ¢ = 0) of the line connecting the body axis A
wilh the centre of gravity B of the unbalance. The direction of the

Figure 72

angular velocity » of the unbalance is counterclockwise; the polar
angle O will also be measured counterclockwise.

The kinetic energy of the system can be represented by the expres-
sion

T =1 (my 4 e+ mo) (0% + p%0%) +-
+ myro lpé cos (wé¢ —0) —p.)sin (ot —0)]+ % (Jo+mer) ®* (1)

where p = O — modulus of the radius-vector of the body axis
0 = polar angle of this radius-vector
my = unbalanced mass (including all elements rigidly
connected to it)
r = eccentricity of the unbalanced mass relative to
the axis of rotation A4

Jo = central moment of inertia of the unbalance.
The dissipative function

=150+ %) (2)

where b is the coefficient of dissipative resistance of the medium.

Using Lagrange's equations in the form (22), Sec. 10 (putting
L =T, Qi =0), we obtain the following system of equations of
motion of the internal vibrator:

(my+m.+ my) (p — pé“‘) + b(.) — myra? cos (0t —0)=0 3
(my+ me+ my) (p.B.+ 266) + bpé —myra?® sin (ot —0)=0
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It can readily be seen that the first integrals of this nonlinear
set of differential equations corresponding to the stationary motion are

E)=0, b=w (4)

Hence the second integration yields
P=ps O=0l—0¢ ®)
where p, = amplitude of the circular vibrations of the machine

body
¢ = difference between the body phase and the rotation
phase of the unbalanced mass (—¢ is the initial phase
angle of the radius-vector p).
Substituting the values (4) and (5) in differential equations (3),
we obtain the simultaneous equations

(my+me+ mg) pa -+ myrcos =0 } 6
bpe —myrosin =0 )
the solution of which is
tan g = — b (7)
(my+-me+mo) @
— mor __moro _. _ _ more
Pa= my—+me—-mg COSP=—7—sInP= (my+me+ mg)? 02 b2 (8)

As seen from equations (6), sin ¢ > 0 (the equality sign holds
at b = 0) and cos ¢ <C 0 (the equality sign holds at p, =0, i.e., at
b= oo). Consequently the angle ¢ is within the limits% <P <7,
the limit on the right corresponding to & = 0 and that on the left
to b = oo,

The coefficient of dissipative resistance b and the reduced mass
of the co-vibrating concrete mix m. are as a rule unknown. One can
measure the amplitude of the circular vibrations of the body pa
and the phase difference ¢ experimentally. Having found these

values, we obtain from the second of equations (6):
b=m—g'1°sincp (9)

and from the first of equalities (8)
Me= — (% cos -+ my+my) (10)
The mean power required to sustain the vibrations of the body

N1= —Bv

where B = dissipative force exerted by the medium on the machine
body
v = modulus of the velocity of the machine body.
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In accordance with expressions (2), (4) and (5)
—B=0bp,0, V=00
Hence
N, =bpiw?
Inserting the values of b from (9) and of p, from the first of
equalities (8), we obtain
_ ___(mor)®w3sin2¢p
Ny= 2 (my+me+mg) (11
The expression reaches its maximum value at sin2¢= —1, i.e.,
at ¢ =3n/4. The maximum power
(mor)? 03
2 (my+mc+mo) (12)
and is twice that determined from formula (1), Sec. 24. This was
to be expected since formula (1), Sec. 24, had been obtained
for a single-degree-of-freedom system and in the case considered
two degrees of freedom are realized.
The power required to overcome the friction in the bearings of
the unbalance shaft
Ny = foromore® V' 1 —p (2—p) cos? @ (13)

where f,= equivalent coefficient of friction in the bearings
ro=equivalent radius of the journal in the bearings

maXN1=

mo

k= T meTme (a4
The relation (13) can be derived by considering the triangle OAB
in Fig. 72.
The total mechanical power that can be realized on the unbalance
shaft is given by

N=N,+N,
With an external motor the moment applied to the machine body
== (15)

and is directed in the sense of rotation of the unbalanced mass.
With a built-in motor the moment applied to the body
M_—_ﬂ'a')_”o (16)
and its direction is opposite to the sense of rotation of the unbalanced
mass.
In order to prevent the turning of the body of the vibration genera-
tor an external moment must be applied to it, the absolute value
of which is determined by expression (15) or (16). This statement
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is correct in the case when the line of action of the dissipative force
intersects the axis of the generator body.

Because of the axial symmetry expressions (6) through (16) also
hold at any fixed value of ® in the case of nonlinear dependence of the
dissipative force on the velocity and of the inertia force of the concrete
mix on the acceleration of motion of the body. In order to plot
the amplitude response curve using
expression (8) and the phase res-
ponse curve using (7) it is necessary
to know the relations b="5 (@) and
me = m, (0).

The plane-parallel motion of
the body of the internal generator
is in general unacceptable since the
fixation point of its handle must
vibrate at a sufficiently small (in
the ideal case, zero) amplitude. The
point on the body axis whose vib-
ration amplitude is zero is called
the zero point. In order to realize
the zero point the centre of gravity
of the unbalance is placed below
the centre of gravity of the vibra-
tion machine. In this case for
the motion of the generator body Figure 78
we have four degrees of freedom
provided that the body is fixed so that its rotatlon about its geo-
metric axis and displacement along this axis is prevented.

With such an arrangement the motion of the generator body
will also possess axial symmetry. All points on its geometric axis
will describe circles about a common motionless axis. The centre
of gravity of the unbalance will describe a circle about the same
axis. Consider a fixed system of cartesian coordinates in which
the z-axis has been brought to coincide with the molionless axis
mentioned. The z- and y-axes may be chosen arbitrarily. Figure 73
shows the projection of the axis uu of the generator body on the
zz-plane (shown on the upper left part); this axis is also the axis
of rotation of the unbalanced mass. The centre of gravity of the
unbalanced mass is at point A. Point 4’ is the projection of A onto
the u-axis. Assuming the angle between the z- and u-axes and the
eccentricity of the unbalanced mass r = A’A to be small compared
with the longitudinal dimensions of the vibration generator, we
shall take the centre of gravity of the machine to be at point £ on
the u-axis (with account taken of the co-vibrating mass of the concrete
mix reduced to the generator axis). The resultant of the dissipative
resistance forces of the concrete mix is applied at point D.
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The projections of the same configuration onto the zy-plane and
onto the zy-plane are shown on the right and in the lower part
of Fig. 73, respectively. The three projections of each of the points
mentioned are designated by the same letters. We select as genera-
lized coordinales the abscissa z and the ordinate y of point E of the
centre of gravily of the machine and the angles % and & between
the z-axis and the projections of the u-axis on the zz- and zy-planes,
respectively. We denote by n = EA’ the distance from the centre
of gravity of the generator to the projection of the centre of gravity
of the unbalance on the u-axis; by n’ = ED the distance from the
centre of gravity of the generator to the point at which the dissipative
force is applied and by n” = EG the distance from the centre of
gravity of the generator as a whole to that of the body, the co-vibra-
ting concrete mass being taken into account.

The angles P and € being small, we may write the following expres-
sions of the kinetic energy and dissipative function of our system:

T=1 7, G+ 69+ 5 (mtmo) [(E—n)? +(—n")"] +
+ ’;‘ mol(@ +np—rosin o) + (y+ne+rocosat)t]  (17)

@ =3 bl(z+ n P+ (+n'e)?] (18)

where J, is the central moment of inertia of the vibration generator
wilh unbalanced mass with respect to the axis at right angles to
the wu-axis. )

We can now write the differential equations of motion of the
body of the vibration generator:

(my+ m.+my) a:+ b (a; + n’q'a) = myra? cos ot (19)
J iip' +bn’ (a.: + n’ii;) =nmyre? cos ot (20)
(my+ me -+ myg) _l./.-{- b (g; + n'é) = m,ro?® sin ot (21)
J &+ bn’ (y + ne) = nmoro? sin ot (22)

The equations can be grouped into two subsystems: (19), (20)
and (21), (22). The left-hand sides of Eqs. (19) and (21) are analogous
as well as the left-hand sides of Eqs. (20) and (22). The right-hand
sides of these two pairs of equations differ only in phase by an angle
of n/2 equal Lo the angle between the z- and y-axes. This is natural
in view of the axial symmetry of the problem. It is therefore sufficient.
to consider the first subsystem.

The condition for the existence of the zero point on the u-axis
is that the oscillations of z and ¢ be in phase, i.e., their proportiona-
lity, and accordingly

z=ay (23)



32. INTERNAL VIBRATION MACHINES 211

where the coefficient a is the distance from the centre of gravity E
of the machine as a whole to the zero point. Substituling the value
of ¢ from (23) into Egs. (19) and (20) and dividing the latter by n, we
obtain:

(my+me+mg) T+ b (1 + "T') T =more? cos of )
} (24)

%,:;'+b"7' (1+"T') :;:=morm"cosmt

For the integrals of the first and the second equation to be equal

it is necessary and sufficient that the coefficients of z and z on the
left-hand sides of the two equations be equal, respectively. The
first of the equalities leads to the relation

n=n (25)
and the second yields the expression
— Ji

"= Tt metmoa (26)

Relation (25) indicates that the realization of the zero point
requires that the resultant of the dissipative resistance forces be
applied to the body axis in the same cross-section in which the
unbalance has its centre of gravity. Relation (20) is the second
condition for the realization of the zero point. This relation is easily
reduced to the form

J
b= (mg+me+mo)a (27)
where l = n + a = distance from the cross-section of

the vibration machine in which
the unbalance has its centre of
gravity to the zero point

J =J, + (my + m. + my) a® = moment of inertia of the vibration
machine with respect to the zero
point.

Expression (27) is similar to equality (17), Sec. 31, for the pendu-
lum vibration generator. In fact, if an ideal spherical hinge is placed
at the zero point, the hinge will experience no forces acting at right
angles to the generator axis.

Denoting the distance from the zero point to the point at which
the dissipative force is applied by

k=a-+n' (28)
we may rewrite the first of Eqs. (24) as follows:

(my+ me+my) .1:+ b-{;- = myrw? cos wt
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Its solution corresponding to a stationary motion is

Z = x4 cos (0f — @,) (29)
where
kb
W@ = — T me T mo) ® (30)
— mgr - amero . —
Ta = — e C0S @1 2 Sin @4
amoro

= Vb (mit mot mop @At K3 1)

The last two expressions are somewhat different from equalities
(7) and (8) obtained for the plane-parallel motion.

On the basis of what has been said above one can easiiy derive
an expression for the power needed to sustain the vibrations if it is
taken into account that y, = z,, €, = Y, and that y and e lag
behind x and Y by a phase angle of nt/2:

N, = bkzzf,m’
a

whence, according to expression (31),

_ k (mgr)? @3 .

I s 52)

With a zero point the axis of the generator body describes the

surface of a circular cone. If there is no zero point, the axis describes

a ruled surface—a hyperboloid of revolution of one sheet. In this
case the power required to sustain the vibrations will be

N,=b(zs+ n'Po)? 0? (33)
where the subsystem of differential equations (19) and (20) must

be integrated to determine z,, ¢, and the corresponding phase
angles @; and g,.




CHAPTER 6

NONLINEAR PROBLEMS
OF THE DYNAMICS

OF CENTRIFUGAL
VIBRATION GENERATORS

33. Nonuniformity of Rotation of Unbalances

The problems of the dynamics of centrifugal vibration generators
were treated in Chap. 5 on the assumption that their unbalances
rotate at a constant angular velocity ©. This led to the description
of the motion with the aid of nonautonomous differential equations.
However, centrifugal vibration machines are as a rule autonomous
systems since the rotation of unbalances is not externally controlled
by rigid constraints which ensure a given law of variation of the
angular velocity with time, in particular, the uniformity of the
velocity. In actual fact, the angular velocity of rotation of unbalances
very often does not remain constant.

The variations of the angular velocity of unbalances are small,
in general, but there are important problems of the dynamics of
centrifugal vibration generators that cannot be solved in principle
without taking into account the degrees of freedom corresponding
to the rotation of unbalances. In Chapter 5 these additional degrees
of freedom were eliminated by superposing the conditions of the
constancy of the angular velocity of unbalance rotation. On the other
hand, the torsional vibrations of unbalances can be made use of in
practice when magnified by special design measures.

The nonuniformity of rotation of the unbalance can be caused:

(a) by the inconstancy of the gravity force moment of the unbalance
about the axis of rotation if the latter is not vertical;

(b) by accelerations of the motion of the rotation axis of the unba-
lance, except when the centre of gravity of the unbalance describes
a circle while moving in it uniformly at the angular velocity of
rotation of the unbalance;

(c) by changes in the resistance to the rotation of the unbalance
caused by the two factors mentioned or by design and service factors.

Consider the effect of the changes in the gravity force moment
of the unbalance about the axis of rotation in the simplest case when
the body 7 of the vibration generator (Fig. 74) is motionless and
the axis of rotation O of unbalance 2 is horizontal. The centre of
gravity A of the unbalance in its stable equilibrium position is situa-
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ted on the vertical Oz below the axis of rotation O. We shall deter-
mine the position of the unbalance by the angle ¢ by which the
radius-vector r := OA of the unbalance centre of gravity has been
displaced from the position of stable equilibrium. The system has
one degree of freedom and is described by the differential equation

J.q; +mygrsing=M (1)

where J = moment of inertia of the unbalanced mass with respect

to the axis of rotation

m, = unbalanced mass
g = acceleration due to gravity

M = difference between the moment developed by the motor
on the unbalance shaft and the moment of the forces

opposing the rotation.
Assuming M = 0, we obtain the differential equation of the free

motion of the physical pendulum:

|
‘ gy g+ Qsing=0 (2)
| where

g
, a-)/ e ®)

‘ in accordance with formula (19), Sec. 6, is

Lg the natural frequency of the small oscillations

l of the unbalance about the position of stable

T equilibrium. In this case the motion of the

Figure 74 points on the unbalance is circulating rather
than oscillatory.

Assuming the initial conditions to be ¢ =0, q) = Epo at t =0

and assuming ¢ > 0, we can integrate the differential equation
(2) as follows:

o=V 41— 20 (1 —cos ) 4
It follows from (4) that the angular velocity oscillates

between (pmax = (po at ¢ = 2nx and q)mzn = cpo VIi—kate=2n+1)x,
(n=0,1, 2, ...), where
2Q
= S
P (®)
In order to make the unbalance rotate in one direction without
stops of finite duration the condition 4 <<1 must be satisfied. In
fact the condition 4* € 1 holds nearly always.
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Equation (4) yields the following function, in the form of
a quadrature,

4

0
£ 6)
i V 91— 202 (1—cos 8)

which is the reciprocal of the second integral of Eq. (2), and
which can be reduced by identity transformation to the normal
Legendre form of the incomplete elliptic integral of the first kind

@

2 dd
t-—;i /1 —k2%sin%60 (7)

The second integral ¢ of differential equation (2) can now be

expressed by means of the function known as the Jacobian ampli-
tude:

1 .
o=2am (5 9st) ®
The Jacobian amplitude is an odd function and can be repre-
sented by the sum of a linear function proportional to the function

argument and a periodic function which can be expanded in a
Fourier series in sine terms

(p=0)t+42 n—“:_—xﬁ'Sinn(Dt (9)
n=1

where the mean angular velocity of rotation of the unbalance

)
0= 3y (19)
. K (Vi—r)
A.-exp(— 40 ) (11)

The complete elliptic integrals of the first kind

n \
2
K=\ —=__
) i'l/i—kﬂsmﬂe 4 12)
T
O do
K(Vi—k’)=§ Vi—(i—k’)sinzeJ
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may be taken from reference tables or calculated by making use
of expansions in series in even powers of k:

K(k)=i(1+ik2+—6%k4+—2%56—k6+...)
E(VI—®)=hi4 (1ni—1)k=+ ] (13)
+H(I“% 7)k+256 (l )ks'L )

Differentiating equality (9) with respect to time, we obtain an
expression for the angular velocity of the unbalance in the form
of a Fourier series:

&>=m(1+42%cosnmt) (14)
n={

Thus a Fourier series comprising all harmonics is superposed on the
mean angular velocity of rotation of the unbalanced masses. These

(a)

Figure 75

superposed vibrations are usually small. Thus, at & = 0.1 (this
order of magnitude corresponds to the actual values of £ in many
centrifugal vibration generators) the amplitude of the first largest
harmonic which is only about 0.25% of the mean value of the angular

velocity. If q;o is reduced by a factor of 5, the ratio of the first harmo-
nic amplitude to the mean angular velocity increases 28 times

and amounts to about 7%. If ¢, is reduced by a factor of 8, the ratio
of the amplitude of the first harmonic to the mean angular velocity
increases 100 times and amounts to about 25%.

Figure 75a shows a circular diagram of the angular velocities of the
unbalanced mass plotted according to formula (4). The dotted line
circle represents the level of the mean angular velocity and the
full line, the running values of the velocity. The scale of the vibrations
is strongly exaggerated to visualize them better.
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The influence of the acceleration of the rotation axis of the unbalan-
ced mass on its angular velocity will be discussed on the simplest
example when the body 7 (Fig. 74) of the generator, because of the
ideal restraints imposed on it, has one degree of freedom—transla-
tional displacement along the Oz-axis in the absence of gravity,
elastic and dissipative connections of the body with the external
medium. Choosing as generalized coordinates the displacement z of
the body from the mean position and the angle of rotation ¢ of the
unbalanced mass measured from the positive direction of the Oz-axis,
we obtain the following expression for the kinetic energy of the
system:

T——(m,-}-mo) P —J;p’—morz.:(ia sing (15)

Using relation (15), we now write the differential equations of
motion of the system:

(my+ mo).:;: —myr (.q; sin @ - (])2 cosp)=0 }
J ;p.— mor:z'.sin o=M
Assuming, as in the preceding case, M =0 and eliminating
z from Eqs. (16), we obtain

(16)

—a? (.q; sin @ +.(p2 cos@) sin ¢g=0 17
where
— (mor)?
@= 1/1 (my4-my) (18)

and is always less than 1. Generally, we have &< 1.

We assume the following initial conditions under which the projec-
tion of the centre of gravity of the system on the Oz-axis remains
motionless: at :=0

z= —2x,, z=0

The first integral of differential equation (17) satisfying these con-
ditions can be presented in the following form:

— Po
= /1 —alsin¢ (20)

Expression (20) permits onc to obtain a quadrature which is the
reciprocal function of the second integral of Eq. (17):

Q@
=1 S VT—a?sin?0do (21)
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The right-hand quadrature is the normal Legendre’'s form of the
elliptic integral of the second kind E (e, ¢). Values of ¢ for any

argument q.aot = E (a, ¢) can be found from reference tables and
curves.

Let us expand the right-hand side of equality (20) in a Fourier
series

q'>=(.po (ap—a, cos 2¢ 4 a, cos 4¢ —a, cos 6@ + a; cos Bp — . ..) (22)

The coefficients of the series can be presented in the form of
power series as follows:

A a9 25 o 1225 N
a°_1+4°‘+64°‘+256°‘+16,384a+"°
b 4 o 8 . T5 o 25 o
=7t Eetyg et togg et .-
f_ 3 o, 15 o 285
a‘—-ﬁa+ﬁa+ma +... (23)

, ]

35
—_ 8 8
By=53 % T opgg % T -

+ 3 8
a,——16,384a 4+ ...

Py

Since the motion is stationary, the constant component in
expansion (22) must be equal to the mean angular velocity .
Hence

o= o (24)
Consequently, series (22) can be rewritten as follows:
ti:: ® — @508 2¢ + a4 cos 4¢ —ag;cos6@ +agcos8p—... (25)
where

way Oag
Qg == a:. ’ as=7°—" (26)
Since the amplitudes of the harmonics are small, we may use

the approximate equality
¢ =t (27)

and rewrite expression (25) as

c'p= ® — @, €0s 2wt + a4 cos 4ot — ag cos 60t 4 ag cos 8wt — . .. (28)

Thus the angular velocity of rotation of the unbalanced mass
is a periodic function containing even harmonics only. As a rule,
a is considerably greater than % for centrifugal vibration generators.
‘Therefore the torsional vibrations of the unbalances caused by the
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accelerations of the motion of their axis of rotation are somewhat
stronger than those excited by the force of gravity. These vibrations
however are usually small: the ratio of the amplitude of the second
harmonic, which is the largest, to the mean angular velocity of the
rotating unbalanced masses is within the limits 0.2 to 4%. In distine-
tion to the preceding case, this ratio does not vary with the mean
rotation velocity since a is independent of it. Figure 75b is a diagram
of the variation of the angular velocity of the unbalanced mass
with account taken of the second harmonic. The designations in the
figure are the same as in Fig. 75a.

Though the swing of torsional vibrations of the unbalanced mass
is usually small, it would be necessary to apply to the shaft an alter-
nating torque of large amplitude to eliminate these vibrations.

In fact, if q) = ® = const, then (p =0 and ¢ = wt. Inserting
these values into the first of Eqs. (16), we obtain the relation
which we derived earlier in Chap. 5:
7= o5 ot
my+mg
Substituting this relation into the second of Egs. (16), we
obtain

M= — (mqr)2 ©2

3 (e L) 1P 20t
This corresponds to the alternating unbalance shaft power
__(mory2e’ .
N=—gt— (i mg) SiP 2w?

This power amplitude in many cases would be several times that
of the rated motor power of the vibration machine. The suppression
of the small torsional vibrations of the unbalanced mass is therefore
far from being a simple matter.

Let us turn now to the effect of the variation of the angular velo-
city of the unbalanced masses on the motion of the body of the
vibration machine. For this purpose we determine from the first
of Eqs. (16) the acceleration

mor

z=m(cp sin @ 4 @2 cos ¢) (29)

Substituting into (29) series (28) for (p and the time derivative

of the series for ¢ and setling, as an approximation, sin ¢ = sin w?,
€os ¢ = cos wt, we obtain the following relation:

(X} mr‘oa
L0

=t g [(1+ pa®+ pot+ ...)coswt 4
+ g2 cos 3wt 4 g3 cos St 4- . . .] (30)



220 CH. 6. NONLILEAR PROBLEMS IN VIBRATION GENERATORS

It follows that, apart from the fundamental tone, the vibrations
of the body contain an infinite series of odd harmonics, though their
amplitudes are generally small. Thus, the amplitude of the strongest
harmonic, the third one, is generally in the range from tenths of one
per cent to a few per cent of the fundamental tone amplitude.

34. Multiplication of Vibration Frequency

The superharmonic vibration drive is an interesting example
of using in practice the nonuniformity of rotation of unbalances.
As can be seen from formula (30), Sec. 33, the vibrations of the
working member comprise higher odd harmonics. In fact they also

p contain even harmonics excited by varia-

Sl L%, tions in the gravity force moment of the

,//, 7 i unbalance about its axis of rotation. One
2 < of the harmonics can be very strongly mag-
’ B~ -4 nified, up to the value required in practice.
0 5 The third harmonic of the vibrations of
the working member is the easiest to mag-

|_ 6 nify.
7 The generation of high-frequency vibra-
,zl tions by centrifugal vibration machines
Figure 76 with relatively slow rotation of the unba-

lanced masses has a number of advantages
as compared to the generation of such vibrations by high-speed
machines. In particular, the reliability of the vibration machine
can be enhanced, the power losses in the bearings of unbalances
and the noisiness of the machine are reduced and safety in opera-
tion is increased.

The problem of developing a superharmonic vibration drive
involves the use of a number of design measures. In order to elucidate
the possible approaches to the problem we shall consider a sequence
of schematic layouts of increasing complexity. Firstly we turn
to the arrangement shown in Fig. 76. The working member ¢ is
connected to fixed stand I by spring 3 and damper 2. The working
member limited by ideal constraints 6 is vibrated by unbalance 5.
The rest of the designations are the same as in Fig. 74.

We choose as generalized coordinates the displacement z of the
working member from the position of stable equilibrium and the
angle of turning ¢ of the unbalanced mass and write the differential
equation of motion (neglecting the force of gravity, which is insigni-
ficanl. since we shall be interested in the following discussion in the
problem of magnilying the third harmonic component of vibration
of the working member):

(my + my) .;.-]~ ba.:—}—cz——mor (zp.sin(p-l—q.ﬁcos ¢)=0 } (1)

Jo— mor:z._sin o=M
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where b= coefficient of resistance of damper 2
¢ = stiffness coefficient of spring 3
M = constant shaft moment of unbalance.
We now introduce the following dimensionless quantities:

T=0t; §—m‘:;?°x, p,=-J—lga- 1
c . b . mor ]
Y=V e F PR 4 Yim T
(2)
where
0o=2 t)

is the mean angular velocity of the unbalanced mass (T is the
duration of one revolution of the unbalanced mass). Denoting in
what follows the derivatives with respect to © by dots above §
and @ and substituting the quantities (2) in Egs. (1), we obtain

+2ﬂv§+72§ cpsmcp cp’costp O}

-t sing=p

Let us express the angle ¢ in the form of the sum of the
linear and oscillating parts:

(4)

o=Tt+¢ (5)
whence

Inserting (5) and (6) into Eqgs. (4), we obtain
E4 2ByE+ PE= sin (v49) + (1 + D) cos (v +-¥) -
V—ait sin (14 9) =p
In [the Lfollowmg treatment we assume that the angle v, its

derivatives l]J, ‘lIJ and the parameter o? are small compared to unity.

We rewrite Eq. (7), retaining only small terms up to the first
order inclusive:

.§.+Zﬂ‘v’§+v’§=cos 'r+(i|;—1p) sin1:+21f;cosr} @®)
3 =a’.§.sin'r+p

We shall further make use of the method of successive appro-
ximations. We assume as the first approximation

P =0 9)
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and substituting this approximation into the first of equations
(8), we obtain the first approximation to &:

hore E*=tlacos(tT—1Y) (10)
fa= - )
V(y2—1)2448292 (1)
T =tan™ ?TZE-VT

The figures in the subscripts of the amplitude and initial phase
denote here and further the order number of the harmonic. The
superscript (*) denotes the first approximation; the second approxima-
tion is written without it.

To obtain the next approximation 1o ¢ we inserl (10) into the
second of equations (8):

¥ = —potlasin(Qr—10)— s oBlesintl+p (12)

The condition for the periodicity of solution (12) is the equa-
lity

p* =3 o?ta sin 71 (13)

whose dimensionless form represents the power balance since the

quantity p is proportional to the mean power required to sustain the

vibrations.
Making use of this condition, we rewrite Eq. (12) in the following

form:
¥ = — 3 a3l sin (21— 11) (14)
whence
=7 @7EL, cos (2 — 1)
(15)
¥ =3 ol sin (2r — )
To obtain the second approximation to & we substitute rela-

tions (14) and (15) into the first of Eqs. (8), neglecting small
quantities of higher order than the first in a?:

.o - azgga . g9 .
E +2ByE+v7E = (1 — —g= cos 71) cos (r—x) + 5 @*Ela cos (3r—11)
(16)
where
a?Els
16

y = tan™ ( sin ﬁ) (17)
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The second approximation to & is furnished by the integral
of differential equation (16):

E=t.q 05 (T—T,) + &5y cOS (3T —T5) (18)
where
§10=§?a(1——%0051¢’:) s Ti=ﬂ+x (19)
— ga’zg?a . % -1 657
gsa = 16 V(72_9)2+36ﬁ2“,’2 ; T3=T1-tan ——?2_9 (20)

Substituting the integral (18) into the second of equations (8),
we obtain the second approximation to the power balance

p= ';— azgia sin Ty (21)

Let us discuss the results. Expressions (18), (19) and (21) show that
the amplitude of the fundamental (first) tone, its initial phase and

the power balance differ but slightly from the case when ¢ = const.
The response characteristics of the first harmonic are close to those
discussed in Section 13 which are the result of excitation by a centri-
fugal force of constant modulus!.

A feature of the phase response relation 7, (y) is that with y =1
the initial phase T, > n/2.

The amplitude of the third harmonic g3, is proportional to a? and
the first-harmonic amplitude &f,. The third harmonic has two
resonances: together with the first harmonic in the neighbourhood
of y = 1 and also in the neighbourhood of y = 3. The initial phase
of the third harmonic t; varies within the segment 0 < t; < 2n,
the changes inside the zone of each resonance being rapid; at y =1
the initial phase T3 << 3n/2 and at y = 3 the initial phase T3 > n/2.

Since in the neighbourhood of ¥y = 1 the first and the third harmo-
nics have simultaneous resonances, the ratio &3, : §,, remains nearly
constant. But in the neighbourhood of y = 3 only the third harmonic
is resonant and this results in an increase in the ratio &3, : &;,. Thus
the increase in the ratio of the amplitude of the third harmonic
of vibration of the working member to the first-harmonic amplitude
can be attained by increasing the parameter o or by the third har-
monic approaching resonance in the neighbourhood of y = 3 as well
as by increasing the magnification factor of this resonance, i.e., by
reducing the damping ratio f.

Figure 77a-d shows the response curves for the first and third
harmonics. The arrangement illustrated in Fig. 76 does not ensure
the isolation of the stand from vibrations with a considerable range

1 The frequency ratio y is identical with the ratio y, in Section 13.
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in the neighbourhood of y = 3, i.e., with a spring of large stiifness
which, according to the fourth of expressions (2), is

¢ =1 (my+my) 0*

Another essential shortcoming of this arrangement is that the third
harmonic resonance in the neighbourhood of A = 3 is much less
pronounced than in the neighbourhood of y = 1 since the amplilude
Es. is proportional to the amplitude §,; and the latter becomes very
small in the neighbourhood of y = 3 because of the high stifiness
of the spring.

The arrangement illustrated in Fig. 78 proves to be more advanta-
geous. Here the body £ of the vibration generator is connected

[Ia - [ I {711 | -
| N\
ZJ_R—, 0z 9 7
S5 A -
) a1 g '
25— P —— 72
.'7 | ra NJ_A_w EE é
g 7 Z-J gy 0 1 Z J 7 < J
1[ tJ
| Jn 0 4 !
5 S
" 7 L §‘§
; ; N\ S, A
0 ) SN
o 7 2z g g 01 2z 3 z
Figure 77 Figure 78

to the fixed foundation 7 by a very compliant spring 7. Spring 3
and damper 2 connect the body with a second body 8 which we shall
agree to call the working member!. The body and the working member
can perforui only translational motion along the z-axis because
of ideal constraints 6 and 9. Unbalance 5 rotates about the axis
O which is rigidly connected to the body.

We select as generalized coordinates the displacements z® and
z® from the equilibrium positions of the body and working member,
respectively, and the angle of rotation ¢ of the unbalanced mass

1 In fact, the body 4 itself may serve as a working member and the second
body as a reactive element. Cases are possible when both bodies, 4 and 8, are
working members.
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measured from the positive direction of the z-axis. The kinetic
energy of the system

T = 5 o (Z®)2+ 5 (my + mo) (20)2+ 4 @t —mgrzDsing  (22)

The potential energy (neglecting the force of gravity and the
stiffness of the supporting spring 7)

=3 ¢ (ath —a()2 (23)

and the dissipative function
O = b (&) —g@) (24)

where m; = mass of the generator body
m, = mass of the working member
¢ = coefficient of stiffness of spring 3
b = resistance coefficient of damper 2; the rest of the nota-
tions are the same as in relation (15), Sec. 33.
On the basis of equalities (22) through (24) we set up the differen-
tial equations of motion:

MeZ® — b (20 — 2B) —¢ (2 — ) = 0 1

(my +m5) TV b (T0 — 2B) ¢ (20 — ) —

LN ) L] (25)
—myr (psin @ 4-¢?cos @) =0
JQ—merz® sinp=M
We introduce the following dimensionless quantities:
_ my+ my . . b . _ c
A= mo4-my+my ° p= 29Am,0 ? L l/ Am.0? (26)
ED — mi+ Mo ), o — mitmo
mgr ' mor
the quantities 7, p, o, P defined by equalities (2), (3), and (5),
and the variable

E—E0 _E (27

and rewrite Eq. (25) in the following form (the dots are used to
denote differentiation with respect to 1), retaining only the terms
within the first order of smallness:

;l; == @M gin T 4 p
.§.+ Zﬂyé—i- PE= cos1:+(§|;—tp) sin T 5 2\ia CoST (28)
T =E+ 2ByAE-H g

15—12
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Taking expression (9) as the first approximation to ¢, we obtain
the first approximation to § determined by (10) and (11). We pro-
ceed to determine the first approximation to &U from the third

of Eqs. (28):
EU* — ED® 0o (7 — %) (29)

where

BV =EL V (VA — 12+ 4B%yA2 )
1_2BvA (30

1% __
T * =1} + 7 — tan =T

The second approximation to ¢ is determined from the first of
Eqs. (28) and is etpressed by
Y=y a.’E“" sin (2t —t{¥*) (31)
with the condition of periodicity
B = o sin v* (32)
The second approximation to § is determined by expression (18)

where

B =B (1 = (l)t) cos TV* )

T, =14 tan™? (ﬁ Ee sin‘ti"')

B Qo (Le (33)
* 16V T )5 1 36p%y3

-1_6Bv
1:,=-rr-|-tan lm

The second approximation to &V is expressed by the equality
ED =EP cos (v — 1) - &L cos (3v — 1) (34)
where

O =,V (3PA— )2 L 4p3yPA%; 1 — 1, + n— tan™? st_vx l

B —boo VPR —OF  300°PR 7 =5+ n—tan~t 0

The second approximation to &2 is represented, in accordance
with expression (27), by the equality

E2 =E2 cos (t—1{¥) 4 E¥ cos (3t —1(?) (36)
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where
@ — Y (€D cos T —En, €08 Tr)2 + (ED SIDTD — Epg SIN Tp)? )

£ gin T gf (37)
— tan-! Ena Sin 1) —Epe sin T, _ J
Tn ED cos TV —Epg co8 T, (n=1,3)

A serious shortcoming of the arrangement discussed above and
also of the preceding one is that the possibilities of increasing the
coefficient o are limited, particularly when it is required to vibrate
large masses. True, the arrangement shown in Fig. 78 permits one
to obtain a greater ratio of the amplitude of the third harmonic
of the vibration displacement of the working member to that of the
first harmonic and a higher magnification
of the third-harmonic amplitude in the neigh-
bourhood of y = 3. 8-

The arrangement shown in Fig. 79 offers

|
|
J 1

much wider possibilities. The figure shows a , <
centred system with a pendulum vibration ge- \E:
nerator whose parameters are chosen, in accor-

dance with the recommendations stated in £
Section 31, in such a way that no reactions ~

ted by fixed baseplate £ by means of springs 5
of large compliance. The axis A of the unba-
lance is rigidly connected with the pendulum.
Springs 7 and damper I connect the frame F
with working member 8. Since the system is igure 79
centred, the centres of gravity of the working member, frame, pendu-
lum and unbalance are all on the central z-axis, when they are in
the equilibrium position. The resultant of the reactions of springs
7 and the reaction of damper I act constantly along this z-axis.

The pendulum performs small oscillations under the action of
rotation of the unbalanced mass and the frame and working member
vibrate in a translational motion in the z-direction. We select
as generalized coordinates the displacements z® and z* of the
working member and the frame, respectively, relative to the mean
position under steady-state vibrations, the displacement angle ¢ of
the pendulum and the angle of rotation ¢ of the unbalanced mass
both measured from the equilibrium position.

We introduce the following notations: m; = pendulum mass,
m; = frame mass; J, = pendulum moment of inertia with respect
to the axis of swinging, the moment of inertia of the unbalance
being taken into account by placing an equal point mass at the
axis of rotation; a — distance from the axis of swinging of pendulum

15¢*

appear on pivot O of pendulum 2in a direction 5 7
at right angles to the central z-axis. The pen- 4 i
dulum is hinged to frame 6 which is suppor- 2 4
J
x
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to its centre of gravity; I = distance fromn the axis of swinging of pen-
dulum to the axis of rotation of unbalanced mass. The rest of the
notations are the same as those for the arrangement shown in Fig. 78.
Neglecting the force of gravity and the reactions of springs 5, we can
now wrile the following differential equations of motion of the

system:
» ’ a2z dzth dx(2)
(m -+ mi 4 mo) S+ b (g — ) +e (20 —z®)—

— (mya +myl) [%;‘,1 sin 0 (Z—f)zcos c]—
—myr [%,’4 sin @4- (i—‘f)z cos cp] =0

22(2) ol @
mzd;tz _b(d:;t _ dfit )-—-c(z‘l’—x"’)=0

- (39)

a3 ’ d2z(b
Jy d—g—(m,a+mol) —d’:,—smo+

2
+mygrl [—Zt%’ cos (¢ — o) — (j_q: ? sin (q>—c)] =0

d2 dizty |
J——‘dt'f — mor —— sin P+

de doy2
+ myrl [—52— cos (p—a) + (d—:) sin (@ —a)] =M
We introduce the following dimensionless parameters:
__mitmitmy o= mor
my~+m]+m;+mg VI (mi+ mj+mo)

(1)=""1'_+m Ww. g _Mitmitme g
§ mor z®; = mgr z (39)

—_mr . T _ morl

T mia+mol’ L AR P—]/ J J
and also <, p, ¥ defined by relations (2), (3), and (5) and B, v, &
given by equalities (26) and (27).

To simplify matters, we assume that ¢, {p,.lia, g, 6, b', a?,iand ¢ are
small quanlities of the same order and retain small terms up to
the first order inclusive. As a result, we obtain

Y= —p?gcost +-attVsint4p

€

)
o= p*sint
E+2pvE+ v = cos T+ (Y —W)sin T+ 2pcos T+ 5 (00-+ )
B0 =E 4 28yAE+y2 0t

- (40)
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We take again expression (9) as the first approximation to 1.
From the second of Egs. (40) we obtain:

o= —pPisinvt (41)
The third of equations (40) now takes the form
T+ 257é+72§=cos r—# cos 2t (42)
Hence the first approximation to & is
B =&, cos (v— 1) + &, cos (2r—13) (43)
where &}, and 1} are defined by expressions (11),
» plid . o401 4BV 4
S = e V{y? =42+ 16p%y2 ' T =tan ¥—4 @9
The fourth of equations (40) yields the first approximation:
poe Eg)* cos (‘l:—‘t'i“") + Eﬁ,’* cos (2t — .L.;m:) (45)

where E2* and t{"* are calculated from formulas (30),
gzl)t EmV('YzA' 4)z+1ﬁpz 2)3 ]

(1)‘ T* + ﬂ tan-l Y:f_.?_l_{

The second approximation to ¢ is found from the first of equa-
tions (40) upon inserting into it the values given by (41) and (49):

P = YPpq 5in (2v —6,) (47)

(46)

where

V=3 VPPt G

algil* sin Ti* 48
azg(l)* coS T(l)‘ _‘)4; ( )

92 =tan™!

The power balance can be calculated from formula (32). We now
find the second approximation to £ from the third of equations (40),
making use of relations (41) and (47):

E=2E, c0s (v—1,) + Eq cOS (2T — T3) - E3a cOS (3T —T35) (49)

where &, and T, can be determined by using equalities (44) and
£y 71, Esas Ty by using the following equalities

Bo==£h (1 — 7 $20c080,) 5 Ty=1] +tant (7 Yuasin®,
2 2

N2q . - -1 6By
e Ve TR o
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Further, from the fourth of equations (40) we obtain
EV - BV cos (t— V) +ER cos (2T —T3") + & cos (3t —13)  (S0)
where

2 =tne ¥V PR — 1) + AR )

91
W =1, 4 —tan —rl ixw' y (n=1,2, 3)j eh

Finally, in accordance with equality (27)
E® =E® cos (t— 1) + E2 cos (2t —1¥) - &2 cos (3t — V)  (52)

where £2 and ©¥ (n = 1, 2, 3) are determined from formulas (37).

Thus, the working member performs vibrations comprising, within
the second approximation, the first three harmonics. The rest of the
harmonics are small quantities of higher orders outside their reso-
nance zones. The relations obtained indicate that within their
resonance zones the amplitudes of the second and third harmonics
can become large quantities.

35. Limitations Imposed by the Motor.
Steady-State and Transient Operating Conditions

In the preceding sections the mnotions of the vibrating systems
were treated without taking into account the limited capacity of the
motor as the source of the energy required to sustain the vibrations.
Where the moment developed by the motor on the shaft of the
unbalance was introduced into the differential equations of motion
(for instance, in discussing the problem of vibration frequency
multiplication, Section 34) it was presumed that the magnitude
of the moment corresponds exactly to the conditions for periodicity
obtained for the given mean angular velocity of the unbalanced
mass. Actually the mean angular velocity cannot be specified arbitra-
rily. It takes a strictly delinite value depending on the properties
of the vibrating system, the capacity of the motor and Lhe condi-
tions of bringing the system to operating condilions.

The problems of the inieraction between the vibrating system
and the motor have been studied by many investigators. The most
systematic and completle treatment of the limitations imposed by the
motor is due to V. Kononenko. In respect of steady-state motion
conditions discussed in this section the problems of the interaction
between vibrating system and motor acquire much practical impor-
tance in designing resonance vibration machines.

We shall consider the simplest arrangement shown in Fig. 76,
assuming the shafl of the driving motor to be rigidly connected
with the unbalanced-mass shaft. The motion of this system is descri-
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bed by differential equations (1), Sec. 34. The moment on the right-
hand side of the second of equations (1) developed by the motor
on the unbalanced-mass shaft! was considered constant. The moment
actually depends on the conditions of motion of the system.
The static characteristics of the motors are known; they represent
the relations between the motor torque (or the power developed)
and the angular velocity. These characteristics are determined for
constant angular velocities and that is why they are called static.

Thus, the static characteristic of the motor may be represented by
either of the relations

M=M(0), N=N (0)=0M (o) 1)

where’' M = motor torque at the unbalanced-mass shaft minus the
moment of the forces opposing the rotation of the
unbalanced mass
N = power developed by the motor minus the power required
to overcome the resistance to the rotation of the
unbalanced mass

® = (constant) angular velocity of rotation of the unbalanced
mass.

On the other hand, one can construct the static characteristic of
the resistance offered by the vibrating system which is the relation
between the angular velocity of the unbalanced mass and the active
power (cf. Section 23), i.e., the mean value of the power N, ..
required to sustain the vibrations of the system or the relation
between the mean value of the moment M., corresponding to
N ean and the angular velocity of the shaft:

Muean =M pean (m)’ Nmean = Nmean (0)) = @M mean ((D) (2)

Both these relations must be obtained for constant angular velocities.

To ensure steady-state vibration conditions at constant angular
velocity of the unbalanced masses it is necessary that the following
power balance be fulfilled:

OM (©) = OM pean (®) 3)

The solution of Eq. (3) furnishes the angular velocity at which
steady-state vibration conditions can be attained. It should however
be noted that condition (3) is not sufficient. First of all, Eq. (3)
may have more than one real and positive root and it will not be
clear which of the angular velocities obtained by solving the equation
will be realized. On the other hand, not each position of dynamic
equilibrium of the system described by the power balance is stable.

The full curve in Fig. 80a represents the static characteristic

1 To be more exact, it is the difference between the moment developed by
the motor and that opposing the rotation of the unbalanced mass.
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of the motor M (w), and the dotted curve is the static characteristic
of the resistance of the vibrating system M., (®). The curves
intersect at points I, 2, 3 where condition (3) is satisfied. The
abscissas of these points ©,, w,, w; are roots of Eq. (3).
Suppose that the system is in a state corresponding to point I.
Let us add to the angular velocity ©, a small positive increment Aw.
For this state the motor moment M (0, + Aw) is equal to the
ordinate of point 1, i.e., to the segment a.1’;, and the resisting
moment M, ., (0, + Aw) is equal to the ordinate of point I7,

M M

/ 7’
Mmean J A
4 7 J
2 z
s /]
-
77 S
Vs
f a. d
w,’dl;) ll’& UI*‘U Uz ll)’ [} Mﬂ'lcﬂ”
a) b
Figure 80

i.e., to the.segment a41". Since M (0, + Aw) < M, 00, (0, + Aw)
the rotation will slow down and the system will return to point 7.
If a small negative increment —A® is imparted to the angular
velocity w,, then, as shown in Fig. 80a, we shall have M (0, —
— A®) > M pe0n (0; — Aw) and the rotation will be accelerated
and the system will again revert to point 7. Hence the dynamic
equilibrium represented by point 7 is stable.

In a similar way we find that the dynamic equilibrium at point 3
is also stable. Point 2 is unstable since with increasing angular
velocity the difference M (@, 4+ A®) — M con (0, + Aw) > 0 and
this causes the angular velocity to rise further and shift from point 2.
If the angular velocity decreases, we have M (0, — Ao) —
— Mpean (0, — Aw) < 0, which leads to a further fall of the
velocity and the displacement from point 2.

It is readily seen that the condition of the stability of the dynamic
equilibrium of the system can be expressed by the inequality

_dd%) o=, %) o=a; (4)

where o; is the root of Eq. (3)!.
Which of the stable points will be realized depends on the condi-
tions under which the system is brought to the operating conditions.

1 It is presumed that the static characteristics of the motor and the vib-
rating system intersect without touching.
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Thus, if the angular velocity © > ©, is somebow imparted to
a system corresponding to Fig. 80a, the system will move on to
equilibrium point 3; but if the angular velocily © << @, is imparted
to the system, it will go to equilibrium point 1.

Taking © as a parameter, we can give inequality (4) the form

M
dMmean )M=Mmean < 1 (5)

Figure 80b illustrates the curve M = M (M p.on). The dotted line
bisects the angle between the coordinate axes and is represented
by the expression

M _y
deean o

Points 7 and 2 are stable since they satisfy condition (5); on the
contrary, point 2 is unstable.

In discussing the changes in the state of the system we assumed
the change of the angular velocity to be sufficiently slow to allow

the use of static characteristics.
Let us return to the system illustraled in Fig. 76. With the condi-

tion (p = ® = const and taking into account the first of equalities
(1) the differential equations (1), Sec. 34, of the motion of the system
take the form

(my+ my) :.z:'+ bz + cx =myro? cos ot 6)
— mora.:.sin ot =M (o) + M’ (2)

where M’ (¢) is the alternating reactive moment required to keep
the angular velocity constant (cf. Section 33).

We integrate the first of equations (6) and substitute the solution
obtained into the second equation. Equating now the constant
components on the left- and right-hand sides, we can write the equa-
tion of power balance corresponding to relation (3):

(mor)? b0® — 2 [(c — mw?)2 4 PPe?] M (0) =0 (N

On solving this equation by one of the approximate methods we
obtain its real and positive roots ©;. The static characteristic of the
resistance of the vibrating system in this case is

_ (mqr)2 bwb
Mimean = 2 [(c— mo?)23-b302] (&)

Making use of condition (4), we determine the stable points.

The motors are usually started at ® =0. In a system corresponding
to Fig. 80 this will lead to the steady operation represented by
point 7. The motor is incapable (at least with slowly increasing
angular velocity) of bringing the system to point 3. In order to attain
this point it is necessary to impart by some means to the unbalanced
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mass the angular velocity ®w; > ®,. Quite often the motors have
adjustment devices for changing their static characteristics. 3uch
devices are preferably made use of at starting.

Figure 81 shows a family of motor static characteristics (full
curves). The curve I corresponds to the working conditions, and

y the curves 2 and 3 can be realized for
a short time, The dotted curve repre-
sents the static characteristic of the
resistance of the system. In order to
attain the working point A one must
change over to the static characteris-
tic 3 of the motor, raise the speed
of the system up to point A’ and then
switch the motor over to the working
conditions and, by reducing the num-
ber of revolutions, come to point 4.

Usually the working point lies on the descending portion of the
static characteristic. In the neighbourhood of the normal operation

point a linear representation of the static characteristic is often
used:

Figure 81

M=M,-ko (9)
where

My=M;+ kyo;; ki=— (ﬂ

do )o)=m, (10)

M, and o; being the values of the motor moment and angular velo-
city, respectively, at the normal operation (working) point.

The interaction belween the molor and the vibrating system leads
to the appearance of nonlinear effects in systems that would be
linear with a motor of unlimited power and absolutely rigid characte-
ristic, i.e., with dlM//dw = —oo and ® = const. One of the nonlinear
effects is Sommerfeld’s effect the essence of which consists in that
the unbalanced-mass angular velocity changes by jumps with smooth
adjustment of the motor voltage. If one adjusts the motor to higher
speed, then the working point moves smoothly from itls initial
position K along the static characteristic of the resistance (the full
curve in Fig. 82a) since the static characteristics (dashed curves)
gradually move to positions Z, 2, 3. On reaching point 4, correspond-
ing to characteristic 3 the angular velocity increases jumpwise
and the working point moves to A,. From this point the angular
velocity will again increase smoothly on transition to characteristic
4 and the working point will continue to glide along the portion
A,L of the resistance characteristic.

If the subsequent adjustment will be made for lower speed, then
the working point will glide smoothly along the resistance characte-
ristic over the section LA ,B,. Having reached point B, corresponding



35. LIMITATIONS IMPOSED BY THE MOTOR 235

to characteristic 2, the angular velocity will jummp down and the
working point will move to B,. Further the angular velocity will
decrease smoothly with smooth transition to characteristic 7 and
the working point will glide smoothly along the section B,K of the
resistance characteristic. )

The steeper the motor characteristics, the smaller the jumps of the
angular velocity described above (see Fig. 82b). With sufficiently
steep characteristics when within the range of angular velocity
adjustment

(11)

Figure 82

Another nonlinear effect consists in that the rate of increase
in vibration range at resonance gradually diminishes. Let us treat
the phenomenon schematically, taking, as an instance, the resonant
vibrations of a very simple conservative system excited by a sinusoi-
dally varying force (see Fig. 7). In accordance with formula (14)
Sec. 7, the solution of the differential equation of the motion takes
the following form:

__Fa
r=t (12)
where F, = amplitude of the sinusoidal exciting force F, cos wt

m = mass of the vibrating body
® = frequency of resonance vibration.

Let us assume that the static characteristic of the motor is abso-
lutely rigid at N << N, where N, is the limiting value of the mean
power of the energy source. Let us assume also that the frequency o
of the sinusoidal excitation does not vary whatever the rate of
increase of the swing of vibrations.



236 CH. 6. NONLINEAR PROBLEMS IN VIBRATION GENERATORS

Differentiating expression (12) with respect to time, we obtain

z = 52 (sip o + o cos wt) (13)
At the moments of time
=2 (m=1,2,...) (14)
the total energy of the system
3 o
En=T200 (15)

It follows from this expression that the mean power consumed
by the system during the time interval between the (n—1) and
the (n+1) cycles will be

2
Nmean =% (En+1 ‘—En-i) =%‘£? (16)

i. e., with F, = const the power increases without bound. Equality
(16) holds at N een <N,y i.e., up to the n, cycle defined by the

relation?

which corresponds to the moment of time

4mN,
Fi ) (18)

t‘=

in accordance with equality (14).

With ¢ > ¢, the “amplitude” of the exciting force starts decreasing
since with the conditions assumed this is the only way to maintain
the power balance. Denoting the varying “amplitude” by F., we can
write the condition of the power balance ? as follows:

No=32, (n>n) (19)
Hence
F,=) 2ok (20)

or, taking into account expression (14),

F,=2) 2%, (t>4) (21)

1 The notation [A4] is used for the maximum integer not exceeding 4.
2 It is presumed that F, changes sufficiently slowly.
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The equations of the vibration envelope are

X, =« Fat ’ (t<ti)]

2mo

X2 —'me_+ I/-NOt (t>1) '

where ¢ is the spring stiffness.

Consequently, with ¢>¢ the swing of resonant vibrations
increases not according to the linear law, as it must be in linear
systems without damping, but according to the parabolic law,
i.e., the rate of increase is much lower. This is illustrated in Fig. 83.

We have discussed the simplest case of nonstationary vibrations.
However the qualitative result remains the same with other motor
characteristics and in more comp-
licated systems.

The static characteristics must
not be made wuse of with those
nonstationary processes which are
characterized by rather rapid
changes in the angular velocity of
rotation of unbalanced masses.
The behaviour of the vibrating
system is described by nonreduced
differential equations, for exam- Figure 83
ple, by Egs. (1), Sec. 34, for the
system shown in Fig. 76 'where M is the variable motor moment
defined by differential or mtegro-dlﬁerentlal equations which describe
the dynamic processes occurring in motors. These processes may
be electrodynamic, hydrodynamic, etc., depending on the type
of motor. If all the variables determining the electric, hydraulic
or other processes in the motor are eliminated from the equations,
the following relation will result:

dp d%p dng
f(qu)v'ﬁ'i ai dtn) (23)

(22)

z

In some cases the following explicit form can be derived from (23):

dp d? an
M=M (o, F. FF g (24)

With a nonstationary process where the control of the motor
follows a prescribed program (i.e., a program partly or completely
independent of the behaviour of the vibrating system and of the
processes occurring in the motor system), Eq. (24) becomes nonauto-
nomous:

dp dl9  drg
M= M(t I i (25)
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With Eq. (24) taken into account the differential equations (1),
Sec. 34, take the following form:

(my—+ mo)..t. -+ b.;~+ cx =:myr (‘q.w sin @ + c.p'-’ cos @)

Jo—myrzsin Q=M (@, ¢, P, ..., ¢)

Thus the study of transient (as well as steady-state) processes
characterized by considerable values of turning angle derivatives
with respect to time requires integration of a more complicated set
of equations whose order is, generally speaking, higher than that
of the initial set of equations (1), Sec. 34. The integration is usually
carried out by computers, less often by using numerical and appro-
ximate methods.

In some cases expression (24) may be simplified. Thus, for induc-
tion and commutator a.c. motors, d.c. motors, steam turbines and
other drives one may, in a number of cases, assume that

(26)

M=M (9,9 (27)
over a wide range of q> and q; values and
M=M —kg+ko (28)

in the neighbourhood of the working point.

Of considerable practical interest is the calculation of the minimum
starting moment of the motor sufficient to start a centrifugal vibra-
tion machine. We shall consider the beginning of the start ensured
if the motor gives the unbalanced mass half a turn from the lower

position, the unbalanced mass acquiring the angular velocity ¢ > 0.
Assuming the motor torque Mmo: and the moment of the resistance
force A ,.s to be constant and neglecting at the beginning of the
start the displacement of the generator body (the displacement
of the body facilitales starting), we can write the following differen-
tial equation of the starting process:

J.q.>+ mogr sin @ = Mmot — Mres, (Mmot — Mres = 0) (29)

where @, my and r have the same meaning as in discussing the arrange-
ment in Fig. 106, and g is the acceleration of the freely falling body.
The first integral of the equation

¢ _ot om Mimot—Mree (o ) (30)

Suppose that the start takes place with the unbalanced mass at the
lower position when @, == 0. Then with a sufficiently small difference

" (cos @ — cos Qo) +

Mmot — M,.s the initial increase of the angular velocity (p will
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be succeeded by a decrease in it due to the moment of the weight
of the unbalanced mass exceeding the dilference Mo — M,.s.
In order to ensure the beginning of the start it is necessary that at
the end of the decreasing of the angular velocity its minimum
value be

Pmin>>0 (31)
When the angular velocity (p is at a minimum, the angular
acceleration cp is zero and we thus obtain from Eq. (29)
Mmot—M;es
mogr
where ¢, is the turning angle of the unbalanced mass at which
(;)min is reached; this angle must lie within the interval n/2 <

< @m <<7n because the condition for the minimum of (p is that
the inequality

sin @ =

(32)

.(;);n = '—"”"%' (i)min cos pm >0 (33).
be satisfied.
Substituting into the integral (30) the initial values ¢,=0,
Po=0, we obtain

2m .
¢n=3r— ig;{m sin? ¢£‘ (34)
or, in view of equality (32),
om= tan 2 (35)
The required solution of Eq. (35) is
Pm=2.33 (36)

Taking account of inequality (31), we now obtain from expres-
sion (32)

Mpot > Mo+ mogr sin op, (37)
and since sin @, =0.725
Mmot > Mre: + 0°725m0gr (38)

If the quantity Mo furnished by this inequality is considerably
greater than the starting moment of the motor capable of
sustaining the steady-state vibrations of the machine,
the starting can be facilitated by initiating it with the unbala-
nced masses in the upper position or letting the masses drop
from a position near the upper one and switching on the motor
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when the unbalanced mass reaches the lower position, when under
the aclion of the gravity moment the mass has acquired a certain
angular velocity.

In the latter case the initial conditions at starting will he

[ Me
9o=0, qo=7/ 28 _ Mres

On inserting these conditions into the integral (30) and making

use of equality (35) we obtain the transcendental equation
Pm __ M 7oy
q)m'l‘ cotan 2 Mot —Mres (39)

Upon solving this equation for ¢,, we can use relation (37) to deter-
mine Mmot. This value of the starting torque may prove perceptibly
less than that calculated from inequality (38).

The easiest start with the unbalanced masses in the upper position
is achieved when ¢, is determined by the equation

om+ cotan-(P—z'”- =% (40)

whose root, corresponding to the minimum angular velocity, is
Pm=7 (41)

Hence, in accordance with inequality (37), the starting condition
takes the form

Mumot > Mres (42)

36. Self-Synchronization and Vibratory
Sustaining of Rotation

The vibrations of working members in many vibration machines
are excited by several, mostly by two, concurrently. operating
centrifugal vibration generators (unbalanced masses); see, for exam-
ple, the diagrams in Fig. 58 (d-%, j-I, n, p). In order to ensure proper
operation of the machine the rotations of the vibration generators
must be concurrent, i.e., certain prescribed ratios between their
mean velocities and phases must be maintained (usually the equality
of the moduli of mean angular velocities and the in-phase or anti-
phase rotation are required). The characteristics of vibration genera-
tors are not strictly identical in practice. Therefore, in the general
case, the frequencies at which individual vibration generators
rigidly mounted on a fixed foundation would rotate are different.

Concurrent rotation of the vibration generators mounted on
a common working member can be achieved by positive synchroniza-
tion, kinematic or electric. Under certain conditions the centrifugal
vibration generators actuated by drives of the non-synchronous
type operate synchronously in spite of the differences in the para-
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meters and the absence of direct connections between the drives.
The vibrations of the working member (the carrier body) serve as
the channel through which the energy is redistributed between the
vibration generators, this exchange leading to their concurrent
rotalion usually called self-synchronization. The use of this phenom-
enon allows considerable simp-
lification of the machine design.

Self-synchronization cannot be
studied within the framework of
the linear theory by assuming
that vibration generators rotate
uniformly and synchronously. It
belongs Lo the category of typically
nonlinear phenomena akin to en-
trainment (cf. Section 21). This
phenomenon occurs not only in
concurrently operating vibration Figure 84
generators, but also in many oth-
er dynamic systems having close vibration frequencies or rota-
tion speeds. provided thal certain constraints, somelimes very
weak ones, have been imposed on the systems. The general theory
of synchronization has been developed in (he works of I. Blekh-
man and other investigators.

We shall restrict our treatment to a particular example which,
though very simple, retains the characteristic features of the general
self-synchronization problem.

Figure 84 is the dynamic model of a vibration machine with two
vibralion gencrators 7 and 2; the working member & of mass m, has
oite degree of freedom and is supported by ideal springs 4 whose
total sliffness is c;. Let my, rp, and J, denole ihe mass, its
eccenlricity and the moment of inertia of the Ath wunbalance
(k =1, 2). Let us denole by z the displacement of the working
member measured from the equilibrinm position, and by @, the
turning angle of the Ath unbalanced mass measured connterclockwise
from the posilive direction of the z-axis. We introduce the number
¢, equal to <-1 if the kth unbalanced mass rolates in the positive
sense and to —1 in the opposite case. The coefficient of viscous
resistance to the rotation of the Ath unbalanced mass is denoled
by &, and the molor torque is given by the straighl.-line portion
of the static characteristic of the motor e L, — bigr where Ly
and b% are constants.

We consider only the nouresonance case, neglecling accordingly
the dissipalive resistance Lo the otion of the body. The moment
of the weight of unbalanced masses is also neglected as il ix irrelevant
to the discussion. The equations of motion can now be wrilten
16—12
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in the following form:

a*s degp \2 d2¢ .
My €2 = mlrl[ (T) cos (p"'l"_ETJ'SUI (pl] + W

ETERAL
= Ml l_ kT') Cosy. -
¢

([2|': .
pTE S @,

d2qy, dyn * d‘{h } (1)
S =g+ b —g = &l — Ui =+
d3s
<= myry “, singp, (k=1 2) J

where m=m,+ m,-+m,.
The task is to find the solution of the set of equations (1) in
the form

3 s(ol). qi=¢gxlot--gr(wt)), (k=12 (2)

where 3 and g, = periodic functicns of their argument w¢ with
period 2n
o = unknown synchronous frequency which is also
to be determined.
The terms enlering into Eqs. (1) differ by order of magnitude.
This may be directly shown by choosing a suitable scale for the
variables. Let us denote

C:%, T= Wi (3)

where f/ has the dimension of length. For the sake of brevity, Lhe
quantities & and T will be called the dimensionless displacement
atid the dimensionless time. respeclively. It is convenienl to intro-
t(lnee as new variables. instead of the ph.hes ¢, and @,, their combina-

tions

1 \ 1
o= (E@1+eP2). =5 (&1 —8sP2) (%)
If we also introduce the notations
__ myr= m.ry __ o (myr)2 - (marg)? g __ _Cr )

- m v TSy (J1=J2) T mwg
N _ Ly oy
()0 - ] ((ol ' ('02)’ “ok - b :_b?: - 1 “~MUPr

Uy [] -
© 1 uh ©ih —Pr==p [ (0)
) L 1 (L, L»
b= o =A(1+ur), A 507 ( 7, +-7 ) )
n=—r=r, (k=1,2) J
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then Egs. (1) will become

.C.+?f§ = [(¢*+ }?) cos @-- ¢ sin @] cos P )
+ ( cos p— 2+ sin @) sin b
EP“" Mi’= Adp [.C.Sin(pcos'lp_{-
4 2Mh — Ao —A (r - p) ¥]
¥+ Ap=p [Ccos psin P+
A+ Ar— A (r + p) @— Ml ]

The dots are used to denote differentiation with respect to T.
Note that the terms containing the dimensionless acceleration

of the working member { enter inlo the second and third equations
only with the factor p. Since it is these terms that determine the
coupling of the motion of the working member and the rotation
of the unbalanced masses, one may say that the factor p is the inea-
sure of the strength of this coupling. In vibration machines of the
type considered the factor p is small as compared to unity and
therefore we may use the small-parameter method to solve the
self-synchronization problem. Note that the parameler p is similar
to the quantity a? defined by formula (18), Sec. 33. _

The smallness of p is reflected also in notatiouns (5). Assuming
the vibration generators to be almost identical, we express the
differences in the parameters in the form of terms having the order
of u. The selection of the unknown synchronous frequency o as time
scale has led to the absence in explicit form of the frequency in the
equalions of motion. The problem is thus reduced to constructing
the solution of the set of equations (6) in the form

[ (6)

E=L(®), p=1+¢g(1), ¥Y=9 () (7

and determining the correction ph to the frequency.
In applying (he small-parameter method (see Section 19) we
shall seek the solution in the form of power series in p, i.e.,

? () = ¢ (1) +pe® (1) + ... }
() =9 O+ pp® (@) + ...

and it will be sufficient for our purpuse, as can be readily seen from
what follows, to be contented with the zero approximation to .

So we shall everywhere write { (t) instead of {‘” (1). The equations
for the zero approximation to ¢ and  can be derived by selting

16+

(®)
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gt = 0 in the second and third of Egs. (6):
QO+ AP = A
;l;u» + Mi,w) -0

Thus the cquations in ¢ and Y for the zero approximalion prove
to be independent and not related to the first of Egs. (). These
equations are satisfied by a solution of the form

PO (W) =T+, PO (1) =1;" (10)

where ¢\ and {{” are constants.

It is clear that this solution also satisfies condilions (7) simulta-
neously, since the constant may be regarded as a particular case
of the periodic function.

Substituting solution (10) into the first of Eqgs. (6), we obtain
T+ 9% = cos Y™ cos (1+ @ (11)

i.e., the well-known equation of vibrations of a single-degree-of-
freedom system.

The zero approximation solution (10) depends on two arbitrary
constants. One of them, viz. ¢”, can be made equal to zero by
a suitable choice of the origin of the time. Accordingly we shall
put ¢;” =0 in the following discussion. As to the second constant

) which is equal, by formula (4), to half the phase difference
between the vibration generators, it remains indeterminale.

In order to determine P* and & we now turn to the first-order
terms in the expansions (8). We insert the expansions into the
second and third of Eqs. (6) and replace ¢’ (t) and ¢ (1) by
expressions (1) found earlier. The zero-order terms cancel out
in accordance with Ligs. (9); rejecting the terms of the second and
higher orders in p, we obtain the equations of the first approximation

(9

q;‘” ' Mp‘l’ = g (7) sintcos ¥ 4 Ak 12
\p‘“ M0 =§ (‘r) cos T sin P — Ap )
where, according to Eq. (11),
Ej—-— CoS tl; cos T (13)
1

It can be seen now that the right-hand sides of Eqs. (12) are

known functions of T.
Let us introduce the notations

4 (t) sin vcos P ¥ =@ (v, P }
14 (v) costsin $® —Ap = ¥ (v, P

(1%)
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The first integrals of Eqs. (12) can be written in the form

T 3
o () =3[ S ® @, B)erdd+C, |+
. » (15)

PO (1) = e[ S ¥ (0, %) 0 do+ G, |
0

J/

The second integration with the use of integration by parts
leads to the following form of the general solution of the first
approximation equations:

O (1) = Cyt-hr 24 (1 — ) —

\

T
— e § 0@, v er0dd+ 4 [ ®@, ¥)do
0

‘ 16
¥ (@) =C, + J2 (1 —e4) — o

1

T
—xer [we, wwewdst 1 [ ve, v
0

Oy @

7

The quantities C,, C,, C3, C, in Eqs. (135) and (16) are constants
whose numerical values ase insignificant. Expansions (8) must
salisfy certain conditions in accordance with equalities (7), viz.:
@ (t) — v and ¥ (t) must be periodic functions with period 2x.
Since zero approximation (10) satisfics these conditions, the functions
oY (v) and ¥ (7) must be periodic:

P (20) = @ (0)} 17)
¥ (2) = $® (0 ‘
Of course, the same conditions are imposed on the derivatives

?v(“ and ;p(l)'

Substituting solutions (16) and (15) in the periodicity conditions,
we see that the phase difference ¢${® and the correction % for the
frequency must be determined from the relations

P, (p®) = j ¥ (r, $)dr=0 (18)

P, () = jm (%, W) dv= —2nh (19)
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In the vibration theory, equations of the type (18) are called
determining ov bifurcation equations. liquation (19) represents the
power balance lo the firstl approximation. Since the dissipative
resistance to the rotation of the vibration generator is, in principle.
included in the motor characteristic and the dissipative resistance
to the motion of the body is neglected, the active power must he
zero. Hence b = 0. The same result is obtained by, direct calculation.
In fact. as it follows from formulas (13) and (14). the integral con-
tained in Eq. (19)

27
‘ D (, 1P‘°’)d'r-—c°s ";" S sintcostdr=0
0 0

Thus, the correction for the first frequency approximation proves
to be zero. :

Substituting the expression for ¥ (t, ) delined by identity

(14) into formula (18), we obtain the equation for Y{*:

0
P (b) = (U 52p) =0 (20)

If, at a lirst approximation, the parameters of the vibration gene-
rators are the same, i.e., p = 0, then Eq. (20) has two solutions,
P’ =0 and — /2. The first of the solutions corresponds
to the in-phase and the second to the antiphase rotation of the
vibration generators. With sufficiently small p we obtain two solu-
tions close to O and n/2, respectively.

All the conditions of the problem are formally salisfied by both
solutions. However, only one of them is actually realized, the one
that is stable with respect to small perturbations inevitably present
in any real system.

Let us consider the function Ay (1) + w(r) written accurate

within first-order terms in p. In accordance with expressions (10).
(15) and (16) we have

T
M (®) + % (1) = A0 +p AC+C)+p [ ¥ @, ¥ e (2

0
(one could also consider the function ¢ (t) but this involves a lengthy
derivation). Let ¥ = ¢ + Ay, where ¢ (¥ is one of the solntions

of the bifurcation' equauon (18), Ay, a small perturbation; the
function (21) can now be presented accurate to first-order terms
in Ay, in the following form:-

2 (%) + P (%) = M 4 AAY, +p (ACy+ Co) +

T T
[ YO, v a0+ pay, e [ Y@ v @)
0 Y
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Taking into account condition (18), we can write

M (0) + (0) = Mp® -+ A, + p (AC, +-C) \} -
Mp (2m) + P (20) = WP+ A (1w ) A+ (02 €D )

Comparing the last two expressions, we see that if the perlurhalinn
s el . . 1P

at the initial moment is equal to Ay,, it becomes (1 o l‘q‘,;,) AR
at T = 2n. If the number in parentheses is less lhzm unily, one
may conclude that the perturbation in phase caused in the sysiem
decreases with time and consequenlly the synchronous motion cor-
responding to the phase P’ is stable. Otherwise, the perturbation
increases and the correspondmo synchronous motion is unstable.

Thus, the stability condition of a synchronous motion corresponil-
ing to the phase ¢!’ takes the form

daP
g <0 (29
Inserting into (24) the left-hand side of Eq. (20), we obtain
= ! cos2y® <0 (25)
-V
Ilence we conclude that the synchronous in-phase motion (' -- 0)

is stable at p, > 1, i.e., in the preresonance region, and that the
synchronous antiphase motion is stable at vy, <1, i.e., in the
postresonance region. These conclusions are valid only for y, values
sufficiently different from unity when the system may be considered
non-resonant.

The self-synchronization problem for n vibration generators
mountied on a system of carrier bodies having f degrees of freedom
can be solved by a similar procedure. If we introduce as the coordi-
nates describing the rotation of the unbalanced masses the functions

=1 e, Vr=£9i—9, (=1, 2, ..., n—1) (20

s=1

then the quantities %”, at a zero approximation, again prove con-
stants and their values corresponding to synchronous motions are

found from the following set of transcendental bifurcation equa-
tions:

Py(b%, 2, oo P2y, )=0, (=1,2,...,n—1) (27
and the correction to the frequency is found from the equation
Pn (w(jﬂ:, (20,:, ey ‘f?)— 1, .) = —2nh (28)

The structure of these equations can be partly elucidated by com-
paring with formulas (18) and (19). The stability condition of the
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synchronous motion corresponding to a certain solution of system (27)
is the generalization of condition (24) and can be stated as follows.
All the roots of the algebraic equation of degree (n — 1)

oPy —z P, i) 4
NT T W

P, apP, . P,

oY @0 T oy, =0

dPp_y 0Py _y Py
op Ivey T opRh e

or, in brief notation,

‘ % =0 (29)

—— ;a2
Iphe J

must have negative real parts.

Thus, in order to solve the self-synchronization problem one
must construct the approximate solution of a complete set of equa-
tions, laking account of the effect of the vibrations of a carrier hody
on the rotation of the unbalanced masses and then investigate the
stability of the solution. 1. Blekhman and B. Lavrov have formulated
an integral criterion of the stability of synchronous motions that
permits one to simplifly considerably the procedure. The applicability
of the integral criterion is limiled to systems that are conservative
at a zero approximalion.

The essence of Lhe integral criterion of stability for synchronous
molions can be stated briefly as follows. Consider the zero approxima-
lion equations for the carrier body. As the above example shows,
these equations describe the motlion of the so-called auxiliary body!
under the influence of sinusoidal exciting forces with arbiirary
phase differences. It is found that the phase differences to which
syvinchronous motions can [ormally correspond are delermined from
the conditions of stationariness of the period-averaged value of the
Lagrangian function in the steady molion of the carrier body. Acivally
only those molions are realized, i.e., are stable, to which corresponds
the minimum of this mean value.

A somewhat moro complicated example will now be used to
illustrate the application of the integral criterion. Consider a dynamic
model of a vibralion machine whose working member 7 has now
not one but three degrees of freedom in a plane motion (Fig. &).
Let x denote the horizonial displacement of the working member
and o« its lurning angle. We assume thal, apart from the stiffness c;.
the spring mount 2 has the stiffness ¢, in the horizontal direction

1 The term auziliary body is used to denote a carrier body with the unbalan-
ced masses fixed to it and taken to be lumped on their axes.
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and the torsional stifiness ¢,. The distance between the rotation
axes of the unbalanced masses is denoted by 2a, and the moment
of inertia of the working member by J,; the rest of the notations are
the same as those in the pre- z

ceding example. The upper in-
dex @ of all the zero approxima-
tion quantities will be omitted
to simplify the notation since
subsequent approximations are
not considered at all.

\\\
NN
ENSRANANRY

Setting the constant @, equal

7 0 ‘“
t whi hi Z - e il
o zero, which can be achieved T

by a suitable choice of the initial

moment of time, one finds from Fi 85
formulas (4) and (10) gure
@1 =8 (0t + o), P2 =28z (@2 — o) (30)
The equations of the motion of the auxiliary body take the form

d2z

m g ez = %‘- [cos &4 (ot 4 o) + €05 &5 (Wyf — o)] 1

m ‘fz%‘ et = —% [sin &y (@of + o) + sin &, (@t — o)) Il (31)
J

J dc aF,

—i T a®=—5— [cos e, (0ot ~+ ) — cos €, (wet — )]

where J =J, 4 2a®m,; F,==2m,r ;.

For the zero approximation we assume the vibration generators
to be identical (m =m,, r,=r,).

Equations (31) can be rewritten as follows:

dzz F )
m—s + ¢,z = I 08 Pg COS Wpl
d2z cos P, sin mot}
m—m+cpx=—8Fg{ . b 32
g T e {sm P, COS Wyt (32)
2 . .
J‘;Tg+caa= —aF, sin ¥, sin wyt

Here and in the following derivation the upper element of the
column in braces corresponds to the case when eg,= -1, and
the lower to ee,= —1, i.e., to the rotation of vibration genera-
tors in opposite senses.

The periodic solution of Eqs. (32) may be written as

F, cos Yo eFq €0S P Sin gl
———D-C080pt, T ———— 5 { .
c;— mw} Cx— MO | sin P, oS Wyt

(33)
aFg4 sin Yo

T sin Wyt
cq— JOF °

a= —
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The Lagrangian function of the system in question takes the
form

Lo=— (?)2 . (g’_f)z eyl (Z’_O“)z-* o (34)

Substituting solution (33) into (34) and calculating the latter's
mean value. we obtain

2
©)
) — o _ Fz 1 <2 s
AO (‘#o) =37 S Lo dt= ?rr-z%ﬁ_ (_1“?§ cos® ¥o -

(Y

1 [cos? ‘l'o} atm 1 ., ) -
£ c——sin? 35
©1—9% Lsin2 vy, J1—9 o (39)
where the following squared dimensionless natural frequencies
have been introduced:

V= V= V=Ter (36)

The unknown values of the synchronous motion phase are to be
determined. in accordance with the integral criterion, from the
equation dA,/d{,=0 or

_ Fo 1 (212 atm 1 . _
o (1_?¥+1_?§— - .1_Y§) sin P, cos Py =0  (37)
The equation has twn solutions: ¢, =0 and ,=n/2, i.e., either
in-phase or antiphase rotation is possible. In order to ascertain
the stability of the solutions we compute the second derivative
d?Ay/d¢; and find the following stability condition:

2
(gt —2m ) cos 29, <0 (38)

Thus the stability of the synchronous motion corresponding to
either of the solutions of Eq. (37) depends on the sign of the
expression in the parentheses: the in-phase motion is stable
when the expression is negative and unstable if it is positive:
on the contrary. the antiphase rotation is stable if the factor before
cos 2y, in inequality (38) is positive.

With y, = oo and y; = oo we have the case formally correspond-
ing to a system having one degree of freedom and the results obtained
are the same as in the preceding example.

The moments of the inertia forces (the so-called synchronizing
moments) that cause two or more concurrently operating centrifugal
vibration generators to rotate synchronously with definite phase
angles between them may become so high that even when the motor
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of one of the generators is switched off, the generator will continue
to rotate in synchronismm with the other vibration generators If in
this case the reciprocal action of the generator with the motor switched
off on the motion of the carrier body may be neglected, then we
have an instance of the sustaining of rotation
by vibrations.

In distinction to the self-synchronization prob-
lem, the sustaining of rotation by vibrations is
a non-autonomous problem. It can be formulat-
ed, in particular, as follows. Let the axis A of
the unbalance in the plane scheme in Fig. 86 per-
form a prescribed (i.e., independent of the rotation
of the unbalanced mass) periodic motion that
may be either vibration or a circulating motion.
It is required to ascertain whether it is possible
to sustain the rotation of the unbalanced mass
at a mean angular speed, which is equal to the angular frequency
of the exciting motion of its axis, and what is the mutual phasing
of its rotation and the exciting motion of the axis.

Consider a simple case in which the axis of the unbalanced mass
describes an elliptic path whose equations in parametric form are

z=acos®l, y=>bsinwt, (b a) (39)

Figure 86

These are the equations of an ellipse whose coordinate origin
is at its centre. The position of the unbalanced mass will be defined
by the angle ¢ between the positive direction of the zr-axis and
the radius-vector r = AC of its centre of gravity C with respect
to the rotation axis A.

The kinetic energy of the unbalance

T_—-mo[(acosmmt+r smCP) +

+ (bn) cosmt-l-r cosq:) ]-l- Jo( )2 (40)

where m, and J, are respectively the unbalanced mass and its
central moment of inertia.

Let the moment of the resistance to the rotation of the unbalanced
mass be —% (d¢.dt) where k is the coefficient of resistance. Introduc-
ing the notation J = J, + m¢r3, we obtain the following differential
equation of motion of the unbalanced mass:

JEE+k B4 mya? (@singeos ot —beosqsine) =0 (41)

or in dimensionless quantities

;p'-l,- M.p-l-p(sinqacosr--ecos(psin'r)=0 (42)
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where the dots over ¢ denote differentiation with respect to T and

T=0f, p= m‘}m , e=%, A=% (43)

We shall seek the solution of Eq. (42) representing the synch-
ronous rotation of the unbalanced mass in the direction of the
circulating motion of its axis at which (d@/dt)mesn -©. We set
accordingly

P=T+V(7) (44)
where P (t) is a periodic function whose frequency is equal to or
a multiple of unity.

Equation (42) now takes the form
Y-+ Mp+ pisin (v+ ) cost—ecos (t+ ) sinT[+A=0 (45)

Considering the quantity p to be a small parameter. we shall
represent the solution of the equation by a series in powers of p:

PE =4 @+ P @+ (@) + ... (46)

In what follows it is sufficient to limit ourselves to the first
two terms of expamsion (46). Inserting ¥ = Y@+ pg"' into Eq. (45)
and again limiting ourselves to the first-order terms. we obtain
after a simple transformation

1—

{P.“”-{— Mi?(m'i'll [il;u)_*_ l.‘”—l— - € sin (2t + $) +
+=F 2 sin g ] +2=0 (47)

The zero approximation equation is derived by rejecting the
term proportional to p. In accordance with the condition assumed
earlier P'® is a periodic function. Hence it may be readily seen
that the constant term A must belong to the first approximation
equation. Thus

;‘;(o) + MI?“” =0 (48)
The periodic solution of Eq. (48) can be only the constant
P = P, == const (49)

whose value in this approximation remains arbitrary. To determine
it we consider the next approximation. According to expression (47)
the first approximation equation becomes

YO+ MY = D (7, ) (50)
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where we have introduced the notation

O (x, po) = 5= sin @+ ¥)— T singo—x  (51)

The results obtained in this section can now be made use of. The
periodicity condition of the function Y’ may be written similarly
to relation (18) in the form
2
1 2 A 1t.e . -
p (1'\0) ET S (1) (v, 'lpo) de-- — Tﬂ' (-}T+Te sin ‘Po) =0 (,)2)

1]

Thus the phase ¢y, for the steady motion is determined from
the equation

2A

%=~ Tt

(53)

Upon changing to dimensional notations of the quantities we
find that the necessary condition for the rotation to be maintained
by vibration is to satisfy the inequality

2 __ <4 (54)

(14-¢€) @mgra

We denote the solution of Eq. (53) by v¢,; the periodic solu-
tion of Eq. (50) accurate within first-order terms in p takes the
form

P (1) = 152 sin (204 ¥,) (55)

and the required solution (46) accurate to first-order terms may
be written as follows:

1—
b (1) =Pe+ p—5—
Equation (53) has two essentially different solutions

A 2\ A 2A -
¢*1=—Slnlp(l—-*-l)' 'lp*z=ﬂ+81n 1m (5‘)

sin (2v+ ¢,) (56)

There are solutions of Eq. (45) corresponding to each y, value but
only one of the solutions proves stable. In order to ascertain the
stability conditions let us assume that at the moment v = 0 the
phase ¥, acquires a small increment Av,, i.e., ¥, =¢, + AY,.

In a way similar to that used in studying the self-synchronization

conditions let us now consider the function Ay + 1p In accordance
with expression (22) this function, accurate to a constant term
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that dves not signify, may be written in the following form:

Mp+ b=y + 2%, +p | @O, by I+
0

+pA%, 5 [ OO, vy dd (58)
0

Hence

W (0) + ¥ (0) = Mpy -+ AAY, )
M (2) + % (2m) = b+ 4 ( 1+ ) Aw,.j

Consequently, if the perturbation was Ay, at T = 0, it becomes
equal to (1 + p%) Ay, at T .= 21. We conclude, as above, that
%*

the condition for the stability of rotation of the unbalanced mass
with the phase P, has the form

dP :
d—¢*=—%(1+e)cos¢.<0 (60)

From here il follows Lhat rotation with the phase v, isstable,
and that with the phase V,, is unstable. Note that when A — 0,
P — O and P, = 5. It seems therefore appropriate to call the
motion with the phase §,, the in-phase motion and that with the
phase ., the antiphase motion.

Let us now consider the more general problem of ascertaining
the possibility of sustaining the rotation of the unbalanced mass
al a mean angular velocity which, in the general case, is different
from the angular frequency of the sinusoidal excitation (39). We
shall seek the solution of Eq. (42) that corresponds to the rotation
of the unbalanced mass at the mean angular velocity vw where
v is an arbitrary real number different from zero. With v > 0 the
unbalanced mass votates in the direction of the exciting motion
of the axis describing elliptical trajectory (39); with v << 0 it rolates
in the opposite sense. We put accordingly

Q=vi+1 (61)

where § is an alternating-sign function whose derivative Y is an
alternating-sign function with zero mean value. Equation (42)
takes now the form

(59)

;]; + A\i)—}- p [sin (vt ) cosT—ecos (v L) sint]-—vAh- ) (62)

The solution of this equation will be sought in the form of
series (4U); substituling it into the left-hand side of Eq. (62) and



36. SELF-SYNCHRONIZATION 255

grouping the terms with equal powers of the parameter p, we
obtain the following identity (cf. Section 19):

[:ll;“” + A‘i;(o)l +p [;p'u) L Ml;u) — QW) f p2 [{p'(z) + MI,(:) — W] 4-
+...+vA=0 (63)
where
(D(l) —_ (D(l) [T, \pw) (T)], (D(B) — (_D(z) [‘I.', IP(O) (T), ‘pu) (17)] e (64)

Equaling sequentially Lo zero cach of the expressions in brackets
on the left-hand side of identity (63), we obtain the equations of the
zero, first, second and further approximations. One must only
establish in which of the equations the [ree term v should be includ-
ed. For this purpose we turn to the structure of expressions (62)
and (63) which show that the funclions @, @@, . and
consequently the function ¥ as well as its components @ P &
must be periodic with rational v and almost-periodic with irra-
tional v.

Therefore the term vA cannot be included in the equation of the
zero approximation which has the formn (48). Its unique solution
salisfying the requirement that the function ¢ be periodic or
almost-periodic is a constant:

P@ = const (65)

We now take up the equation of the first approximation assum-
ing that the term vA can be ascribed to it:

'.q;(l) + }"{I;’(D = (D (T, \p(O)) —:p.l (6(5)
where
W (5, p0)=— T sin[(v+1) T+ 4] — L sin [(v—1) T4

(67)

For ¢ to be a periodic or almost-periodic function the follow-
ing condition must be fulfilled:

T
i A
- § [0 @, y@)—F] dv=0 (68)

where T, is the period of the function ®®, if the latter has any,
or T— oo if @OV is an almost-periodic function.

With v +1 the function @ has no constant component
and therefore condition (68) is reduced to the requirement that
v#, be ascribed to an equation of thie higher approximation orders.
However, the investigation of the functions @@, @@, . . shows
that with v = 4-1 Lhey do not contain constant components either
and therefore the term vA cannot be ascribed to them.
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Thus, we have established that with sinusoidal excitation and
encrgy dissipation. i.e., at A > 0, the vibralory suslaining of rotation
al a mean angular velocity which is different in absolute value from
the angular frequency of excitation is impossible. In the case when
there is no energy dissipation, i.e., at A=0, the initial phase @
has no definite value for the given v and lal\es a value depending
on the initial conditions. Since neither the mean angular velocily
v (here v is an arbitrary quanlity) nor the initial plmso " of the
unbalanced mass depends on Lhe vibratory excilation, there is no
sustaining of rotation by vibration in this case at all.

The situation is quite different in two special cases where v = 41,
i.c., when the absolute values of the angular frequency of excitation
and the angular velocity of rotation are equal. In these cases

QW (7, PO) = — 1 :; €sin (2t 4 p ) — ! ? €sin PO (69)

‘The upper sign in (69) and in the expressions below corresponds
to v =1 (the sense of rotation of the unbalanced mass and that
of the exciling elliptical motion of the axis are the same), and the
lower sign corresponds tov = —1 (thesense of rolation of the unbal-
anced mass is opposite to that of the elliptical motion of the axis).
AL v -1 formula (69) and the subsequent relations yield results
that are identical with those presented by expressions (51) through
(60).

Substiluling the right-hand side of expression (69) inlo condition
(68), we have

2\ -
SIH IP(O) —-: p(1+8) (/O)

Hence the nccessary condition for the vibratory sustaining of the
rotation of the unbalanced mass is

ac S (71)
So, lirstly, the quantity A at which the vibralory sustaining of
rotation is provided must have an order nol higher than that of the
small parameter p; secondly, with v = —1 the conditions for the
sustaining of rotation are stricter than with v =1, and for the
limiting case when e =1, i.e., with a circular path of exciting
vibrations, the sustaining of rotalion in the direction opposite to thal
of the exciting motion is not realized.

Inserling into inequalily (71) the values of A and p from expressions
(43), we oblain the xestncuon lmpo«od on the system paramelers:

k<l ® mgraw (72)
LEquation (7)) has two fundamentally different solutions:

- 2\ . 25 -
(0)_ 1 (0) -1
F sin e W = 1 4 sin e (73)
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Only the first of these solutions is realized as it satisfies the sta-
bility condition

T
%o, {:—* § [‘D“’ (v, ) F %] dr} <0 (74)
whence
cos P << 0 (75)
Accurate to terms of the order of p
(1) =@ + 12 sin 2r£p) (76)

Expression (76) with v =1 is identical with expression (56) and
shows that with circular excitation, when e == 1, the unbalanced
mass rotates at a constant angular velocity o.

With rectilinear exciting vibrations, i.e., when & == 0, both
cases, v =1 and v = —1, become identical.

37. Optimum Shape of Unbalances

The problem of determining the most advantageous shape of
unbalanced masses is met with in solving a number of dynamic
problems and in designing centrifugal vibration generators. In some
cases it is required to ensure the sinallest possible overall dimensions
and the minimum weight of a vibration machine. There are other
cases when the aim is to accelerate the transieni processes at starting
and running-down of the vibration machine, in order, for example,
to reduce increases in vibration on transition through intermediate
resonances or to ensure the attainment of working conditions with
a motor having but small excess power. Cases are met with when
the nonuniformity of the rotation of unbalanced masses should be
either increased or reduced under steady operating conditions.
An increase in the nonuniformity is required, for instance, in design-
ing superharmonic centrifugal vibration generators and its reduction
may be useful in shock-and-vibration machines where the operating
conditions of the motors become worse because of jumps in the angu-
lar velocity of the unbalanced masses which arise at shocks (cf. Sec-
tion 42).

Similar problems arise in designing balance weights which are
unbalanced masses whose rotation generates centrifugal forces used
to counterbalance other undesirable inertia forces caused by the
operation of a machine.

In solving concrete problems of optimization of the shape of
unbalanced masses a variety of requirements are to be met and
diverse additional conditions to be satisfied. But, as a rule, all

17—12
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these problems are variational and isoperimetric. In order Lo make
the problems more definite we shall consider the following three:

1. To ensure the minimum (maximum) weight of the unbalance
for a given stalic mass moment with respect to the axis of rotation.
This is equivalent to ensuring the maximum (minimum) static
mass moment of the unbalanced mass for a given weight.

2. To ensure the minimum (maximum) moment of inertia of the
unbalance with respect o its axis of rotation, given its static mass
moment with respect to this axis. This is equivalent to ensuring
the maximum (minimum)static mass moment, given the moment
of inertia.

3. To ensure minimization (maximization) of the criterion «a?
delined by one of the equalilies (2), Sec. 34, on which the degree
of uniformity of unbalance rotation depends.

The ratios whose minimization or maximization is to be attained
by the solution of the problems depend substantially on the length
of the unbalance and its density. We shall assume these quantities
to be known, the density of the unbalanced malerial to be the same
at all its points and the shape of the unbalance to be prismatic. The
last assumption makes it possible Lo replace the problem by a plane
one and to consider, instead of the mass, static mass moment and
mass moment of inertia of the unbalance, ils area, static moment
of the area and moment of inertia of the area. Therefore the criteria
whose minimization or maximization is required in the three problems
formulated above may be written in the following form, respectively:

FLF

hs=g ()
J4J

p="F" . @

4 (T4Jo) (F+Fo+Fn) 3)
az K2

where F and F, = areas of the unbalanced and balanced parts
of the unbalance, respectively
F, = area corresponding to the mass of the parts
of the vibration machine which perform rectili-
near vibrations
J and J, = moments of inertia with respect to the axis
of rotation of the areas of the unbalanced and
balanced parts of the unbalance, respectively
K = static moment of the area of the unbalance
with respect to the axis passing through
the axis of rotation at right angles to the line
which connects the axis of rotation with the
centre of gravity of the unbalance area.
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Whatever the criterion, the optimum shape of the unbalance
(Fig. 87a) must be symmetric with respect to the straight line Oy
passing through the axis of rotation O and the centre of gravity
C of unbalance 1234561. Therefore we shall consider only the right-

hand half of the unbalance, y y
assuming that it isentirely 4 d
above the z-axis, i.e., mean- 5] J e
ing the outline of only the ke

unbalanced part of the out-
of-alignment rotor (unba-
lance).

We formulate now the
problem as follows. Let a
part of the unbalance con-
tour, for instance, the seg-
ments ab and cd (Fig. 87d)
be represented by the given
curves. It is required to
determine the shape of the
missing part of the contour
that would ensure the mi-
nimization or maximizati-
on of one of the criteria:
A, p, 1/a?. Let us treat the case of the minimization of the cri-
terion p.

We draw the lines bb’ and cc’ parallel to the z-axis and write
down the expressions of the moment of inertia and of the static
moment of the unbalance:

Figure 87

3

Ve
I 1
J=Ji+ T+ | (3 20+2p?) dy
Yy
v (4)
K=K+ K,+ S zy dy
Vb
where J, and K; = moment of inertia and static moment of the
given figure 2 (Oabbd’)
J, and K, — moment of inertia and static moment of the
given figure 1 (c’cd).

The min (%ﬁ) is to be determined. We have therefore to study
the variational isoperimetric problem which is reduced to finding
the min (J — pK), i.e., to solving the equation

8(J—pK)=0 (5)
where 6 = symbol of the variational operation

17+
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= parameter determined from an additional condition.
Making use of the Euler-Lagrange’s equation, we wrile down the
required equation of the extremal problem

=+ y:—py=0
or
B+ (y—r)=r (6)
where
r= %- P (7

Thus, the required part of the contour consists of the arc b"c”
which is part of the half-circle Ob"c"e tangent to the z-axis at point O
and of the straight-line segments ¢’c, ¢'b’ and b'bd”. The parameter
r can be determined, for example, by specifying the value of the
static moment X. The discontinuities in the abscissas bb” and cc”
are, generally speaking, inevitable. Moreover, the problem may
have no solution for some combinations of the given portions I and 2
and value of K.

If the end-point abscissas of the required part of the contour are
given instead of the ordinates, then the discontinuities will occur
in the ordinate. For example, let the upper part ab (Fig. 87¢) of the
unbalance contour be given; the outline of the lower part of the
contour is to be determined. In this case, in calculating the values
of J and K one must integrate with respect to z:

*p )
J= S [+ -1+ @—w) 2| dz

y r (8)
K= h{ %(y:—-yi) dzx

Py

where y, (z) and y, (z) are the given upper and the sought-for lower
parts of the contour, respectively.

In this case, in order to minimize the criterion p it is necessary
that the required part of the contour Ob’ be represented by the
curve (6) and the discontinuity b'b be, in the general case, in the
ordinate. This is readily ascertained by solving the problem by the
method indicated above.

The result obtained, which states that the required section of the
contour ensuring the minimization of the criterion p is an arc forming
part of the half-circle tangent to the z-axis at point O, remains valid
if the problem is treated with the use of other reference systems,
including the curvilinear ones. In the polar coordinate system the
required part of the contour may be represented, for example, by the
portion bb'c (Fig. 87d) or aa’b’b (Fig. 87e).
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Of all the shapes of the unbalance at a given static moment K,
the most advantageous in respect of the minimization of the criterion
p is a complete circle tangent to the abscissa axis (Fig. 87f). Indeed,
substituting in the integral on the right-hand side of the first of
Egs. (4) the value of K expressed in terms of r with the aid of Eq. (6)
and equating to zero the derivatives of this integral with respect
to the upper and lower limits, we find the most advantageous limits
of integration:

ye=27’, yb=0 (9)

It is clear that this result also determines the most advantageous
variant of maximization of the criterion p with the same outer
radius of the unbalance as in the preceding case. The shape of the
unbalance is represented by the shaded part of the area in Fig. 87g.

In order to establish the condition for the minimization of the
criterion 1/a® with the statement of the problem formulated above
we now write, in addition to equalities (4), the expression of the
unbalance area:

Ve
F=F+Fy+ (zdy (10)
Up
where F, and F, are the areas of the given parts I and 2 in

Fig. 88a.
It is required to find

min [0 ELFot P

this being reduced to solving the equation

8(J— pK +qF)=0 (11)
where p and g are parameters to be determined from additional

conditions.
In this case the equation of the extremal has the form

24y —py+9=0
whence, using the notations

1 1
l=3p =]/7P°-*q (12)
we obtain
B+ y— =2 (13)

Thus, the required part of the contour of the unbalance consists,
as in the case of the minimization of the criterion p, of the part-
arc b“c” of the half-circle fb"c”e subtended by the y-axis and of the
segments bb” and cc”. This case differs from the preceding one in that
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the distance / of the centre of the half-circle from the origin is greater
than its radius r.

Inserting the value of z from Eq. (13) into the integral on the
right-hand side of the first of equalities (4) and equating to zero
the derivatives of the integral with respect to its limits, we find
that with given F and X the most
advantageous unbalance has the
y shape of a full circle. Indeed, the
el most advantageous limits of integra-
y tion prove to bhe

Yye=1l+4+r, yp=1—r (14)

Figure 88b shows the most ad-

vantageous shape of unbalance

that serves to minimize the crite-

rion 1/a®. The most advantageous

ta «) shape for the maximization of this

Figure 88 criterfon for the same outer radius

of the unbalance is given in Fig. 88¢c.

Let us briefly discuss the minimization of the criterion A. This
problem is trivial. Indeed, the static moment

K=Fy

where y is the ordinate of the centre of gravity of the area F.
Therefore

A=

y
and, consequently, whatever the given curve describing the outer
(more remote from the z-axis) part of the unbalanced-mass contour,
it is necessary, in order to minimize the criterion A, that the part
of the contour nearer to the z-axis be a straight line parallel to the
abscissa axis, since this condition ensures the maximum distance
of the centre of gravity of the unbalance from the abscissa axis.

38. Some Features¥of Frictional-Planetary
Vibration Generators

In the frictional-planetary vibration generator schematlcally
shown in Fig. 68¢ or d, the constraint imposed by the race in the
generator body on the runner is unilateral (unretaining).

As pointed out in Section 30, at the point of contact between
runner and race both the normal and tangential components of the
runner reaction are transmitted to the body. Thus, for the normal
operation of the frictional-planetary vibration generator to be
ensured with the runner neither losing contact nor slipping in its
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rolling over the race two necessary conditions must be observed:
the sign of the normal reaction must not change; and the coefficient
of sliding friction between runner and race must not be less than
the maximum absolute value of the ratio of the tangential to the
normal component of the reaction.

Frictional-planetary vibration generators with an unbalanced
runner are also employed; this makes for rapid excitation of rolling
operation and non-single-frequency vibrations of the working member.
The schematic of such a vibration generator is given in Fig. 89.
Runner 7 rolls over race 2 in body 3. The runner is rotated by a motor
not shown in the figure. The geometric
centre of the runner A does not coincide J
with its centre of gravity G. 2

The runner out-of-balance with respect n !
to the axis of its proper rotation causes 0
oscillations of the normal and tangential ; <A Y
components of the reaction and may , S
lead to a noticeable nonuniformity of f fp
the rotation of the runner. In this con-
nection it would be of interest to investi- %7,
gate the motion of such a system. We x
assume the system to be centred, i.e.,
that the mass centre of the working
member (the generator body) coincides with the centre O of the
race and the resultant reaction of the medium passes through
the point O. We assume also that the working member is im-
mersed in a viscous isotropic medium, the rolling of the runner
over the race does not involve energy dissipation and that the
vibrator body is capable of only translational motion.

The system under consideration has three degrees of freedom
provided that the contact between runner and race is continuously
maintained and no slipping occurs. We place the origin of cartesian
coordinates zO,y at the point O, which is the mean point about
which the centre O of the working member oscillates.

The kinetic energy of the system is given by

r—gm[(F)+ (&) T+zo (&)'+

Figure 89

+gmo {[F—2 (rsine+psinky) '+
+ [%+Z—‘f(r COS @ — p CoS kq))]z} (1)

where z, y = coordinates of the centre of gravity of working member
(i.e., of the point O)
r = OA = modulus of the radius-vector of the geometric centre
of runner relative to the race centre
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p = AG = modulus of the radius-vector of the centre of gravity
of runner with respect to its geometric centre
¢ -= turning angle of the radius-vector r measured counter-
clockwise from the positive direction of the z-axis
k¢ = turning angle of the radius-vector p measured clockwise
from the positive direction of the z-axis
k = ratio of the angular velocily modulus of the rolling
motion of runner over the race to the modulus of the
angular velocity of the proper rotational motion of
runner, i.e., the reciprocal of the transmission ratio
i defined by formula (19), Sec. 30
m, and m, = masses of working member and runner, respectively
Jo = central moment of inertia of runner.
The motor characleristic is expressed by formula (28), Sec. 35:

M 4
M=M — +k-, -
If we select as dimensionless vanables

mi+mg . Mmi+4-mo
“me T b=——1y (2)

where © = (d@/dt)mean is the mean value of the angular velocity
of the rolling motion, and introduce the dimensionless parameters

P a_ b )
8_-_, ﬂ_2(m1+mo)m
(mor)?
= (mi+ mo) [Jo+ mo 3+ P?) — kg -
g " i ©
Jo+ mo (r3+4p%)—k,’ _-[-’o-l-mo("2-+-I"‘)—"‘zl")2
_ 1
= I  me (B + %) —F, )

where b is the coefficient of dissipative resistance to the vibration
of the generator body, then the differential equations of motion
of the system take the form

.g'—}- 2ﬁé—fp'(sin @ + & sin ko) —(])2 (cos ¢ +-ekcoske)=0 )
:'g:+Zﬂﬁ+$(coscp—ecoskfp)—zpz(sin(.;:—eksink(p)=0'l (%)
@[1—2Acos (1+ k) @)+ 9+ (14 k) A@®sin (14-k) ¢ —
—a"g.(sin(p+ssinkcp)+a'~;§. (cos ¢ —e cos k@) =, J

ITere the dots over the variables denote differentiation with
respect to 7.
We now introduce a new variable

Y=0¢—1 ®)
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Assuming the quantity P and its derivatives to be small as
compared to unity, we rewrite Eqs. (4), retaining only the terms
of an order not higher than the first in ¢ and its derivatives:

.§.+ 2ﬂé=cos'r+ekcos ln:—{—(;p.—\p)sin‘r-l- )
+ & (9 — k) sin kv -+ 24 cos T -+ 2ekp cos kv
'§.+ Zﬂi=sint—eksink1:—(;p'—\p) coST+
+ & ( — K2) cos kv + 24 sin T — 2ek sin kv L (0)
b+ nb=po—n—(1+k) Asin (1 +-k) T+ A {2p—

— (1 4-k)2p)cos(1 + k) v—2(1 + k) Apsin (14-k) T+
+a2.§'(sin1:+esin kt)—-azf (cosT—ecos k) J

We shall take as a zero approximation to y the periodic solu-
tion of the third (abridged) of Eqgs. (6):

Y+mp= —(14-k)Asin(1+ k)7 (7)

which takes the following form (the zero approximation is denot-
ed by an asterisk):

P* = —Pgsin [(1+ k) v—0%] (8)
where
* A . —_ —1_"_
= Ve O T ®

Inserting solution (8) into the first two equations (6) and integ-
rating them, we obtain the first approximations:

E=a,cos (v4T,) + a,cos (kv - v,) —
—agcos [(14 2k) T — 3] —azcos [(2+ k) T—14)
{ =a,sin (T 4-1,) —a, sin (kv +1,) +
~+ agsin [(1+ 2k) t—135] — a,sin [(2+ k) T —7,)

(10)

2-+k) V@+-hPE i

where
_‘/(i+—;-e¢3cose*)z-l- (%e;p:sinﬁ*)z 1
H= 1+4p°
‘/ (e-}—% kq;gcos(-)*)z-i- (% kpg sinf)"‘)2
2= K21 4B
(% +2k+2k2) e (2+2k +% kz) v
ST U Vi T
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1 eys sin O*

|
+ tan12p (1)

7, = tan™! 21

1+—2—expzcosﬁ‘

1

= kg sin 0*
T,=tan™? 2 -{—tan‘lgli-3

e—{—?k * cos O*

a_2B -1_28
—0*—tan~! —P_ . 1,— 0% — 1

T, =0* —tan T2 ™ 9* — tan Y

/

Expressions (10) show that even the first approximation reveals
four vibration frequencies of the working member.

Substituting solutions (10) and zero approximation (8) on the
right-hand side of the third of Egs. (6), we obtain a linear differential
equation with constant coefficients. To ensure the periodicity
of its solution we equate to zero the constant terms on the right-
hand side of the equation. The result is the power balance equation:

Bo—N— e, 8in T, — 5 (14 k)* Mt sin 6° =0 (12)

Solving this equation (upon changing to dimensional parameters),
we find the mean angular velocity @ of the rolling motion of the
runner.

Upon integrating the differential equation obtained from the
third of Eqs. (6) we find the first approximation to y. We do not
give it here because the derivation is rather cumbersome due to the
presence of a great number of sinusoidal components of dimensionless
frequencies k¥, 1 — %, 1, 1 + &k, 1 + 2k, 1 + 3k, 2k, 2, 2 + k,
2+ 2k, 3+ &k, 3+ 2k.

The runner takes the body reaction at the point B of contact
between runner and race; this reaction is equal to the product of the
mass of the runner by the absolute acceleration of its centre of
gravity. Denoting the projections of the reaction on the z- and
y-axes by the corresponding capital letters, X and Y, we can write
their expressions as follows:

X=m, [:t'—;p‘ (rsin @4 psin k(p)—ti)z (rcos ¢+ kp cos ko)l } (13)
Y=m, l.l;.+“

We shall now use a new cartesian system of coordinates nBs with
the origin at the point of contact B. The n-axis is directed along
the normal towards the geometric centres of the runner and the
race; the s-axis is directed in the sense of the rolling motion of the
runner. Projecting X and Y onto the axes, we obtain the normal

¢ (rcos @+ p cos ko) —(E)’ (r sin @ —kp sin k)]
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N and the tangential S components of the reaction transmitted

by the working member to the runner at the point of contact:
N=—Xcosp—Y sing "
S=—Xsing+Ycosg (14

Substituting into (14) the first approximations to =z, y, ¢, we
can check whether the condition of maintaining of the runner
contact with the race

N>0 (15)

is satisfied at all times as well as the condition of absence of run-
ner slipping

S| <IN (16)
where f is the coefficient of sliding friction.



CHAPTER 7

THE DYNAMICS

OF THE SHOCK-AND-VIBRATION
DRIVE

39. The Simplest Shock-and-Vibration System

The vibrations of machines and instruments are often acco 1panied
by shocks arising from the presence of clearances and uanilateral
constraints between the elements; these shocks lead to preomature
failure of machines and instruments. On the other hand, in many
machines the shock-and-vibration conditions are the basis of the
working process.

Shock-and-vibration systems are essentially nonlinear!. The study
of such systems is complicated by their motion being discontinuous.
However, some of the dynamic problems of shock-and-vibration
systems can be solved by approximation methods that have been
developed for the treatment of continuous nonlinear systems. In
certain cases the differential equations of motion for shock-and-
vibration systems can be effectively integrated by applying the
method of fitting. The most detailed results are furnished by investi-
gating the stability of the solutions of the differential equations,
i.e., of the stability of motion under given conditions. A very general
method of such studies suitable in particular for the treatment of
discontinuous systems is the point mapping method which will
be discussed in Section 40.

Viewing shocks as momentary phenomena they may be considered
to be of several kinds. In shocks of the first kind the first derivative
of the displacement with respect to time (velocity) has discontinuities
with a limited range (discontinuity of the first kind); in shocks
of the second kind the second derivative of the displacement with
respect to time (acceleration) has a discontinuity of the first kind,
etc. Often, in the narrow sense of the word, when speaking of
shocks, it is the shock of the first kind that is meant.

! The existence of shocks to which the system is subjected does not in itself
make the system nonlincar. Il a linear system is subjected to external shocks
whose impulses and moments of striking are independent of the state of the sys-
tem, such a system remains linear. The nonlinearity arises if the magnitudes
of shock impulses and moments of striking or even one of the two factors depend
on the state of the system, i.e., on its state coordinates.
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Among the earlier investigations of mechanical shock-and-vibra-
tion systems the works published by I. Rusakov and A. Kharkevich
should be mentioned, in which the method of fitting was used
to investigate the vibrations of a system subjected to shocks of the
first kind, and the work of Yu. Yorish containing the treatment of
subharmonic resonances in a system with shocks of the third kind.

In the present chapter we shall be concerned with the problems
of the dynamics of systems performing forced vibrations accompanied
by shocks of the first kind. A preliminary consideration of the free
vibrations of such a simple system (Fig. 90) seems to be expedient
here. Body 7 of mass m is suspended from linear
spring 2 of stiffness ¢ and because of ideal const-
raints # can have only a motion of translation
along the z-axis. Body I can strike while moving
against fixed stop 4.

We shall measure the displacements of body? p
from the equilibrium position. The distance co-
vered by body I from the equilibrium position 3
with no stop to the contact with the stop will #? °
be denoted by z,. This distance can be positive Fiaure 90
(there is a clearance between the stop and the °
position of equilibrium) or negative (there is an in-
terference, i.e., the equilibrium position with no stop would be beyond
the stop position). In the lailter case the initial reference point
corresponds to the equilibrium position which body I would occupy
if there were no stop.

If no energy dissipation occurs during the interval between shocks,
the motion is described by the differential equation

z+ 0z =0 (1)

@y = l/-% (2)
is the angular frequency of the system with no stop.

We take the origin of time =0 to be the moment when body
1 separates from the stop, At this moment

H Cy ~N

where

Ty =Tg 5’1— =4 (3)

The subscript “4 " denotes the quantities  and 2z immediately
after the shock; the subscript “—" is used to denote the same
quantities just before the shock.

With the initial conditions (3) the solution of Eq. (1) may be
written in the form

z = A cos (0ot 4 ¥4) (4)
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where

ToWo

—_2. 8,
e T ©)
Upon differentiating equality (4), we obtain

T= — A, 8in (0t + 1) (6)

At the moment t=¢, when body I again comes into contact
with the stop the state of the system is determined by the con-
ditions

Z_ =z°, T_ =v1 (7)

Substituting conditions (7) into equalities (4) and (6) and divi-
ding the latter by the former, we can write

tan (@t + %) = — — (8

ZoWo

Comparison of expression (8) with the second of equalities (5)
yields the rvelation

0oty + %y = 27 — %y
whence
2(n— 2 -
t,=—(—w-ox—‘)=m—(n—cos 1%’1-) (9)

The initial conditions of the next (second) cycle at ¢=¢,
will be

z, =2, z,=—Rv, (10)

where R is Newton's coefficient of velocity (or momentum) resti-
tution characterizing the jump in velocity in a shock and defined
by the relation

R=—2+, (0<KR<Y) (11)
T-
For the second cycle we have
- Lk '1 . =i — cos1.50
A, z;+ A (n cos Az) (12)

where ¢, is the duration of the second cycle.
Similarly for the nth cycle!

An=]/$ 41 R2n—;pl , tnmz)%‘;(n_cos_l:_:) (13)

1 We assume R — const.
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The duration of the cycle t, can be expressed in terms of the
vibration swing D,:

tn=—(§;[n—-sec‘1 (’j—:—i)] (14)
where
D= A,+xz, (15)
An analysis of the relations obtained shows that at R << 1
) 2z at z,>0
“,’,'_‘,EF{ 0 at z<0 (16)
(20—“' at z,>0
lim¢, =} (7)
-n-»oon 0 at Iy < 0
and at z,=0
11
th=gr = const (18)
lim v, =1lim R" %, =0 (19)

It follows that with o > 0 in the system treated, with decreasing
vibration swing, the duration of the cycles increases, which is charac-
teristic of systems with a hardening curve of the restoring force
(cf. Section 21). On the contrary, at z, << 0 with decreasing swing
the duration of the cycle becomes shorter, which is characteristic
of systems with a softening curve of the restoring force. With zy = 0
the system becomes isochronous.

If R =1, the system becomes a conservative one and expression
(9) yields the vibration period. With R = 0 the vibration swing
and the duration of the cycle (in the given case, the duration of the
period) take the limiting values given by formulas (16), (17) after
the first shock.

Introducing the “dimensionless duration” T, of the cycle and the
“dimensionless clearance” &8, for free vibrations defined by the
expressions

Tn = motn, Gn = _:701" (20)
we have from equality (9)
Tn=2 (n—cos™1§,) (21)

The “dimensionless clearance” may vary within the limits
—1 << 6 < 1; with the lower limit the vibrations stop, with the
upper they become shockless. Figure 91 shows 7, as a function
of §,.
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A shock-and-vibration system even in the simplest case of sinu-
soidal excitation may have many qualitatively different motion
regimes. Their study, especially the ascertainment of the conditions
under which the stability of a
certain regime is ensured, calls for
on the application of sufficiently po-
werful methods. Such an investiga-
tion making use of the point map-
. ping method is carried out in Sec-
tion 41.

In a shock-and-vibration system
performing periodic forced vibra-

TI y

y 7 ;3 tions the period of the vibrations
" which is always a multiple of (in
Figure 91 a special case, is equal to) the

exciting force period will be more
or less close to the duration of the cycle of the free vibrations of the
system with a swing equal to that of forced vibrations. This is a con-
sequence of the entrainment effect which is strongly pronounced
in shock-and-vibration systems.

40. Point Mapping Method

It has been shown in the preceding chapters that the investigation
ol linear vibratory systems fits completely into the general scheme
which has been elaborated in detail. The great variety of nonlinear
vibratory systems precludes the possibility of working out an analo-
gous detailed scheme for their investigation. Nevertheless there
is a general and very fruitful approach to these systems based on some
fundamental theorems of the qualitative theory of differential
equations — the so-called point mapping method. In conjunction
with several analytical and numerical integration methods this
method permits one to study the characteristic features of the nonli-
near system under consideration and gives, which is very important,
a general picture of its behaviour.

The basic idea of the point mapping method is due to H. Poincaré.
This method was later developed in works by A. Andronov and his
collaborators and is successfully used in solving complex theoretical
problems in nonlinear vibrations and automatic control. The point
mapping method has been expounded in strict order and well ground-
ed, including its application to multidimensional systems, by
Yu. Neimark.

We shall demonstrate the application of the method to the study
of an autonomous single-degree-of-freedom system and give some
general results applicable to systems having many degrees of freedom.
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We shall now discuss an autonomous systems with one degree
of freedom, making for the present no special assumptions concerning
its concrete properties.

It has been shown in Section 16 that only one stale lrajectory
passes through an ordinary point on the state plane of this system.
Let us draw in the state plane an arbitrary segment L which has
the property that the state (rajectories of the system inlersect
the line without touching it .

(Fig. 92). Let us denote the o L
coordinate of a point of the
segment L by s, measuring the
coordinate from the initial
point A. Lel the state trajectory
C at ¢t = t; intersect the segment
L at point M whose coordinate
is s. If at ¢t > t, the trajectory
C does not intersect the segment
L again, we say that the point
M has no successor on the seg-
ment. If at a certain z > #, the Figure 92

trajectory C again intersects the

segment L at point M whose coordinate is s, then this point is
called the successor of M. It can be proved that if the point M
has a successor, then all the points of L sufficiently near to A
also have this property.

Thus each state trajectory C establishes a certain correspondence
between the points M and M of the segment L. It may be said that
the state trajectories of the system in question generate the point

mapping of the segment L into itself. The symbolic representation
of this mapping is

M=TM (1)

It is clear that the form of the mapping T depends on the nature
of the state trajectories, i.e., on the concrete properties of the
system.

Formula (1) expresses a one-to-one correspondence. This statement
follows from the fact that only one state trajectory passes through
each non-singular point in the state plane.

A closed state trajectory, the limit cycle, corresponds to the
periodic motion of the system. For such a trajectory the 'points
M and M coincide. A point that is transformed into itself by the
mapping T is called the fizred point of the mapping. Such points
satisfy the symbolic equation

M,=TM, (2)
18—12
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Expression (1) in its analytic form expresses the relation bet-
ween the coordinates of the points M and M

s=1(s) (3)

The coordinates of the fixed point corresponding to a closed state
trajectory satisfy the equation

Se=1f (3*) (4)

The function f (s) is called the successor function. ‘Thus if the succes-
sor function is known, the problem of finding the limit cycles is
reduced to finding the fixed points of the mapping, in other words,
to solving Eq. (4).

The successor function makes it possible also to answer the question
about the stability of the limit cycie found. All the unclosed trajecto-
ries passing in the neighbourhood of the limit cycle have the form
of spirals that unwind from or wind on the limit cycle at ¢ —> oo
(Fig. 92). The limit cycle is unstable in the former case and stable

in the latter.
A certain sequence of the points within the segment L corresponds

to each open state trajectory. If any such sequence converges to the
fixed point M,, this fixed point is stable; otherwise it is unstable.
Thus there'is a one-to-one correspondence between the stability
of the limit cycle and the stability of the fixed point.

Let the points M and M be near the fixed point M,, i.e., the
differences s — s, and s — s, have small absolute values. Let us
expand the right-hand side of Eq. (3) in a series in powers of the
difference s — s,. The resulting expression is

s=f(s)+(s—5,) (g—:)sm'-l-[terms of the order of (s—s,)%] (5)

Let us denote s — s, by As and s — s, by As. These quantities are
the distances from the point M and its successor to the fixed point
M,. If As is sufficiently small, the quadratic terms may be neglected.
Making use of Eq. (4) one can write:

i ©

Expression (8) is called the linearized successor function. The term

is self-explanatory.
If l(d—f < 1, then the distance between M and M, is less

ds $-—=8.
than that between M and M,. Constructing the successor for the

point M and extending the process we find that the sequence of the
points

M; M=TM; M=TM =TM;... )
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approaches M, steadily. Thus the fixed point proves stable. On the
contrary, with | (:;—i)hs‘ > 1 the successors of the point M recede

from the fixed point M, and in this case it is unstable.

These results obtained by not very strict reasoning constitute
the content of Koenigs’' theorem. They lend themselves to a very
simple and comprehensive geometric interpretation by means of the
so-called Koenigs-Lameray stairway (Fig. 93)—the graphical repre-
sentation of the function s = f (s). It is readily seen that the points
of intersection of this graph with the straight line s — s are the
fixed points of the mapping.

The construction (shown in Fig. 93) of the sequence (7) allows
one to see that any such sequence beginning on the right or on the

- &
5 L
S=f(s) é’
5s=s z
St Se2 s
Figure 93 Figure 94

left of the fixed point M,, (but not on the left of point M,,) conver-
ges to the point M,,. Thus the fixed point M,, for which the condi-

tion l(ﬂ) << 1 is satisfied proves stable while the point
ds =84 .

M,, is unstable. An example of the state pattern of such a system
is illustrated in Fig. 92.

The above discussion is equally applicable to any dynamic systems,
including shock-and-vibration systems. Let the system be described
by different differential equations in different regions of the state
plane; let also the transition from one region to another be accom-
panied by a jumpwise change in state. The state trajectories of such
a system are illustrated in Fig. 94. The descriptions of the system

with 2> z, and z << z, are different; at z = z, the velocity z
changes by a jump. It can be easily seen from geometric considera-
tions that the successor function is-continuous even in this case.
This fact considerably facilitates the study.

Note that the actual construction of the successor function requires
that the equation of motion be integrated by some method. In this

18+
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respect the point mapping method can yield no new results,
However it serves as the conceptual basis and effective means in
studying the general pattern of the motion of a dynamic system
which would hardly be feasible in another way.
In applied problems point mapping is often given in parametric
form, i.e., takes the form
s=¢(u), s=9(v) G
By eliminaling the parameter u we obtain again the mapping
in the form (3). Actually there is no need in such an elimination.
In fact, all the results concerning the specific features of mapping
can also be obtained in the parametric form. The value of the parame-
ter u« corresponding Lo the fixed point is determined by the equation

P (1) =¥ (u,) 9)
Noting that the derivative Z—imay be written as—% in accordance

with expression (3) and differentiating formula (8), we obtain (he
condition of the stability of the fixed point in the form

dyp do
o W< |, (10)

The asterisk signifies that the derivatives are taken at the fixed
point. Instead of the Koenigs-Lameray stairway we finally arrive
at the construction indicated in Fig. 95.

Consider, as an example, the shock-and-vibration system pictured
in Fig. 96. A body of mass m is suspended from a spring of stiffness c.
At the moment when the system passes through the ‘equilibrium
position from left to right, the body experiences a blow which causes
a momentary change in velocity. Suppose that at every impact the
body acquires a constant increase in kinetic energy. This system
is an extremely simplified model of the clock mechanism. Assuming
the dissipative resistance to be proportional to the velocity, we may
write the equalion of motion for the interval between the impacts
as follows:

mz -+ bz -+ cx =0 (1)

If z_ is the velocity just before the impact, a;+ the velocity just
after the impact and K the increase in kinetic energy, then

at z=0, >0, 2t _ 1% _ g (12)

Since the time ¢ enters explicitly neither into Eq. (11) nor into
the additional condition (12), the system under consideration is
autonomous. We take as the segment L that part of the positive

semi-axis Oz which begins at the origin. In this case s is represented
by the velocity z at x = 0. Consider the state trajectory issuing
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from the point M (O, :;:o) of the axis. Upon integrating Eq. (11)
we obtain the equation of the state trajectory in parametric form
for the interval between shocks:

z="2¢" sin ot ]
(13)
z=2g,e M (cos o)t——sm (ot) J
where
h=5—; o= I/E_—_h,2 W, S

2m m

We take as the omgm of time the moment just following the
shock.

s, S5 ?lu)
) b t
; ; m \rl
¢
U ‘e r 7’ '1'
Figure 95 Figure 96

At ¢t -- 2a/0 the representative point passes from the left half-
plane to the right one. The next blow is dealt at this moment. Before
the shock the value of the velocity is

Z_=zee—? (14)
where the symbol ¥ is used for the logarithmic decrement of the
vibrations: ¢ =2nh/@. Making use of condition (12), we find the

coordinate .1.:, of the successor for point M:
2= ste20 4+ 2K (15)
Obviously the successor function (15) is continuous., Equating .::,

and .z':o, we obtain the coordinate of the unique fixed point:
'
2

. - K
¢.=]/ 1Te-2_° (16)

The derivative -d—z‘— at the fixed point has the value

. dzg
. c 29
( dzy ) _ zoe 2 —e-20 1 A7
drg /y l/ ;ae—zo +._§‘_K .
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Consequently the system has the unique stable limit cycle that
is shown in Fig. 97b. The Koenigs-Lameray stairway for this problem
is illustrated in Fig. 97a.

It should be pointed out that the model discussed does not reflect
a number of essential features of the clock mechanism. As can be seen
from Fig. 97a the state trajectory with any initial velocity, including
the arbitrarily small one, approaches the limit cycle with
time.

. M
T
— ToVijemd T
vmK
79 uio (b)
a
Figure 97

In other words, the system has the property of soft self-excitation.
Real clock mechanisms have no such property: to set the mechanism
in motion one must impart to it a certain initial impulse different
from zero. A model with dry friction is more plausible.

We now turn to the exposition of some results regarding multi-
degree-of-freedom systems. These results are equally applicable
to autonomous and nonautonomous systems with the only difference
that in the former we consider the state space and in the latter
the so-called extended state space. It differs from the state space
by the presence of an additional coordinate—the time. It is characte-
ristic of nonautonomous vibrating systems that their motion
is a periodic function of time with a certain period 7. It is therefore
expedient to introduce this additional coordinate in such a way
that the moments of time that differ by multiples of T would coin-
cide. In the case of a nonautonomous vibrating system having
one degree of freedom we have to consider the cylindrical extended
state space. By analogy the extended state space of a nonautono-
mous vibrating system having many degrees of freedom is also
called cylindrical though in this case naturally a graphical representa-
tion is impossible. In the extended state space, as in the state space
of an autonomous vibrating system, a closed limit cycle corresponds
to the periodic motion.

In the following discussion, for the sake of brevity, we shall
use only the term state space.
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Let the motion of the representative point in the state space be
described by the following set of differential equations

_dtl":Xl(zu Ty eeesZny t), (i=1,2,...,m) (18)

where z,, z,, ..., , are the state coordinates.

The only assumption made concerning the functions X; is that
they ensure the uniqueness of the state trajectory which passes
through any point of the state space and also that they are periodic
in ¢ with the period 7. We place a certain surface S in the state
space and denote by o, Zz0, - . .; Zno the coordinates of a point
M on this surface. Let the trajectory issuing from M { again intersect
the surface S at point M whose coordinates are z,, Z,, . . ., Zp.
We shall say, as we have done earlier, that the state trajectories
of the set (18) realize the point mapping of the surface S into itself,
and write the mapping in the form (1). The relationship between
the coordinates M and M is expressed by

Ti=F1(Zy0 Ta0y e+rTno)y (=1,2,...,0) (19)

the form of the functions f; being determined by differential equations
(18). For the set of functions f;, (i=1, 2, ..., n) we retain the
earlier designation—successor functions.

If the state trajectory is a limit cycle, then the point M denoted
in this case by M, coincides with its successor and is called the
fized point of the mapping. Its coordinates are determined from
the equations

e =Jfi(ZTtey T2y o4y Zn,)y (i=1,2,...,n) (20)

The investigation of the stability of the fixed point is carried
out similarly to the above, by linearizing the mapping in the neigh-
bourhood of the fixed point. The generalization of Koenigs' theorem
in this case is formulated as follows.

The fixed point is stable if the moduli of all the roots of the
characteristic equation

)= (), - (o),
), ()= (), |-o (21)
(7)., (&), - (3=).—

are strictly less than unity,
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The parametric form of the point mapping that is more frequently
met with in concrete problems is

@1 (Zy, Tay+ - vy Tn} Tioy Tags -+ +y Tng;  Ugy Usy «ooUm)=0  (22)
i=1,2,...,n+m)

Expression (22) contains the parameters u,(k=1,2,...,m)
which may not be amenable to elimination in the general form.
Among cquations (22) is also the equation of the surface S

S(zyy Zzy +v.,Tn)=0 (23)

The coordinates of the fixed point are determined from the set
of equations

P (Tyay Togy v o9 Tnat  Tigr Togy v+ o9 Tngs  Uggs Uzgy oo oy Umy) =0

(i=1,2,...,n4m) (24)

The condition of the stability of the fixed point remains the
same and the characteristic equation takes the following form:

5(91) (5(91) . (acpi) (a‘Pi . .
( 0z / 2+ 0z10 /o' Noxy /, 2+ dz99 )* e
99y ) ( ) ) 0%y ) ( 8y

b z —) : (== ;...;
( Orpn /o + 0rno/ 5’ Oug /' Jum )*

(52) s+ (32), () s+ (52),5-

* *

I, ) ( dipy ( 23 ¢, ) =
) 2 N 3 v 0oy
( ozp /1, * a-tno)t' duy )‘ e ( Oum / » (25)
IPn+m ) ( OPn+m ) ( IPp+m ) ( Ofn4m
———— z r-e— M _— z —— M ] .
( dzy . + 9249 ; Oz, . + g ) .« !

( 0Pnsm ) z+ ( 9Pnam ) . ( Inam . . ( 9§ nam )
z, )2 e ) \Tau ) T ),

Thus, if the point mapping has been performed, then in order
to find the periodic solutions of the set (18) the fixed points must
be found, i.e., we have to solve the set of transcendental equations
(20) or (24). Usually it is impossible to obtain the solution in the
general form, with the exception of several very simple special
cases, and one has to use some numerical method.

Having obtained the solution, one sets up a characteristic
equation using formulas (21) or (25) and estimates its roots. One
should pay attention to the following.
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Expanding the determinant (21) or (25), we obtain the characte-
ristic equation

ag+az+ ...+ apz"=0 (26)

Its coefficients aq, a,, ..., a, are functions of the parameters
of the system. If we want to investigate the behaviour of the system
within a certain range of its parameters, we must study the relations
between the roots of the characteristic equation and these parameters.

Let us now introduce the so-called parameter space; we shall
lay off on the coordinates of this space the values of the parameters
of the system (they may be, for instance, natural frequencies, mass
ratios, the coefficient of velocity restitution at impact, etc.). Suppose
the fixed point of the mapping (19) or (22) has been found. This
point, generally speaking, is stable in a certain domain of the para-
meter space. Since all the elements of the determinant (21) or (25)
are real, the-fixed point may go beyond this domain in three cases:

(1) when with variation of the system parameters one of the
roots of the characteristic equation becomes equal to -+1;

(2) when one of the roots is —1;

(3) when there appear two complex conjugate roots whose moduli
are equal to unity.

Therefore, substituting into the characteristic equation z = -1,
2 = —1, and z = cos ¢ + i sin ¢, we obtain the equations of the
three surfaces that constitute the boundaries of the parameter space
domain in which the fixed point of the kind considered is stable.
The boundaries are denoted by N,,, N_, and N, respectively.

The surface Ni,, (2 = +1)

a°+a1+.oa+an=0 (27)
The surface N_,, (z= —1)
ao—a1+o.o+(—i)nan=0 (28)

The surface N, (z=-cos@-isin @)

a,+a,cos@+...+apcosng=0 }
a,sin@p+4a,sin2¢+ ...+ a,sinnp=0

It can be shown that the boundary N, is at the same time the
boundary of the existence of this fixed point. In other words, with
z = +1 the set of Eqgs. (20) or (24) becomes unsolvable. This is why
the domain bounded by the surfaces N.,, N_; and Ny is called
the domain of the existence and stability of the fixed point.

Note that the motion of the system may be subjected to certain
natural limitations which lead to the appearance of additional
boundary surfaces in the parameter space. An example of such
limitations will be treated in the next section.

(29)
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41. Problems of the Dynamics of Vibrohammers
and Vibrotampers

Figure 98 pictures the dynamic model of a nonautonomous shock-
and-vibration system which has one degree of freedom. This model
is an idealization of spring vibrohammers and some other shock-
and-vibration machines. A sinusoidal exciting force £ = F, cos w?
z and a constant force P which may, in a
particular case, be identical with the
weight mg are applied to the mass m
supported by ideal springs of stiffness c.

N

7 The vibration of the mass m is accompa-
7 nied by shocks against a fixed unde-
% N <¢f” formable stop.

AT Z Various problems of the dynamics of
/////,//Z,’?//%////// this system have been treated by many
authors. The most comprehensive inve-
Figure 98 stigation is due to L. Bespalova. On
the basis of the preceding section we

shall study some periodic motions of this system.

Let us denote the displacement of the mass m by z. Generally,
in measuring x the position of static equilibrium is selected as the
point of reference, which slightly simplifies the formulas. In this
case we shall measure the displacement from the position in which
the spring is undeformed. This will later malke it possible to directly
obtain results pertaining to the springless shock-and-vibration
systems without solving the problem anew.

Assuming that energy dissipation occurs only with the shock,
we may write the equation of motion for the interval between shocks
in the following form:

m%+cx=Facosmt—-P (1)

N

We assume that the shock is momentary and characterize it by
the coefficient of velocity restitution R defined by.relation (11),
Sec. 39. Let the stop be located al the elevation z = z,. At the
moment of shock, i.e., at £ = z,, the velocity dz/dt of the mass
m changes by a jump

(). =—R(F)_ @

It is clear that the system can be in motion only above the
stop. Therefore the solution that corresponds to real motion must
satisfy the condition

x>z (3)

This is a limitation of the type mentioned at the end of Sec-
tion 40.
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Introducing the dimensionless variables

mw2
§=Ta—z, T=0t (4)
we can write Eq. (1) and condition (2) in the following form:
T+v%=cosT—p ()
L=—RL at t=f (8)

Thus the system can be characterized by the following four
dimensionless parameters:

mw?

p
Y=]/-',,:T2'; p=ﬁ; R; €°=TIO (7)

Consider the motion of the representative point in a three-
dimensional cylindrical state space of our system (Fig. 99). Let

us introduce in this space the cylindrical z
coordinates <
. _’.0

r={+r; z=§ o=t & ===
where ry is an arbitrary constant which sa- < 7
tisfies the condition §, -4 ro>>0 within the (M_ 4 2
range of variation of g,. M2

Each integral curve in this space con- £=0 K147

sists of segments of two types. The first Ll
type is represented by spiral-like curves
issuing from some point on the upper /
half of the cylinder r = Lo + ro, ({ > 0) N
and arriving at a certain point on its lo- N~—

wer half ({ << 0). These segments satisfy
Eq. (5). To the other type of trajectory parts
belong segments of the generatrix of the
cylinder rising up from below; the vertical coordinates of the initial
and end points of each segment are related by condition (6).

The closed integral curves consisting of alternating segments of the
two types correspond to the periodic motions. It is readily seen
that the number of the segments of the first or second type is simply
the number of shocks within one period of motion; we denote this
number by s. Shock-and-vibration systems have a property that
is characteristic of other nonlinear systems as well: the period of
motion may be not only equal to but be a multiple of the period
of the exciling force. With the notations used in (4) the period
of the exciting force is 2x, and the period of motion 2nn,
(n =1, 2, ...). At n > 1 the motion is called subharmonic of the
order of 1/n.

Figure 99
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The periodic motion is characterized by two integers, s and n.
We shall use the notation D,, for the domain of parameter values
which correspond to periodic motions with identical s, n. Motions

) with one shock per period,

iy i.e., those belonging to the

/\ /\ /\ domain D,, are of the great-
est interest in practice.

: E \5 The time-histories of the ve-
: ' locity { shown in Fig. 100
correspond to diverse periodic

motions with one shock per

v : \/ t period: curve a to the domain
: | D,,, curve b to D,,, and curve

. ¢ to D,s. The curve d in this

o /\ / figure represents the exciting
VA —, force cos T.

\ \/\; Let us perform the point

@ mapping of the cylinder L

cos ¢ into itself by means of state

/\ /\ /\ /\ trajectories approaching the

' t periodic motion with one

\/ \/ (dX/ \/ shock per period 2nn. Let M

be a point on the upper half

Figure 100 of the cylinder and the coor-

dinates of the point be {,, C.o,
To- The integral curve issuing from the point is described by the
parametric equations

£ = =5+ (Lot H+28) cosyr—w) +

(ﬁo smt")smv(r To)—7] l,z oS T
é(v)=—v(co+—z+1—°‘°’1°-)sinv<r—ro)+

(§° nT°) cosv(r—-‘rc.)+1 = sint

furnished by the mtegratlon of Eq. (9).

Let the integral curve intersect the cylinder L al the point N at
T = T3 > 7p. The values of 1, is determined from the first of Egs. (9)
upon substituting into it { (t,) = {,; having obtained =,, we can

find the value of  at this moment from the second of Egs. (9); let

us denote this value by .C_ Condition (6) transfers the point NV to the
point M whose coordinates are

go: Tys Ct_—RC— (10)

£

(9)
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Performing the operations indicated above, we represent the point
mapping which transfers M into A/ in the following form:

7 (tn Ty5 io, To) =— (Co-l-%) +

+ (C,, b cos;o) cos ¥ (T —Tp) -
1 .
'l".\_, (CD - IS_-IL%) sin Y (‘[1 0)_m COS T, 0 (11)
¢ P ., €8T
‘Pz(gi LTH Co, To)—‘_— (§o+—+1—_-§§-)><

sin To

X siny (1, — 1p) - (;o ) cos (T, — To) +1 3Sin T, = 0’

The successor function is glven here in implicit form corresponding
to formulas (22), Sec. 40. The parameters u; in the case being consi-
dered are absent. Had we considered motions with s shocks per
period, we should have obtained 2s equations in coordinates of the
s — 1 intermediate points on the cylinder L, these coordinates
being the parameters u;.

Let us now find the coordinates of the fixed point of the mappmo
(11) for this purpose we substitute into equalities (11) Cl §0 —=

= C*, To = T4y Ty = T, + 2nn. From the equations obtained we find
first of all expressions for sin T« and cos Ts:

sin Te __ &. (1—R)
1— 73 2R

(12)

f= 1+R cotan nny

v (]

We introduce § as a temporary notation for ¢, (1— R)/R. Squa-
ring the relations (12) and adding them up, we obtain the follo-
wing quadratic:

1
A+ E—2/(5+5) 6+ (o= &) —=mr =0 (13)

It will be shown in the following that of the two solutions of
Eq. (13) that with the plus sign before the root is to be taken. Conse-
quently the dimensionless velocily just after the shock in periodic
motion is expressed in terms of the system parameters as follows:

1112 2
(o on f(Co-!-,Y.,)-l-]/fl_;?,), (0+35) "
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Replacing in the first of Eqs. (9) the state coordinates of the
point M by the coordinates of the fixed point M, furnished by
expressions (12) and (14), we can wrile the equation which describes
the periodic motion in the interval between shocks as follows:

t(r)= ——-——}—Acosv(t T, —Nn)— i? coST (15)
where

PR -ACEY)
~ 2Rysin nny

Note that usually instead of ﬁ, the formulas contain the quantity
Ru equal to it, where u denotes the absolute value of the velocity
just before the shock. In this case all the formulas remain valid

also at R = 0 since u is not zero, though .C- naturally vanishes.
The next step is to check the stability of the formal solution (15).
In this case the characteristic equation (25) takes the form

(), (), ()e+ (.
|G, =+ G, @)+ (),
In order to calculate the elements of this determinant let us

find the values of the partial derivatives of functions (11) at the
fixed point.

(%)*=0; ((a;gl:) = [i sin ‘Y(tl_-ro)]* - sin ij‘tn? \

(). [~ (05 25 syt

=0 (16)

+(Co Lk °)cosv(r,—1’°)+i Sin"'i].": —%
(a%) [‘Y (§o+ os %o ) siny (1, — 1) —

_(go_ “t") cosy (r,—‘ro)—sm—;o cos ¥ (Ty—To)—

€08 7o sin y (ty—To) Ca (H—R) +

1_1’2 Y a
+§. )GOSZnnv— 08 Ty sin2nny
1—y2 Y

(%) =%; (Z%::) = [cos p (Ty — Tg)], = cos 2nny
» ¢
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CO0S Tg

(32),=[ =7 (to+F+25%) cosv(m—m)—

- an
_.AY (to_is-l_l.l:g) sin‘y(T,—To)-{-%:—;]‘::

— e (1—R)f | cost
=—"5r +1_?;

op:\ _ T P, CosTg .

ai-;o)*—l_?ﬁ (§o+ 7 +——1_?2 ) cos ¥ (T, —To) +

To

+v (éo-ff;g ) sin y (1, — 7o) -!—Yisil_lvz siny (t) —1y) —

€08 To _
—1—q2 9% 7(1"1_70)]. =

: 1—R) 2 sin 2z coS T
=§*(2R)Y (f— 7 Y)—i_v";cosz:rmv

o

Substituting the expressions obtained in the determinant (16)
and expanding it, we get the following characteristic equation:

uz®4 {u [(1—}‘2)2 sin? nny+(1+R)2“"‘:‘#_(1+Rz)]_

—(to+5) 4+ R) T2 s pum—0 (18)

Solution (15) is stable if the moduli of both roots of the quad-
ratic equation (18) are less than unity. This condition can be
easily expressed in terms of the coefficients of the quadratic

az?+bz4+c=0
whose roots are

b b\2 ¢ b by2 ¢
zi=—z+1/(z—a) -3 zz=—z-l/(z) —2
taking @ >0 without loss in generality. We now seek the condi-
tions under which |z;|<<1, |z;|<<1. Three cases are to be dis-

tinguished:
(1) <0, b¥*>4ac. In this case |z,|>]|2;| and since z, >0 the
required condition is reduced to

) (2) i<t

Hence we obtain
a+b+¢c¢>0 (19)

(2) 5>0, b*> 4ac. Here we have |z,|>]|z,]|, z2,<<0. Similarly
to the above we find the required condition to be

a—b+c>0 (20)
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(3) b®<<4ac. In this case the moduli of both roots are equal.
They are less than unity if

a—c>0 (21)

Replacing the sign of inequality in conditions (19) through (21)
by the sign of equality, we obtain of course the equations (27),
(28) and (29), Sec. 40, for the boundaries N,, N_; and ¥, However
the conditions found here directly contain some additional infor-
maltion.

Returning 1o Eq. (18) and inserting its coefficients into condition
(19), we obtain

B\2 cin? g cos?xny 1 P\ sin2nny
u[(l R)%sin? iny+ (14 R) — ] (§°+1’2) - >0
(22)
The expression on the left-hand side of inequality (22) is the
square root in expression (14) which can be readily verified by direct
substitution. Thus we ascertain that the plus sign before the square
root in expression (14) has been chosen correctly.
It was pointed out in Section 40 that the boundary N4, is at the

same time the boundary of the existence of a solution. In the case
under consideration the condition of the existence of solution (13)

is that the expression (14) for é- must be real. Therefore the equation
of the existence boundary takes the form

(ot 5) = gLt (23)

In accordance with the above statement condition (22) yields
an identical result if the sign of equality is inserted into it.

The equation of the boundary N _, obtained from condition (20)
may be written as follows:

u[(1—Rytsin® any+ (14 R <22 2 (14 Ay | =

= (to+5) @+ 2 (24)
Finally, -condition (21) yields
1—R*>0 (25)

It follows that in this case the boundary Ny, R =1 coincides
with the limitation deducible from the physical meaning of the
coefficient of velocity restitution.

No account has so far been taken of condition (3) which, with
the new notations, takes the form { > {,. This condition is violated
if in the interval between shocks the mass m touches the stop. The
possibility of this occurrence is illustrated by Fig. 101 which shows
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graphs of displacements within one period for different points in the
domain D,,. The set of parameters corresponding to curve & is the
boundary set since in this case condition (3) is violated. Thus, this
condition defines one more boundary in the parameter space. It is
sometimes called the boundary of de-
finition of the solution of the type { A
being considered and denoted by C.. 1
It can be readily seen from Fig. 101
that C; is determined by solving joint- )
ly the equations

EB)Y=C0: L(@)=0 (26)
which define the moment v =f§ 4 7.
when condition (3) is violated!. Since, o r
in general, the elimination of  proves ' ‘
unfeasible, Eqs. (26) should be consi- Figure 101
dered as the parametric equations of

the boundary C;. In the problem being treated they take the
following form:

Acosy(p—nn)—

1__1.?2 cos (B+T‘) =§0+?£'; ]

, 1 ¢ 27)
—7A51n7(ﬂ—un)+1_?a sin (f+7,)=0 )

In practice calculations by these formulas prove very time-consum-
ing. They are considerably simplified in the frequently encountered

case when o+ p/y? = 0. After simple transformations Egs. (27)
become

1—R 1 . .
m‘—‘m[005754-@(51“5—?31“?5)] ) .
1—-R 1 (28)

TR = 5np [sin yﬂ-i-ﬂl;ﬂ’ (cos yf —cos ﬂ)]

As can be seen from expressions (7), the parameter space of the
system is four-dimensional. Therefore, in order to study the space
structure we have Lo consider several crosscuts through it. Note
that the parameters {, and p enter into all the formulas only in the
combined form f, + p/y® (in taking the position of static equili-
brium as the origin it is this quantity that is usually called the clea-
rance). Therefore we shall consider first of all the crosscut through
the parameter space by the surface {o + p/y* = 0.

The domains of existence and stability of periodic motions with
one shock per period and with the periods 2n, 4n and 6xn (i.e., Dy,

1 The necessary and sufficient condition for the existence of the boundary
C. is that some roots should be within the interval 0 << B < 2nn.

1912
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D,, and D,;) thus obtained in the plane of parameters y, R are
shown in Fig. 102. All the three domains are of one type. With
R =1 they are bounded by the common boundary Ng. The boundary
on the right of each domain consists of two parts. At R = 0 the
curves Cy issue from the points y = 1/2n and with a certain value
of R intersect a branch of the boundary N_;. The two parts of the

boundary are particularly cons-

R . . . "
AT P77 picuous in the domain D,;. The
g % 5//%/ boundary on the left of each doma-
08— // 7 7 in is formed by the second branch

/ % 1 %/ of the curve N_,.
o6—HE 1% Y /// The boundary N, is simply
,:// % % non-existent in this case as can
| ’ é ’ % be seen from its equation (23). It
04 S HEAT 707 7 should be noted that with an
» Yt Y %;D " increase in n the dimensions of the
02—HEA T 7/ domains are very much reduced;
4 ;/ 7% this is characteristic of nonlinear
. systems which have subharmonic

0 02 09 06 08 } solutions.

Figure 102 The dependence of the regime

of motion on the clearance value
is of practical lmportance since in real machines the tuning for
the required regime is performed within certain limits just by

2
( ]z % “ ‘%%0 / Dn
D”’/“ \’% " M%(z///) <

NI
NI %ﬁ
7 %Y -
2 A
Dan //é Dﬂ"

04 b4

Figure 103

changing the clearance. Figure 103 shows the intersection of the
same domains D,,, D,,, D,; with the plane of parameters y, {, + p/y*
at R =0.

The following domains are marked in the figure by shading along
the boundary line:

(1) the domain D, in which v* (£, + p/v*) >1. In this domain
the force exerted by the springs in pressing the mass to the stop
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exceeds the amplitude value of the exciting force and there is no
motion at all;

(2) the domain Dy, in which the amplitude of periodic vibration
without shocks, equal to ﬁ ,isless than {o + % . In this domain,

motions with or without shocks are possible depending on the initial
conditions.

Between the domains D, and D,, there is the domain D§; at R =0
in which the motion is performed with pauses. In fact, the velocity

i- just after the shock is zero. Let us denote the phase of the exciting
force at this moment by t0. If it turns out that cos 19 << y2 (§o +

~+ p/y?), then the mass will stay pressed to the stop up to the moment
T, wWhen

cos T, = y* (Co + ;% (29)

Each domain D,, has on its right a similar adjacent domain
DS, of motion with pauses. The rest of the space is occupied by
domains of more complex motions with many shocks per period
and higher multiple motions. We shall not dwell on the character
of the sequence of these domains and on the determination of their
boundaries, the more so as the parameters of the machine are selected
within the domains D,,, where maximum shock velocities are attai-
ned.

The qualitative picture of the distribution of the domains in the
Vs t;o—l—;% plane at R 5= 0 remains the same. Since in this case

there are no motions with pauses, the place of the domain DY, is
taken by the domain D, in which one strong and one or more weak
shocks occur during the period 2n. The domains DY, undergo similar
changes. One can form a limited conception of the changes in the
dimensions and relative positions of the domains D,, at R = 0
by comparison with Fig. 102.

In designing a shock-and-vibration machine its parameters should
be selected so as to ensure maximum shock velocities. It has been
stated above that in this respect the regimes with one shock per
period of the D,, type are the most favourable. The question arises
how to select the optimum parameter values within the domain
in question. The answer is readily found if one considers that the
clearance is the design parameter whose varialion is most easily
attained wilthout affecting the other parameters. Let us find the
clearance value ({y)op: to which, in a motion with one shock per
period where the period is 2nn, there corresponds the maximum of the

shock velocity u = Z/R. Differentiating expression (14) with respect
19*
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to o and equating the result to zero, we find that
, P2 2__ f2
(CO'*‘Y—z) "—(1_?2)2
Thus we obtain two optimum values of the clearance:

!
1—9y2

§o=—éi

By calculating the second derivative one can readily demonstrate
that the maximum shock velocity takes place when
p f
(Codopt = 3 +W (30)
Of course it is necessary that the set of parameters satisfying
the relation (30) be within the domain D,,. With small stiffness
2 Vvalues of the supporting springs, i.e.,
F A with small y, to which, as can be seen
from Fig. 103, correspond large n values,
1:‘,',605{.;. the point ensuring optimum velocity
may prove to be outside the domain of
existence and stability of the regime
being considered.
Finally, let us consider one more
///, TO  special case corresponding to v = 0.
Fi 104 In this case we have the springless shock-
rgure and-vibration system schematically pic-
tured in Fig. 104. This is the dynamic
model of the simplest vibrotamper and springless vibrohammer.
A similar scheme is used in treating some problems of vibratory
conveying.
The equation of motion of the mass m in the interval between
shocks is obtained from Eq. (5) by setting y = 0 in the latter:

'§.= CoOST—p (31)

A

s

/

‘The condition (6) for the shock remains unchanged. One could

repeat the whole reasoning, applying it to Eq. (31): construct the
point mapping, find its fixed points, etc. We shall use another appro-
ach and successively obtain all the results required by passage to

the limit.
First of all it is obvious that the concept of clearance in this

case is meaningless and one must put {, = 0 in all the formulas.
Further, with small y values we have
f__i—}-R‘ cotan ny _ 14-R 1
1—-R v 1—R nny? (1-{-%:!’1:373)
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In the expression 1- f2 contained in formula (14), with small y
values, the unity can be neglected as compared to f2. As a result,
we obtain the expression

Le= (1+ nn2y ):mp—|—1 - nny ]/1—( —R :tnp)2 (32)
Thus, with y=0 the velocity immediately after the shock
i,=Ru=12_iRnnp (33)
The first of formulas (12) yields
sin T, = —R nnp (34)

1+R
In order to transform the second of formulas (12) one must

substitute the expression (32) for t,, retaining the second term in it.
The result is

CoS T, = ]/1 1+R ﬂ;np)2 (35)

This result could not have been obtained directly from formu-
la (34) because the sign before the square root would remain
indeterminate.

The equation describing the periodic motion in the interval
between shocks can also be derived from Eq. (15) by using the
passage to the limit. Making use of expression (32) again, we may
write:

_ C-(‘-t-R) 1—R 2 pn2n2
A= 2Rysin nny ?2+V1—(1+Rﬂnp) +=3
¥2 (t— 1o — nn)2

2

Inserting the above expressions into formula (15), we obtain

g (7) = — 2T T n)? cos1.'+]/1 (1+gn p)z+”“2"’”2 (36)

We now proceed to the transformation of the characteristic

equation (18) taking into account that in accordance with expres-
sion -(32)

u,(1+H)2c°S nnv~2nn(1+H)f +]/1_(1+Rnnp) -l

The terms of the order 1/y? cancel out and we obtain the fol-
lowing characteristic equation

[+ RYY 1= (1R wnp) —p (14 B) |24 pBE =0 (37)

cosp(t—1,—nn)~ 1—
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Using formulas (27) through (29) and Eq. (37), we obtain the
equations of boundaries for the domains of periodic motions, with
one shock per period, in the plane of the parameters p, R:

R
p=rm-1TRs (boundary N, (38)
_ 1+ Ry
p= T T ek (boundary N_,) (39)
R=1, (boundary N,) (40)

Let us also write the equations of the boundary C.; for which
the condition { > 0 is no longer satisfied. Differentiating relation

(36) and setting { () =0, § (B) = 0 where, as above, f =71 — T«
and carrying out certain transformations, we obtain the parametric
equations of Cy in the following form:

_ _sin(v.+p) )
nn—pB (41)
“"; B sin (te+P)—cos (tr,+p) +cost, =0

Figure 105 shows the domains of the existence and stability
of periodic motions with one shock per period for n =1, 2, 3
constructed in accordance with

R > Egs. (38) through (41). The vertical
o— A4 line p =1 is also a boundary: at
08}5ps f',/é 5 5 p>1 the force P exceeds the
¥ v N2 amplitude of the exciting force and
261025 05 7. there is no motion. The domains
f 7, V D,, of the motions with one shock

04 > De % per period are bounded on the
y / /g right by the curve N, and on the

/ " left by the curve N _;. The boundary

0z 7 C. cuts off but an insignificant
// portion from the domain D,, near

the R =0 axis as shown in the
0 02 07 06 08 p enlarged view of the graph in the
FPieure 105 same figure. The boundedness in
g accordance with £ > O tells on the

domains Dy, and D,; still less.
Note the following features of a springless shock-and-vibration
system. Tl!e domains of the existence and stability of the periodic
motions with one shock per period without stops of finite duration
are very narrow. Their extent increases with increasing p and Ry
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however, il is small values of these parameters that are Lypical
of real systems. Wilh p and R near unity the domains overlap par-
tially. In other words, with the same values of the parameters
dilferent periodic motions wilh one shock per period set in, depend-
ing on the initial condilions. Systems with small y values have
Lhe same property at large p and R values.

The filling of the remaining part of the parameter plane has,
in a general way, the same characler as in the system at y = 0.
The domain D, extending to the right of the boundary N4, of
D,, becomes the domain DY of motion with stops at R = 0. A simi-
lar domain is contiguous to each D;, domain on the right. There
are also domains of periodic molions with many shocks per period.
The extent of these domains decreases as the regime becomes more
complicated, i.e., with increasing s and n.

42. Some Features of Shock-and-Vibration Drives
with Centrifugal Vibration Generators

Nonautonomous problems where the exciting factor is represented
by a function of time, i.e., is independent of the behaviour of
a vibrating system, have been treated in Sections 39 and 41. The
systems excited by centrifugal vibration generators lend themselves
to such idealization by postulating that the unbalanced masses rotate
uniformly (cf. Section 27). In Chapter 6 we
were concerned with essential problems . yz
that cannot be solved in principle if the ad- )
ditional degrees of freedom of the unba- 7 /
lanced masses are not taken into account,

i.e., if the nonuniformity of their rotation / 1%

is disregarded. The same features are met \Z_/? 4
with in shock-and-vibration systems, so- W
metimes in strongly accentuated form. 7 g

We start with an approximate calcula- =
tion of the jump in the angular velocity Figure 106
of unbalance I (Fig. 106) whose rotation
causes working member 2 to vibrate along the z-axis and strike
stop 3.

Let us denote by Jg, mg, r the central moment of inertia, mass
and eccentricity of the unbalanced mass with respect to the axis
of rotation, respectively; by v the working-member velocity; by
Uy, u, the projections of the velocily of the unbalance mass centre
on the axes of the coordinates; and by ¢ the turning angle of the
radius-vector r measured from the positive direction of the z-axis;
now we can writle the increment of the moment of momentum and
the projections L., L, of the unbalance impulse during the shock
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(assuming that there is no friction in the bearing) as follows:

Jo (q.)+ — q.)_) = L.rsin @q— Lyr cos ¢,
Mg (Usxy — Ux-) = Ly (1)
mo (g — ty-) = Ly .

Here ¢, is the angle ¢ at the moment of shock.
We introduce the notations

Ale = Ugy — Ux-; Auy= Uy, — 1y } )
Av=v,—v; Ap=¢,—q-
and note that in accordance with condition (10), Sec. 39,
Av=—(14+R)v_ 3)
where It is the coefficient of velocity restitution on impact.
Taking into account the obvious kinematic relations
Auy = Av—rAg si
Ux v. r (psm(po} &)
Auy =rAgcos g,
we oblain the following expression for the angular-velocity jump
of the unbalanced mass at the moment of shock:

> mo{14+R)v_rsin g
Ap= Jo+mor? ©)

In accordance with the results of Section 41 the maximum shock
velocity of the working meinber vp,, for vibrations with one shock
per period and without pauses of finite duration in a spring vibro-
hammer with sinusoidal excitation and zero initial clearance can
be expressed as follows:

2mgro .
(my+-mo) (1—757) 4= By

where m; = mass of working member
o = frequency of exciting force
1/n = order of subharmonic vibrations.
The maximum velocily vpq, is attained at @, = x/2. Substiluting
this expression into the right-hand side of expression (5), we obtain:

2 (mor)? (1-1- R) .(Pmean
J (mq-+my) (1—4—1’1{) (1—AR)

Uniax =

(6)

(Aq;)max = = (7)

where J = J, + mg? is the moment of inertia of the unbalance
wilh respect to the axis of rolation and @p.q, is the mean velocily
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of rotation of the unbalanced mass equivalent to the angular fre-
quency ® upon sinusoidal excitation.
The expression for the relative jump of the angular velocity is

accordingly

(A.(P)max _ 2a2 (1 4-R)
: = T (8)
‘Pmean (1'—R) (1—m)
where, in accordance with formula (18), Sec. 33,
(mqr)?
- R, . o A

* = T lmi+ma) ©
With n=1 and R=0 we have the following simple relationship:

Ag 8
COmaz . _ 3 g2 (10)

Prmean

The relationships (7), (8) and (10) are approximate. In order to
obtain more accurate results it would be necessary to integrate the
set of joint differential equations of motion of the working meniber
and the unbalanced mass. After the shock the rotation of the unba-
lanced mass acted upon by the motor is accelerated and, besides,
the u%téalance performs vibrations similar to those described in Sec-
tion .

Another important problem requiring that the rotation of the
unbalanced masses be taken into account is the self-synchroniza-
tion problem. Self-synchronizing centrifugal vibration generators
have been successfully used to drive shock-and-vibration machines.
The theoretical determination of the self-synchronization condi-
tions in such machines differs in some features from the cases treated
in Section 36 when the working member of the machine is in a state
of purely vibratory motion.

The formulation of the self-synchronization problem remains
in principle the same as for systems without shocks. The equations
which describe the motion of the system fall into two groups: the
first group describes the motion of the carrier body, i.e., the working
member of the machine, the second the rotation of the unbalanced
masses. The terms that reflect the effect of the motion of the working
member on the rotation of the unbalanced masses contain a small
factor p which depends on the parameters of the system and charac-
terizes the strength of the coupling between the vibration genera-
tors and the carrier body. The problem consists in the construction
of solutions of the form (18), (19), Sec. 36, and in the determination
of the conditions of their existence and stability. In Section 36 we
applied the Poincaré-Liapunov small-parameter method to obtain
the solution of the problem. In shock-and-vibration systems the
vibration velocity of the working member and the angular veloci-
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lies of the unbalanced masses are disconlinuous funclions of Lime.
Therefore the small-parameter method in its usual form which calls
for the analyticity of the right-hand side of the differential equations
proves unsuitable in this case.

Neimark has developed a generalized small-parameler method
for equations whose right-hand sides are discontinuous. It is bhased
on the point mapping method and enables the results of the self-
synchronization theory to be extended lo cover Lhe sysiems with
dizcontinuous characteristics, including shock-and-vibration sys-
tems. Moreover, the use of special discontinuous functions enables one
to reduce the defining equations and the conditions of the stability
ol synchronous motions to the same form as for systems without
shocks, i.e., to the formulas (18) and (25), Sec. 36, respeclively.

We shall first consider Heaviside's step function defined by the
relations

0 at T<<0

B(T)={1 at T> 0 (1)

Let o <<fB. Clearly the difference 0 (v —a) — 0 (v — B) is
a function that is unity within the interval a << T << f§ and zero
outside it. Multiplication of an arbitrary function by this function
“cuts off” the function outside the interval a << v << B. If a certain
function § (v) is expressed within the interval 1o <<t << T, by
£ (v) and within the interval T, < T << 1, by &, (7). etc.. it can
then be formally represented by the sum

L@ =[0(—1)—0(r—1)I L, (1) +
+O@E—1)—0@F—1)L(D)+... (12)
and the expression (12) will hold with any t value.

We now determine the derivative of the function 0(t) which
we denote by 6(t). Since, by definition,

B _5(x) (13)
the relation ’
§8(x)dr=0(@)—6(—a)=1 (14)

—Q
must be valid at any &« > 0, § > 0.

With T << 0 and t > 0 the function 0 (t) is constant, and there-
fore with these t values § (t) is zero. At the point tT=0 the function
8 (1) must become infinite and in such a way that the integral (14)
be equal to unity. The function & (1) so defined is called Dirac's
S-function.

The functions 6 (v) and 6 (¥) allow one to treat formally the
discontinuous functions as continuous; they are made use of in
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solving various physical and technical problems. Note that in such
problems the §-function, which has at first sight such unusual pro-
perties, appears only in the intermediate calculation steps but never
enters into the final result.

A useful conception of the nature of the §-function can be obtained
by considering it as the limit of a cerlain sequence of the “usual”
continuous functions. Let, for example,

fr ()= e (15)

-n2t2
then lim f,(t)=0 at v5£0; lim f, (0)= lim n/n=o00; for any
n —» co

N> 0o n—> o0

positive a and § we have
B
S fan(t)dx =% (tan-'nf 4 tan-'na)
-
With n — oo the right-hand side tends to unity. Therefore,
lim f, () =8 (t). Figure 107 illustrates the functions f, (t) for
N—»oco

n=2; 5; 10. An infinite set of function sequences can be con-
structed, leading in the limit
to the 6-function.

Note the following properties
of the delta-function resulting
from its definition:

B
Stmemd=r (6

fate)

8
§ 1@ dr=f (),

—a<<t<p A7)

!
fR(r—r)=F(r)8 (v—1y) Figure 107
(18)

Here f (1) is an arbitrary continuous function.

The proof of these formulas is straightforward. The left-hand side
of relation (16) may depend only on such values of f (t) that cor-
respond to v values close to zero; without making a significant error
one may replace f (t) by its value at zero, f (0), which results in
the basic formula (14). Formula (17) is proved by a similar reasoning
and the validity of relation (18) follows directly from formula (17).

The functions 08 (t) and & (v) are very suitable for a formal des-
cription of motions accompanied by shocks. Actually, the force
of the shock that is used in the classical shock theory has all the
characteristic properties of the delta-function: it is different from
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zero only at the moment of shock when the function becomes infinite
and its integral that is equal to the impulse increment is finite.

After this digression we turn again to the self-synchronization
problem. Consider a shock-and-vibration system whose body has
one degree of freedom; the system is schematically pictured in
Fig. 108. As distinct from the system which was treated at the
beginning of Section 36 the motion of the system under conside-
ration is accompanied by momentary shocks against a stop with
the coefficient of restitution R. Since in the intervals between shocks

Figure 108

the system is identical with the first example in Section 36, its
motion is described by the same equations which, after changing
to the dimensionless variables defined by formulas (5), Sec. 36,
take the following form:

CHyt=[@*+ ¥ cosp+osingleosp+ |
<+ (P cos ¢ — 2@ sin @) sin P
.c;>+7w.p=l.+p['isin<pcosxp+ 2hh — Ahcﬁ-— i (19)
—A@+p) ¥l
b +Mp = [{ €08 @ sin P+ Ar— & (r -+ p) 9 — Ak
The condition for the shock
L= —RL- at =1, (20)

is to be added to the equations. Since the position of static equilib-
rium has been taken to be the reference point from which the body
displacement is measured, the dimensionless clearance {, in expres-
sion (20) coincides with the quantity {, - p/y® of the preceding
section.

It has already been shown that subharmonic solutions are charac-
teristic of shock-and-vibration systems. The reflection of this possible
occurrence in the solution of the problem of self-synchronization
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naturally suggests itself and we shall seek the solution in the form
t=t(x) e=v+v(%). v=v(+) (21)

where £, y and ' are functions which have the period 2r, n=
=1,2,3, .

The approximation of zero order in p to the functions ¢ and ¢
again takes the form

PO =9+ PO (D) =¥ (22)

It follows that the motion of the working member is described
to the same approximation by the equation

T+ 7% = cos P cos (¢ +7) (23)

and the additicnal condition (20). Consider the motion of the body
with one shock per period 2nn. If we take as the origin of time the
moment of the shock, then, using the results of the preceding sec-
tion, the solution of Eq. (23) is found to be

t(v)= % cos ((p‘“’ + 1)+ A cosy (t—nn) (24)

where
2o . _ vl R
cotan ¢’ = w(1—R) f A= 2y sin ainy
f= 1+R cotan nny
= Y H (25)
(1 +lﬂ) cosz ¢(0)
T 1-R~ 1+f* )

The study of the stability of the solution obtained is carried out
in the same way as it was done in Section 41. It must be stressed that
this stage, the investigation of the stability of the zero approxim-
ation, is indispensable. It was omitted in Section 36 since the sta-
bility of the zero approximation in the examples considered was
evident. It is further necessary to find the value of the phase {0
to which corresponds the stable synchronous rotation of the unba-
lanced masses. It is found that for this purpose one can make use
of the functions P, (P{») and P, (P{?)) introduced in Section 30,
provided one changes suitably the form (24), in which the zero
approximation must be written, so as to include the shock forces

the trea tment.

Solution (24) holds only in the interval 0 << v << 2nn. In the
next interval of duration 2nr the first term of expression (24) remains
unchanged and the second corresponding to natural vibrations
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takes the form A4 cosy (v — 3nn). Using Heaviside's funclion,
we can give the solution the following form which holds at any
> 0:

E(r)y=— cios‘p" cos (T+ @)+ [1—06 (v—2nn)] Acos y (v —nn)+

Y2
+ 6 (t—27nn) —0 (v—4nn)} A cos y (v—3nn) 4
+ [0 (v —4nn)—0 (t—6nn)) Acosy (v—5ann). .. (26)

In the first square brackets the number 1 replaces 0 (v). This is
because the motion is considered from the moment immediately
after the shock; the initial shock is excluded from consideration.
Each period consists of the interval of motion without shocks and
of the shock at the end of it.

Let us calculate the dimensionless velocity .C(‘l:). Dilferentiating
expression (26), we obtain

(‘l.') cos \p.

sin (v + @) —[1—0 (t— 2xnn)] Aysiny (v —nn) —

— [0 (v—2nn) —0 (v —4nn)] Aysin (v—3nn)— ...+
+{—68(t—2nn)] Acosy (v—nn)+
+[6(x—2nn)—8(v—4nn)] Acosy (v—3nn)+ ... (27)

Making use of the property (18) of the delta-function, we may rewrite
the sum in (27) containing this function in the following form:

— &8 (v—2nn) A cos y (2nn — nn) +
+ 8 (v—2nn) A cosy (2nn — 3nn) — 8 (Tt — 4nn) A cos (4nn —3nn) +
+6 (‘r-—-4.nn) A cos (4nn —San)— . .. |
It follows that the sum is zero at any t. Consequently, the

expression for the velocity takes the form

C (T) 00 "P* sin (T + ‘p(O)) —_ A? sin Y (T -— nn) + 0 (T —_ 2J'l.n) X

X [A ysiny (t—ann) — Ay sin (t— 3nn)| 4+
+ 0 (v—4nn) [Aysin (v—3nn) — Aysin (v —5nn)]+ ... (28)

It can be easily calculated that at the moments t = 2nnk, k=
=1, 2, ..., the multiplier of 0 (v — 2nnk) is equal to u (1 + R).
Consequently, at the moments of shock the velocity increases by

a jump and the increment is given by u (1 4+ R) in accordance with
condition (20).
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Differentiating equality (28), we obtain the generalized expression
for the acceleration:

L) = cio—s’_‘szl- cos (t4- ¢”) — Ay cos y (T— %n) 4

+ 0 (t—2nn) (492 cos y (T —nn) — Ay? cos y (T— 3nn)} +
+ 8 (v —4nn) [Ay? cos (v — Jnn) — Ay cos y (t—Snn)]+
+...4+u(14+R)[6(v—2nn)+ 6 (v—4nn)+ .. .] (29)

Here we used again property (18) of the delta-function.

Inserting expression (29) for { into the equations of the first
approximation to ¢ and ¢ and repeating literally the reasoning
pertaining to it and set forth in Section 36, we find that the values
of the phase Y{?’ and correction % for the synchronous frequency are
determined from Egs. (18) and (19), Sec. 36. In calculating the
functions P, (${V) and P, (")) note that the integration of these
formulas is performed over one period. In the interval from O to
2nn, including the moment of shock v = 2nn, the acceleration

§(1:) in accordance with formula (29), is given by the expression
E(r) = cos (v+ ¢) — Ayreosy (v—an) +
+u(1+ R) 6 (t—2nn) (30)

Substituting this expression into formulas (18), and (19), Sec. 36,
and bearing in mind the property (17) of the delta-function, we
obtain:

2nn
AP, (YO = S g(r) cos (T4 @) sin $pi? dv = 1"? sin $ cos ¥ —
0

——"%R—) cotan ¢{” tan P’ =0 (31)

2nn
AP, (V) = S T (1) sin (r4 @) cos y dr = LU=T) —ompan (32)
0

We have limited our treatment to the case of identical unbalances
and assumed the parameter p defined in Section 36 to be zero.

Equation (31) determines the generating phase ${»’. One of its
solutions is P{®) =0. The other root that is close to /2 at small
{o does not sausfy the conditions for the existence of the regime
with one shock per period; at o, << O this root corresponds to the
motion without shocks and at {, > O the body stays pressed by the
springs to the stop and there is no motion. The system with zero
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clearance, {, = 0, is an exception. In this case Eq. (31) takes the
form

(1+.n£n.. :ig . 1‘:_f12 . 11?'3) sin ¥ cos p{’ =0 (33)

It follows that in this special case there are two values that cor-
respond to the synchronous solution, ${»’ = 0 and ${ = n/2,
and both satisfy the conditions for the existence of the regime with
one shock per period.

Equation (32) determines the correction for the synchronous fre-
quency. It has been mentioned in Section 36 that this is the equation

of the power balance and in this case

R 2 : this is obvious since the expres-
7 ;.:4-.'44 sion u? (1 — R?)/2 is nothing else
08 iscss than the amount of the kinetic
: é?// A energy lost during the shock,
06 , //// presented in dimensionless form.
/ The stability of the synchrono-
- / us solutions that correspond to

04 A 0
\*7754 the values of the phase ¢{% found
b 11D, D, is determined, in accordance with
02 ; what has been stated in Section
i) 36, from the sign of the derivative
) ) dP; (${9)/dpi®. Differentiating
0 02 04 06 08 ) with respect to P{®) the left-hand
Figure 109 side of Eq. (31) and substituting

into the result Pp{" — 0, we obtain
Lthe condition of the stability of the in-phase rotation of the unbal-
anced masses:
1  a(l-m
1—92 2nn

cotan @i’ <0 (34)

In accordance with Eq. (33) at §,=0 condition (34) transforms
into the condition

1 2 14+R 1
= It e =) <O (35)
The antiphase regime is stable when inequality (35) changes its

sign.

Figure 109 shows the graph of the domains of the existence and
stability of the periodic motions with one shock per period for
a system with {, = O; a similar graph was shown in the preceding
section. Here the domains of the existence and stability of syn-
chronous in-phase regimes shown for the domains D,; and D,, have
been plotted from inequality (35) (shaded areas). It is characteristic
that for the vibration system without shocks whose body has one
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degree of freedom there is no synchronization at all at y << 1, whe-
reas with shocks there appear domains of in-phase synchronization.
The extent of these domains diminishes with increasing n which
corresponds to the general properties of nonlinear vibration systems.

As shown in the figure, the in-phase synchronization can be realized
only at sufficiently large values of the coefficient of restitulion.
whereas in the operation of real machines it is generally within
the limits 0-0.2. Therefore a shock-and-vibration machine with
a single-degree-of-freedom working member, designed after the
scheme considered, will not be
suited for operation because of the
instability of the working in-phase
regime.

In a more general case when the
working member of the machine
has several degrees of freedom and
there are more than two unbalan-
ces the calculations are carried out
in a similar way.

Note that in comparing the Figure 110
shock-and-vibration system with
the corresponding shockless system it is found that their equations
for the phase P{") and the conditions of stability nearly coincide and
differ only in that in the foriner case the expressions contain a shock
term. This is confirmed by a comparison of expressions (31) and
(34) with formulas (20) and (25), Sec. 36, respectively. Therefore
for the system illustrated in Fig. 110 we may directly write the
equation in ${", the synchronization phase:

b4
]

N
"

1 (712} am 1 . (0) (0) __

(1—?'f + T—y 7 1__?3) sin .’ cos
2 (1 — R2

—_ ﬂ—(;—m;ﬂ cotan @ tan P =0 (36)

and the condition for the stability of its solution ¢’ -=0:

1 L _&i€2 a2m 1 u? (1— R2)

1—-\9% 7 1-—“’% - J 1—‘\'% - 2nn

cotan ¢’ << 0  (37)

making use of the results of the second example in Section 36. In
real machines designed afier the scheme in Fig. 110 the values ol
the parameters in practice always satisfy inequality (37).

It should be pointed out that the stability criterion for synchrc-
nous motions formulated at the end of Section 36 is inapplicable
in the treatinent of shock-and-vibration systems.

20—-12
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43. Power Balance of Shock-and-Vibration
Machines

Let us analyse the energy balance of a shock-and-vibration machine
using, as an example, an electric vibrohammer (Fig. 111). It con-
sists of the striking part /, supported on cap 4 by springs 7 which
are located symmetrically with respect to the z-axis. Two symmel-
rically located identical induction motors § with parallel axes are
built into the striking part. Unbalanced masses 2 are pressed on the
ends of the rotor shafts. The system is centred and the self-synchro-
nization of the unbalanced masses ensures translational vibrations

of the striking part along the z-axis. These
1., vibrations alternate with blows of stri-
ker 3 on anvil 5 of the cap which is rigidly
~2 ﬁxtled to the pile 6 being driven into the
soil.

J The power N, consumed by the eleciric
5 motors is spent to compensate for the losses
4 in the kinetic energy of translational mo-
tion of the body! at shocks (power Ni) and
of the motions of the unbalance at shocks
(power Ni); dissipative resistances to the
vibration of the body (power N,); dissipati-
ve resistances to the rotation of unbalanced
) masses (power N;); additional electrical
Figure 111 losses due to jumps in the angular velo-
city of rotation of unbalanced masses at sho-
cks (power N;); additional electrical losses due to variations in Lhe
angular velocity of rotation of the unbalanced masses in the inter-
vals between shocks (power N3); the usual electrical losses (power N;).
The power Nj consumed when the machine is operating with
one shock per period is calculated from the expression

y my(v—1d)e
N, = _i(_[‘m;) (1)
where m, = mass of the body
v = velocity of body motion
1/n = order of subharmonic vibrations of the body.

Neglecting the dissipative resistances to vibration, the pile mobi-
lity and the nonuniformity of rotation of the unbalanced masses
and assuming the initial clearance z, between striker and anvil to
be zero, making use of the velocity relation at shock

vy = — Ru_ (2)

1 We mean by “body™ all the rigidly connected elements of the striking
parl having translational motion, by “unbalances” the rotating elements (i.e.
unbalances proper with their rotors).
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where I is the coeflicient of restitution of the absolute velocity
at impact!, we oblain the following expression [c[. (6), Sec. 42)
for the maximum velocity v before the shock:

S 2myro 1 3)
(1—R) (my- mg) (1—W)

where my = unbalanced masses
© = mean angular velocity of their rotation
r = eccenlricity of unbalanced masses with respect to rota-
tion axes.
Substituling expressions (2) and (3) in equality (1), we obtain

N; == (14 R) my (Iinor)z o3 (4)
r=Ryn (1_m) (mny-- mg)?

The power N{ is determined from the expression
Ny = [mo (ub- —uy) +mg (- —ud,) -+ Jo (02 —@b)]  (5)

where u, and u, -- moduli of projeclions of the velocilies of the
centres of gravity of unbalances on the z-axis
and the y-axis at right angles to it
Jo = central moment of inertia of unbalances.
With the most severe shocks the radius-veclors r of the unbalanced

masses are directed along the y-axis and therefore uw,_. — u,4 — 0.
The difference w2 — ©? may be represented approximately by
02 — 0} = —20A0

where Aow is the jump in the angular velocity of the unbalanced
masses at shock.
Hence, using formula (8), Sec. 42, we obtain

ol —of = 2L UT R (6)
= (i)
where
. (mgr)?
o=~ (Jo -+ mor2) (my - my) @)

Using this expression and the first of equalitics (4), Sec. 42, we
may write

. 1--R )2 @3
N - ( |1 )mzo(mo’) ® e (8)
n(1—R)n (1_Hf) (mny + mg)? (i-,. 7 )

: 1 This coefficient coincides with Newton's cocfficient if the stop is motion-
ess.

20*
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Adding (4) and (8), we obtain
Ny= N4 Ny = LRt pmo) (mor)? 02 9)
x({—Ryn (1—W) (my+mgp)2

where
1

(3 ()

We now calculate the power IV, assuming the dissipative resis-
tance to vibration to be proportional to the absulute velocity of
vibration of the body:

B (10)

dan
®

wb
N2=m S v”dt (11)
[
where b is the coefficient of resistance.
Hence
N,=k*b (12)
In this expression Av? is the mean square value of the body
velocity.
For small damping one may set
¥ (my--mp) ®
p=2m o (13)

in accordance with Table 1 and formulas (29), (43), Sec. 6. Here
is the logarithmic decrement of vibrations.
From expression (13) and equality (3) we obtain

2k0 (mor)2 @3

Np= . (14)
““-R)"(i—z:—g) (my + mg)
The power N, can be determined from the formula
Ny = frimyre® (15)
where f:=-equivalent coefficient of friction in bearings of unba-

lances
ry= equivalent radius of journals in bearings.
The power Npecn spent Lo compensate for mechanical losses is
the sum

Nmech=']v1+ N2+1V3 (16)

It is recommended to calculate the power N from the formula
' kA -

Ne=— :.m(o Nmecn (17
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whence, on the basis of equality (8), Sec. 42,

’ 292k (4
N,' = 2k (1 )1 Npecn (18)
(1—Ryn (1 )

T in?

Since during the intervals between shocks the vibrohammer is a
system operating in the zone beyoud resonance (usually far beyond
the resonance with shockless operation) il is recommended to cal-
culate the power N; from the formula

N = %‘_ Nmeen (19)

where ¢., is the amplitude of the second harmonic component of
torsional vibrations of the unbalance shaft.
In accordance with formula (22), Sec. 33, it can be assumed that

(20)

Figure 112

The power N, spent to compensate for the additional electrical
losses

No=N,+N; (21)
The rated motor power is the sum
Nr=Nmech+N4 (22)
The power N; is calculated from the formula
Ny= "n‘“ N, (23)

where 7 is the rated efficiency of the motors.
The total active electric power N, consumed by the motors

Ne=N;+N, (24)
and according to formula (23)
No=2IF (25)

The values of the coefficients k, f, k,, k, are based on experience.
Figure 112 shows an approximate example of the power balance
of a vibrohammer.



CHAPTER 8

VIBRATORY
PROCESSES

44. Influence of Vibration on Dissipative Resistances
of the Medium Being Processed

The application of vibralion often leads to changes in the cha-
racter of inleraction between the working member of the machine
and the external medium as well as in the behaviour of this medium.
These changes may arise from seeming as well as from real alle-
D rations in the properties of the system,
caused by vibrations.

Consider first the effect of vibration
on the friction between the working mem-
ber of the machine and the medium.
The apparent reduction in friction under
the action of vibration or sliding of one
body over another has been known long
ago. Suffice it to cite such facts as the
self-loosening of nuts in vibrating parts
of various machines and the skidding of
motor cars in braking to see the impor-
tance of the harmful aspect of the prob-
lem. These effects have been used with
advantage not only in vibration machi-
nes but also in some measuring, testing
and conlrol devices where, for example, in order to reduce the
friction of the shaft in its bearings when the working speed is low
the bearings are given a high rotational speed. The most compre-
liensive theorelical investigation of the coefficient of friction du-
ring vibration is due to Blekhman and Janelidze.

Let us study the effect of the relative motion of two rubbing
bodies on the apparent (sometimes it is called “effective”) coefficient
of friction. The body designated by point A slides on another body
in the plane of the drawing (Fig. 113). The velocity of the body at
this moment is v. The motion may be sustained by some active
force of no interest to us or takes place by inertia. Lel us impart
to body A a momentary impulse in the positive direction of the
z-axis; the impulse results in an increment u of the velocity of body

Figure 113
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A. At the same moment, # = 0, let us apply to body A such a force
Q in the direction of u (i.e., in the positive direction of the z-axis)
that ensures the constancy of u in the neighbourhood of ¢ = 0.
It follows that it is necessary to have Q = F*, where F* is the
modulus of the apparent friction force which must be overcome by
the force Q.

In Fig. 113, u = AC, v=AB, XCAB = ¢. Let us draw the
vector of the resultant velocity w = AD. The real friction force F
applied to the body A is directed along this vector and opposite
to it. Let us resolve the force into two components F* and F**

directed along u and v, respectively. We obtain the following
relation:

F*=—F (1)
Since
w=V v®+u?+ 2vucosQ (2)
we can write
F*= = F (3)

o V24 u?4-2vu cos @
As the friction force is proportional to the coefficient of friction
F=fN, F*=fN (4)

where f, f* — real and apparent (effective) coefficients of sliding
friction

N = force of normal pressure.
With account taken of equalities (4) expression (3) takes the form

. __ u
f Vv +u242vucos g / ®)
The angle ¢ can have any value but since the cosine is an even
function it is sufficient to consider ¢ within the range of angles
I<op<
With the following characleristic values of the angle ¢ the coef-
ficient f* can be expressed in a particularly simple form:

fregrrh (©=0
Pyt (=) | ®
f*=‘v—_uu"f’ (([)——-‘-:I't,li<v)

With u/v<€ 1 for any angle ¢ we have
fr=ai ()
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Ilere the apparent coellicient of friclion and consequently the appa-
renl friction force become proportional to the velocity w. Dry fric-
lion becomes, as it were, linearly viscous. That is why the term
linearization of friction is often used in such cases.

Uniform motion will continue within the limits 0 Q< F
in the sense that du/dt = 0 and with a definite velocity u corres-
ponding to cach Q value in accordance with formula (3). If Q > F,
the motion will be accelerated, i.e., du/dt > 0.

Suppose now that the body A in Fig. 113 whose mass is negligibly
siall  performs sinusoidal vibrations in the v direclion and its
velocity varies according to the law

U == v, Sin w¢ (8)

Here the positive direction of vibrations is chosen so to make the
angle ¢ lie within the interval 0<{@<n/2. Then, in accordance
with (3),

Fu
Vv2 sin2 0t + u2--2v,u Cos ¢ sin O

Q=

Solving this equation for the velocity u, we obtain

(9)

Q2 ) ] F2_0Q2z , ., ) .
u-.F;*_?-Q-z—(‘/cos3(p+—Q2—Q|smcot|+costpsmmt) (10)

It follows that under the action of the force Q the body A per-
forms in the z-axis direction a motion whose velocily is composed
of a pulsating (repeated) and an alternating (reversed) compounents.
Since @ < F, the swing of the pulsating component is grealer thian
the amplitude of the allernating component and so the velocily u«
remains non-negative all the time. Twice within the period 2:1/w
the velocily u becomes zero. It has been assumed in deriving rela-
tion (10) that the coefficients of sliding friction and of static fric-
tion are equal. The mean velocity u,,c., 0of motion of the body A
under the action of force Q

(0]
Umean = oy udt

SL——-‘a‘lgf

The integration of this expression yields

_ 20,02 , F2—Q2
Umean = (2 — 0% 2 —) ]/c082<|> -+ __Q‘z_ (1 1)
For the characteristic values of the angle ¢ we obtain
20,QF )
Umcan = J‘(F+—Q2_) at ¢ =0 [
2v,Q (12)

— _ T
umcan—nvm—_QE at w "2 '
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In the latter case the alternating component vanishes.

It is of interest to note that, as can be seen from relations (12),
in the case of the longitudinally imposed vibration, all other con-
ditions being the same, the mean velocity up.., is greater than
in the case of transverse vibration in the ratio F: YV F? — Q-

If a force of normal pressure NV and an alternating force @, cos w?
directed as N are applied to body 7 (Fig. 114) lying on the plane
surface 2, then on condition that ®, <C N the apparent coefficient
of stati;:1 friction (which is equal to thel ra-
tio of the minimum force parallel to plane
2 and disturbing the state of rest to the N ‘ ‘tﬁacos wt
mean normal pressure N) is determined

from the expression _’//2
Dq 7
fi=f (1 _T) (13) F7777777777777777777.

where f, is the real coefficient of static Figure 114

friction.

In the cases under consideration the real coefficient of sliding
friction was taken to be constant. Therefore the amount of energy
dissipated when the body is in a translational motion on the plane
without separating from it with any form of the trajectory of total
length s is determined from the expression

E= SfN; sgns'ds (14)
0

where f = real coefficient of sliding friction
N; = instantaneous value of the resultant of normal pressure
forces.

Cases are encountered when under the action of vibration the real
coefficient of friction is changed by physicomechanical or physico-
chemical processes due Lo vibration, for instance, by the exudation
of a liquid phase on the rubbing surfaces.

As a rule, the changes in the coefficient of friction tend to diminish
it. The amount of energy dissipated is reduced in such cases and
the apparent coefficients of friction decrease more considerably.

It has been observed long since that loose substances consisting
of hard particles with the interstices filled by a gas or liquid begin
to flow under the action of shaking or jerking. Catastrophic losses
in stability of fill dams have been observed, for instance, due to
earthquakes and explosions.

In certain cases dry loose substances when subjected to vibration
acquire properlies similar to the properlies of a viscous liquid. In
this connection one uses occasionally the phrase “pseudoliquefaction
of a loose substance”.
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Such efiects are readily explained by what has been said above
about the reduction of the apparent coefficients of friction. The
greater the relative velocities of slipping of the particles during
vibration, the more pronounced are the efifects of the pseudoligue-
faction.

Many media possessing only plastic or only elastic properties
(or both) at very sinall rates of shear begin to show viscosity at
higher shear rates, i.e., their resistance to deformation becomes
dependent on the deformation rate. This kind of nonlinear viscosily
whose magnitude depends on the rate of deformation is called struc-
tural viscosity (in the general case this viscosity is different from
zero at zero deformation rate).

The structural viscosity depends only on the rate of deformation
at a given moment. If, however, changes in viscosity lag behind
the changes in the deformation rate, the term used is thixolropy
rather than structural viscosily.

Structural viscosily and thixotropy are, in varying degrees. the
properties of such media as colloidal suspensions, soils (especially
argillaceous soils where dispersed particles are of colloidal dimen-
sions), concrete mixtures, plastics. The effects of structural visco-
sily and even of Lhixotropy are related to the reduction of the appa-
rent coefficient of sliding friction by the fundamental fact that
both are caused by the slipping of one body (or one layer of the
substance) over another. For such media as not very damp soils
and not very mobile concrete mixtures the main role is possibly

played by the reduction of the apparent coefficient of friction with
imposed vibration.

45. Vibratory Pile Driving and Vibratory Tamping

The aim of the mathematical treatment of vibratory driving and
withdrawing of piles is to determine the maximum depth to which
the pile can be driven, the time required to reach the given depth,
elc. The process of vibratory pile driving is governed by the pro-
perties of the soil, a loose or multiphase continuous medium. The
mathematical description of these properties at large deformations
to which the soil is subjected during the displacement of the pile
through it and the solution of the exact equations describing the
molion of the pile and the adjacent soil around it would be a very
complicated task. Therefore wide use is made of the phenomenolo-
gical approach to problemns of vibratory pile driving. In construcling
the dynamic model of the process the pile is considered to be an
absolutely rigid bar and the soil is replaced by a system of masses,
springs and dampers with dry or viscous friction, selecied so as to
ensure a salisfactory representation by the model of certain quali-
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tative features of the process and quantitative agreement with
known experimental data.

Of course, each model can be suited to explain but a limited range
of phenomena arising in pile driving. Usually the wider this range
the more complex is the model. However, because of the conside-
rable inhomogeneity of soils and a great variely of soil properties,
experimental data are very approximate. By virtue of this the
requirements in respect of the accuracy of theorelical results are
also not very strict. This allows us to be contented with rather
simple models giving visible results.

The complete dynamic model of the system of vibratory or shock-
and-vibration pile driving must also include the dynamic model
of the machine. But the actual mean velocity of pile driving is
small as compared Lo Lhe peak value of vibration velocity of the
working member when it is not rigidly fixed to the pile, and the
complication of the problem by considering the machine together
with the pile, taking into account the approximate character of the
theory, is not justifiable.

In the case when the machine body, for example, the body of a
pile-driving vibrator is rigidly fixed to the pile, there is no problem
of greater complexily of the calculation programme. Thus, in study-
ing the problems of vibratory pile driving one may consider Lhe
pile motion under the action of given external forces and the resi-
stance forces of the soil.

The forces of soil resistance to the pile displacement are not con-
stant; they depend on the depth to which the pile has penetrated.
Therefore the parameters of the model that represents adequately
the actual process must change with penetration. The problem can
be radically simplified by making use of the fact that the displace-
ment of the pile during a cycle is much less than the distances over
which the change in the resistance forces becomes apparent.

Let us denote the depth to which the pile has penetrated by z,
the parameters of the model as functionsof z by f., (s =1, 2, . . ., n).
Let us define for the point x == z, the interval Az, for which the
following relation is satisfied:

| ()20

In the interval zy — Azy/2 < z << 29 + Azy/2 one may, without
introducing a large error, replace the parameters f; by their values
at the point z,, and, solving the equations obtained, find the mean
velocity or the mean acceleration of the pile driving within this
interval. This simplification is permissible if the absolute pile
displacement during the cycle does not exceed the interval Ax;
this condition is almost always fulfilled in practice.

<<|fn(xo)|’ (s=1v2’-"’n) (1)
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The authors of most works on the theory of vibratory pile driving
usually proceed from the above assumplions. Blekhman and June-
lidze made a brief review of the most important works and con-
sidered two models of soil resistance: elastic-and-plastic and prvely
plastic.

Depending on the parameter values of the system, one of the
fullowing three types of motion can set in: accelerale:d motion with
a mean acceleration different from zero; regular motion with « vcer-
tain mean velocity; and purely vibrational motion withoul pene-
tration. Usually the first regime sets in only at the start of pile
driving when the forces of resistance are comparatively moderale.
Let us denote by v (x) the mean velocity which characterizes the
second regime at a depth of penetration close to z. Let z,,;, be lhe
minimum value of the depth of penetration at which the regular
regime sets in; Zpg, the value at which the velocity v () vanishes.
Evidently, Zmq, is the maximum depth to which the pile can be
driven at the given value of the exciting force. If Q (x) is the
maximum value of the total force of resistance at the given x and
Fuay is the maximum value of the exciting force F (¢). including
the constant componenl, then the quantily Zmq, can be delermined
from the equation

Q (zmax) = Frax (2)

Let the relation between the mean velocity of penetration and
depth be known. In this case the lapse of time ¢, for the penetration
from £ == z,,;, to the limiling depth xmq. is given by the expression

*max P
X
t0= S —v(z) (3)
Tinin -
Note that the value of the maximum exciting force Fpa, sclected
must be based on the bearing capacity of the pile, i.e., on the limiling
load that the pile can withstand.

When the pile is driven with the aid of a vibratory pile-driver
the force F (¢) takes the form

F(t)y=Mg+ Py+ F,coswt 4)

where M = mass of pile plus the vibratory pile-driver
Py = value of imposed static load
F, and o = amplitude and frequency, respectively, of the cxciling
force developed by the vibratory pile-driver.

Let the driving be carried out with the use of a spring vibroham-
mer. In accordance with the above assumptions we suppose that
the motion of the pile does not affect the motion of the striking
part. If ¢ is the stiffness of the supporting springs and z () the dis-
placement of the striking part measured from its equilibrium posi-
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tion. then the force F (¢) in the interval between blows takes the
form

F(t)=Mg+ Py+cz(t) 6

The third term representing the vibratory action transmitted to
the pile through the springs in the interval between blows in
accordance with the results in Seclion 41 can be written as follows:

:;2 [—A cosy (of — nun) +1+Y2 coSs m?] (6)

At the moments of shocks t=2kn/e, (k=1,2, ...) the pile
gels momentary impulse increments whose approximate magnitude
is given by the expression

c

Fq
mo

M (z,—z)=m-—>u(1+R) )

Using the delta-function introduced in Section 42, we can write
the expression for F (t) in the case of shock-and-vibration pile dri-
ving in the following form:

F(ty=Mg+DPy+cz (t)+%"13tl [6 (t—z‘i)‘—") +
+8(e— %)+ ... 8)

®

We now turn to the consideration of concrete models of the soil.
Figure 115 shows a dynamic model representing the main features
of the penetration process. Pile 7, an absolutely rigid bar, is clam-
ped between shoes 2 suspended from springs 3 of stiffness ¢;. A force
of dry friction whose absolute value is Qf acts on the pile and shoes.
The shoe mass is taken to be zero. This constitutes the model of the
forces applied to the lateral surface of the pile. The drag resistance
of a similar nature is simulated by spring £ of stifiness ¢, located
under the bottom face of the pile and supported by shoe 5 which
overcomes, in sliding over a rough surface, the dry friction force
whose absolute value is Q%.

Let us denote the lateral force of resistance by Q,, and the drag
force by Q,. Figure 116 presents the changes of these forces during
the movement of the pile from the moment when all the springs
are in their neutral position and the pile bottom face just touches
the bottom spring. Spring c, is subjected only to compression since
the drag resistance is constantly nonpositive. The graph of the dis-
placement shows intervals (1, <t <<t,, t3<<t<<t,) where no
drag resistance is observed.

The equation of motion of the pile may be written as follows:

Mz=0Q,+Q,+F (t) ©)
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(]
Where —cy(z—a;) at |:z:——a,-|<QT:-
o= . o (10)
—Qisgnz at |z—a;|> c:
—c(rz—z.) at <z —b; < 23
Q.= Q; at z—b;> ?f (11)
0 at z—b; <0

The symbol a; designates the coordinate of the sequential pile
positions in which the force Q, is zero after the velocily of the pile
on the horizontal part of the graph

of the force Q, has become zero. z
The quantity b; which enters into
the definition of the force Q, has ¢ |
a similar meaning. In this form Eq. ! |
(9) has been given by Blekhman t |
and Janelidze. The alternation of M
the points a; and b; can be traced L1
by referring to the graphs in Fig. I i
116. AN |
Thus the motion falls into a ] i
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tion from one stage to the next the concrete form of the equations
changes. The method of fitting reduces the problem to the solution
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of sets of complicated transcendental equations. The determination
of the conditions for Lhe existence and stability of the solutions
proves very complicated as well. In the model under consideration
even the simplest motion regimes are hardly amenable to analytical
treatment. An effective means of sludying this system is direct
integration of Eq. (9) with the aid of computers.

The problem of vibratory pile withdrawal differs from the above
firstly in that the sign of the imposed load P, is changed;
besides, the shock impulse sign in formula (8) is changed too; second-
ly the drag force Q, does not enter into Eq. (9).

Some data on the character of the pile motion can be obtained
without inlegrating Eq. (9). Blekhman and Janelidze have given
in their work sufficient, and in some cases necessary and sufficient,
conditions for the existence of accelerated, regular and vibration
regimes of motion in vibratory driving and with drawing of piles.
It has been established, for instance, that in the case of vibratory
pile withdrawing the static effort —Py must satisfy the inequality

¢ Fq
Po> Qi+ Mg ——pen—sr (12)
whereas for purely static withdrawal one must satisfy the inequality
Py, > Q1 + AMg. It follows that the imposition of sufficiently inten-
sive vibration results in a considerable reduction of the necessary
static force.

The model in which there are no elastic components of resistance
forces proves considerably simpler. In this case expressions (10)
and (11) for the resistance forces are replaced by the following

Q= —Qisgnz
—Q, at z>0, >,
Q.=

, (13)

0 at z<Oor z2<<zp
where z,, is the maximum value of z that has been attained up to
the moment considered.

This simplification may be used in many cases, especially with
non-cohesive soils.

This model has also been considered by Blekhman and Janelidze.
They have obtained the necessary and sufficient conditions for the
existence and stabilily of various regimes of motion. It has been
established that the pile can be driven in only if the weight of the
installation together with the imposed static load exceeds half the
drag force Q2.

If in expression (8) for the force F (¢) in shock-and-vibration pile
driving the term cz (f) is neglected, which is quile permissible
with a small stifiness of the spring suspension, then the problem
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of penetrating the soil offering purely plastic resistance becomes
elementary. In fact, in this case motion is possible only in one direc-

tion, z > 0, and Eq. (9) takes the form
Mz=Mg+ P,—Q;—Q} (14)
The pile impulse increment at shock is given by expression (7).
Let us denote (Q}+ Q;—Mg—Py)/M by —a, and F,/Mw by A:éo.
If a>mA:ro!2:m, then the penetration takes place with stops and
its mean velocity

v 2Bz (15)

2nna

With a<(oA:;:o/2:rm the accelerated regime sets in, whose mean
acceleration

0Az
W=——L—q (16)

A number of works have been devoted to the study of shock-and-
vibration pile driving into the soil which offers elastic-and-plastic
resistance in the presence of only lateral or only drag resistance.
The treatment is usually carried oul by the point mapping method
with the aid of analogue or digital computers. The practical appli-
cation of the results obtained from a model of soil resisltance is
made possible by the availability of reliable experimental data.
In some cases, especially in driving long piles, the wave character
of strain propagation through the pile begins to play a considerable
role and the models treated above prove inapplicable.

Stress should be laid on the fundamental dilference between vib-
ratory and shock-and-vibration pile driving (or withdrawing).
Vibratory driving with the aid of a vibration generator rigidly
fixed to the pile is feasible only in cases when a sufficiently large
constant component of the forces is applied to the pile in the direc-
tion of penetration. Such a component can appear even in the
absence of weight or other static forces.

In this case its appearance is due to anisolropic resistance forces.
i.e., when the resistance to motion in one direction exceeds, on the
average, the resistance in the opposite direction. In vibratory pile
driving (or withdrawing) the directed displacement is effected by
the action of this constanlt component. Vibration either reduces
the apparent or real resistances to motion or realizes the effects
of the anisotropic force of resistance.

Shock-and-vibration pile driving with the aid of a vibration gene-
rator connected with the pile through springs and dealing it blows
with the generalor body is feasible in the absence of a constant
component of the forces which are applied to the generator-pile
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system and even in a direction opposile to the constanl component
(provided its value is not too large). The necessary condition for
shock-and-vibration driving is the presence of sufficient forces
of friction between pile and soil. In shock-and-vibration pile driving
(or withdrawing) this friction is actually the driving force. The
shock-and-vibration motion of the vibration generatlor gives rise
to a dissymmetry of the resullants of forces applied to the pile and
makes the friction the driving force. Similar resulls could be pro-
duced by a vibration machine rigidly fixed to the pile and exciting
a nonsinusoidal force if the difference between its maximum and
minimum moduli were sufficiently large.

The problem of idealization of the vibratory tamping process
has much in common with that of the vibralory and shock-and-vib-
ration processes of pile driving since in all these cases we have to
consider the interaction between an absolutely rigid body and
a continuous medium—the soil. The efficiency of the purely vibra-
tory process of soil compacting when the working member of the
soil compacting machine is continuously in contact with the soil
is comparatively low. Therefore in the following we shall concern
ourselves only with the shock-and-vibration method of soil com-
pacting.

The motion of the working member of a shock-and-vibration
soil compacting machine consists of two stages: the motion in the
air and the motion in the soil. The simplest idealization of the
latter stage was already used in Section 41 where the motion of
a shock-and-vibration tamper with momentary shocks against
an undeformable stop was studied. This scheme is suitable only
for the description of the operation of machines on very rigid foun-
dations. But in the general case the assumption of momentary
interaction with the soil proves to be too rough and leads to a con-
siderable discrepancy between theory and experiment.

The idealized process of soil compaction must, firstly, describe
the changes in the physical properties of the soil during tamping
and furnish an objective estimate of the quality of compacting.
Secondly, it must enable correct equations to be obtained for the
motion of the vibrotamper. The first requirement can be consistently
satisfied by considering the soil to be a continuous medium possessing
elastic-and-plastic properties. This approach permits one to find
the changes in the density of the soil after a shock wave has passed
through it, and to estimate the dimensions of the region over which
the compaction is eifected and the number of blows necessary to
obtain the required effect. An example of such an approach corre-
lated with the experimental data can be found in the paper by
S. Grigorian.

However in studying the dynamics of the tamping machine this
approach involves considerable difficulties: during the contact

2112
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the equation of motion of the machine is the boundary condition
for the equation describing the wave propagation in the soil. In
this case the description of the soil by a dynamic model is much
more convenient; such an approach is similar to that used in the
treatment of vibratory pile driving. Of course, the kind of model and
its parameters must correspond to the picture of the compacting
process obtained by precise treatment and experiment. The vibro-
tamper can be idealized as a rigid body performing vibrations under
the action of a sinusoidal exciting force. The vibratory motion of
the vibrotamper in the vertical direction is usually accompanied
by a horizontally directed displacement at a mean velocity different

T'1
Z Working member| | :

[C‘ansoll&zlad Soil 77 / ioosc so/ll /.

PEIIEII I 172200777, VXL PPV /

Figure 117

from zero. For the sake of simplicity we shall consider the compac-
tion of a horizontal surface; the consideration of the compaction
of slopes does not yield anything new in principle. The tamping
proceeds in much the same manner as shown in Fig. 117; before
each blow the working member is displaced somewhat towards the
soil not yet compacted and is therefore always under the same con-
ditions, with the ground properties remaining unchanged.

The dynamic model adequately representing this process is pic-
tured in Fig. 118. Since the dimensions of the working member 7
in plan are many times the depth of subsidence per blow it is natural
to neglect the forces of lateral resistance of the soil and take into
account only the drag forces. The drag is simulated by spring 3 of
stiffness ¢, which presses against shoe 4 held on the guiding surfaces
by the force of dry friction Q%. Let us denote the mass of the working
member by M and direct the z-axis vertically upward; the motion
of the working member will be described by the equation

Mz= —Mg-+ Q;+ Fqcos ot (7)

which differs from Eq. (9) in the direction of the z-axis and also
in that P;=0 and Q,=0. The force Q, is given by the expression

—c,(z—by) at 0>z—b;>—-2&

€2

Qz= Qo at z_b] <_ Qz (18)
C2
0 at z—5;>0
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which differs from (11) only in sign. The quantity b; takes up two
values: b, = O before the beginning of contact and at first stage
of joint motion; b, = z,, + Qj/c, after the resistance is a plastic
force; z,, is the maximum downward displacement of the working
member. After each blow the system simulating:the soil returns
to its initial state as shown schematically in Fig. 118. The graph
in Fig. 119 is an approximate example of the displacement of the
vibrotamper; the heavy line represents the motion in the soil and
the thin one that in the air.

Attempts have been made in some cases to take into account the
soil mass drawn into motion. For this purpose a variable mass

//—--\ o —— -
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value is assigned to flat piece 2 fixed to the upper end of spring 3;
the mass is proportional to the downward displacement of the work-
ing member measured from the surface z = 0 and is called the
reduced mass. This modification of the scheme makes the equations
of motion nonlinear for the shoe being in contact with the soil.
Clearly this complicates the problem considerably. There are some
other dynamic models simulating the properties of the soil. However,
one can, by a suitable choice of parameters, arrive at an agreement
between the results provided by any verisimilar scheme and expe-
rimental data.

Therefore the following method of taking into account the influence
of the soil properties on the motion of the vibrotamper may be
suggested. We shall be interested only in the final result of the
interaction between the working member and the soil without con-
sidering the process of interaction proper. This result can be cha-
racterized by simultaneously specifying three quantities: the dura-
tion of interaction At and the position and velocity of the working
member at the moment of separation from the soil. All the three
parameters lend themselves readily to determination by experiment.
Note that the coordinate of the working member at the moment
of separation is b;. This is usually a small quantity as compared
to the vibration swing of the working member performing its motion
in the air; without introducing large errors it may be set equal to
zero. The velocity after separation can be conveniently specified by

21+
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expressing it in terms of the velocity al the initial moment of inter-
action. If ¢, is the initial moment of interaction, we can assume that

z (to+ AL) = — Rz (t,) (19)

Since z (£)) < 0 and x (¢ -+ At) > 0 al all times the coefficient
R is non-negative. It is similar to Newton’s coefficient of velocity
restitution in the classic impact theory and is reduced to it when
At — 0. The analogy is not exhaustive. Actually the limiting con-
dition R < 1 in this case does not seem logically indispensable.

R The experimental values of R, howe-

fl ver, always satisfy this condition.
AJ i Thus we have been led to the follo-
os o= wing idealization of the working pro-

. D'-’)ﬁ( Jéj— ’;1 ////j cess of t‘he tamping plachine: With
6 g 0097775 B 0, its motion is described by
, 1, 4 R % the equation
4 j ") /,',/,l-'l ,/I/ o .e
A/ oy, //7//// Mz= —Mg+F,coset (20)
0.2—H // s /4 Having come, at a certain moment
& i ) /// t =t,, into contact with the surface
s of the stop, £ = 0, with the velocity

& 0z .04 0G5 08 p .
z (t,) the machine separates from the

Figure 120 surface after the time interval A¢ with

a velocity given by the relationship

(19). In terms of the dimensionless parameters (4), Sec. 41, Eq. (20)

(f:oincides with Eq. (31), Sec. 41, and the condition (19) takes the
orm

& (to+ Av) = — RE (7)) (21)
where At = 0At.

The dynamics of this system have been studied by A. Dorokhova
and S. Lukomsky. The character of the periodic motions and the
picture of their alternation in the parameter space remain the
same as for the system with momentary shocks, but the extent
and location of the domains of the existence and stability are chang-
ed. Figure 120 shows the domains D,,, D,,, D3 in the plane of the
parameters p, R for At = n/2. A comparison of this graph with
Fig. 105 for At = 0 shows that with the duration of interaction
taken into account we have a displacement of the boundaries and
a general extension of the domains of the existence and stability.

The results of such a treatment allow one to choose properly the
vibrotamper parameters, provided the coefficients R and At have
been correctly selected. In other schemata of shock-and-vibration
machines, similar results are obtained if the duration of interaction
is taken into account. The investigation of the shock-and-vibration
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system illustrated in Fig. 98 and carried out for the case At < 0
can serve as an example.

The operating conditions of the tamping machine must ensure
high shock velocities and must not be affected by changes in the
parameters of the working medium—the soil—since these changes
may be large. In this respect the simplest schema in Fig. 104 is not
the best one: the domains of the existence of subharmonic regimes
prove too narrow. Better results are ensured by the schema of the
usual vibrohammer in Fig. 98 if used as a tamper.

The self-translation of the tamping machine over the surface
being compacted is not considered here. Between this problem and
the problem of the motion of a material particle over a rough vib-
rating plane surface there is an analogy. as has been pointed out
by Blekhman and Janelidze, which permits one to apply the results
of the theory of vibratory conveying to the description of the motion
of a vibrotamper.

46. Vibratory Conveying

Of all the technological processes based on the use of vibration
the vibratory conveying process has been the most comprehensively
covered by theoretical studies. This is due, to a certain extent,
to the relatively simple mathema-
tical model of the phenomenon.
The idealization of the process of
conveying has much in common
with the description of other pro-
cesses where the motion direeted
on the average is generated or su-
stained by the action of vibration.

The present state of the theory
of vibratory conveying is tho- Figure 121
roughly presented in the book Vi-
bratory Displacement by Blekhman and Janelidze. The book also
sets out the theory of the working processes of some vibration
machines based on the vibratory displacement process. In view
of this we shall consider here only the formulation of the problem
and cite a number of practically important results of the theory.

The dynamic model of the process is illustrated in Fig. 121. The
plane 4 is inclined at an angle —n/2 << a << n/2 o the horizontal
plane. The OY-axis of the fixed system of coordinates OXY is per-
pendicular to the plane A; the OX-axis lies in the plane A when
the latter is not moving. A moving reference system O,zy is attached
to the plane A that performs translational vibrations in the OXY
plane according to the law X =z, (), Y = y, (¢); the axes of the
O,zy system are parallel to the fixed axes. Consider a heavy material
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particle B of mass m having a motion of translation in the OXY
plane. Its absolute coordinates X, Y are related to the relative
coordinates z, y by the expressions

X=zx+2z)(t), Y=y+y,(t) (1)

If the particle is not in contact with the plane A4, it is acted upon
only by the force of gravity whose components in the directions
of the OX- and OY-axes are —mg sin & and —mg cos a, respecti-
vely. While in contact with the plane the particle B is acted upon
by the reaction whose normal component will be denoted by N.
We assume that the tangential component F is of the nature of dry
friction. It is this friction that is supposed to be responsible for
the direction of motion on the average. It follows that the equations
of motion of the particle take the form

mX = —mgsina+ F
my = —mgcosa+ N

Substituting (1) in Egs. (2), we obtain the equations of motion
of the particle with respect to the vibrating plane A:

1))

mz = —.r;z:z,, (t) —mgsina +F}

. . 3)
my = —my, () —mgcosa-+ N

which contains the last terms only in the case when y=0. This
condition yields

N= m_;/.(to) +mgcosa (4)

_The force of dry friction is given in this case by the expres-
sion

F=—fN sgn:;: (5)

where f is the coefficient of sliding friction.
The particle can be on the plane also in a state of relative rest
when 2 = 0. From the first of Eqs. (3) we obtain that in this case

F=F,= mz,(t)+mgsina (6)

The value of the force of static friction F, cannot be arbitrary.
It is limited by the condition

| Fol <fiN (7)
where f, is the coefficient of static friction. If this condition is vio
lated, the particle begins to slip.

Thus, we have established that the particle can be in one of the
three following states of relative motion:
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(1) the- state of flying described by the equations

::::: —Et:o(t)—-gsina} ®)
Y= — Yo (f) —gcosar

(2) the state of relative slipping the equation of which is obtai-
ned upon substituting relations (4) and (5) into the first of Egs. (3):

T= —z,(t)—gsina— [y (£) + geosal sgnz )

(3) the state of relative rest.
We assume that in the transition from flying to relative slipping

the normal component of the relative velocity, y., changes in accor-
dance with Newton's theory of impact

y.= —Ry- (10)
and the tangential component changes only in magnitude, but not
in direction, its values before and after the impact being related by
the expression

ze=(1—M)yz_ (11)

Here 4 is the so-called coefficient of momentary friction upon impact;
its values are within the segment 0 < A < 1.

The relations (6) through (11) determine completely the motion
of the particle. Each stage of motion is described by differential
equations of a simple form [it will be recalled that the functions
Zo (2) and y, (¢) have been specified]. The sequence of these stages
in different order yields a great variety of possible motion regimes.
A certain definite kind of motion sets in after some time, this motion
being independent of the initial conditions. It is the study of such
steady motions that constitutes the subject matter of the theory.

All steady motion regimes can be divided into two groups: regular
regimes where the particle velocity along the plane is a periodic
function of time, and accelerated motion regimes that are charac-
terized by a constant mean acceleration along the plane. Thus, the
regular regimes are described by relations of the form

z()y=Vi+o(®), y=v%() (12)
whereas the solution of the motion equations corresponding to the

accelerated motion regimes can be presented in the following
form:

z(W)=TE 4 Vo4 0,(0), y=1() (13)

The quantities V, W, V* are constants, the functions ¢, ¢, P
and ¢, are periodic with a period equal to or a multiple of the
period of the functions z, () and y, (£).
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In the cases most important for practical applications the plane 4
vibrates according to the harmonic law

z, (t) =acos ot }

Yo (£) = b cos (wt —¢) (14)

At ¢ = 0 all points of the plane vibrate rectilinearly at an angle
B = tan-! -g— to the O,z-axis at the amplitude 4, = Va? 4 0.

With ¢ = n/2 and a = b each point of the plane moves in circular
and in all other cases in elliptical trajectories.

Consider first the motion without separation from the vibrating
plane. For this motion to be realized it is necessary that the normal
reaction N be positive at all times. Substituting y, (¢) from the
second of equalities (14) into expression (4) it is found that the con-
dition for motion without separation takes the form

08
> 1 (15)
Upon introducing dimensionless variables
==, T=0t (16)

and substituting relations (14) into Eq. (9) of the motion without
separation the latter is transformed into the form

§=cost—G+p,[cos(r—e)—l"]sgné (17)

The dimensionless parameters that enter into this equation have
the following values:

i b
G=L22 I=£2%; p=/— (18)

The dot denotes now differentiation with respect to the dimen-
sionless time 7.

One can ascertain by simple reasoning that the accelerated motion
regime can exist only at [G| > pI' or, reverting to.the original
notations, at

[tana|> f (19)

Thus, a motion accelerated on the average cannot in general set
in on a horizontal plane surface. This fact is self-evident.

Depending on the values of the parameters regular regimes of
various Lypes can be established in the system. All of them have
been studied in detail in the above-mentioned hook by Blekhman
and Janelidze for the case ¢ = 0. We shall restrict our treatment
to a partial consideration of only one of the possible regular regimes
with two momentary stops per period equal in dimensionless units
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to 2n. With this regime of motion the particle slides in the positive
O,z-axis direction during one part of the period and in the opposite
direction during another. In this case there are no intervals of relative

rest.
Let us denote the initial moments of the “forward” and “back”

motion by 7, and ¥,, respectively. Then §>0 at << T<< Ty
and § <0 at 1, < Tv<<2n + 7. At the moments of time t,, T,

and 2n 4 T, the velocity § becomes zero.
Within the interval 1y << T << T, the motion is described by the

equation
'.g.—_-cost-}-p.cos (tr—e)—G—pT (20)

Its solution, which becomes zero at v=7,,. can be written as
follows:

é= sin v — sin 7y +- p sin (t—e) — p sin (tvp—&) — (G + pI') (T — 1)
(21)
This expression must become equal to zero at t=1, as well:

sin v, — sin o+ p sin (1, — &) — p sin (1 — &) — (G4 pI') (vy—1,) =0
(22)

Similarly the equation of motion within the interval 7, <7<
<2n41, is

.§'=cosr—p,cos(1:—-e)—G+p,I‘ (23)
Its solution takes the form
§.=sin T—sinT, —psin (t—e)+psin (t, —e) — (G —pl') (v —1,) (24)
and becomes zero at t=2n4 T,:
sin Ty — sin T, — p sin (1o —e) + p sin (1, —e) —
—(@—pT) @u+1o—17,) =0 (25)

Equations (22) and (25) determine the moments of transition
from one stage of motion to the other. Introducing the notations

T‘;To =?; 1’1-!2—1.'0 =6 (26)

and making simple transformations, we get

sinvcosﬁsz—%-(G-—p.I‘) }

@n
p sin y cos (8 —e) =pI"y+%(G—pI‘)
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With ¢=0 the solution of the equations is straightforward:
n(i+p wr-—6

Y= T—G
Gy—5 (6—pI) (25)
cos 6= Y
In particular, for the motion over a horizontal plane:
v=%(1+p)
cosb= pl (29)
2 sin n_“.'#.

Hence, the condition for the existence of the regime being consi-
dered at G=0 is [the left inequality is the condition (15)]:

1T Jf“ sin 240 (30)

In the general case (¢ 3= 0, G 5= 0) the solution of Egs. (27)

and the condition for the existence of the regime take a somewhat
less simple form.

An additional restriction follows from the condition that there

are no pauses of finite duration. Referring to Eq. (9) it is found

that at the moments of transition the following inequality must be
fulfilled:

[z () + gsina | > f [y, (¢)+ g cos ]
or, using the above notations,
|cos (6 —p) —G|>p [T —cos (6 —vy—e)] (31)
|cos (§+ ) — G |>p [’ —cos (§+v—¢)] (32)
Our main task is the determination of the mean velocity at
which the particle is conveyed. It can be expressed as follows:;
. U 25%-T0 .
Emoan =3 ([ Bdr+ | Ear) (33)
T0 T

Into the first and second integrals on the right-hand side of the
last equation we substitute expressions (21) and (24) for §, respec-
tively. Having made the calculations and taking into account rela-
tions (27), we obtain the mean speed of the conveying:

-émgan = —cos y sin 6—%‘"— [ (7 —%) cosy—sin 7] sin(6—e) (34%)

where the quantities T, and t; have been replaced by their values
from expressions (26).
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In most of the vibratory conveying equipment used at present
the working member performs rectilinear oscillations (¢ = 0) which
is partly explained by the simplicity of the drive ensuring such
a motion. The investigations carried out by V. Yakubovich and
R. Brumberg have shown that considerably higher velocities can
be obtained with elliptic vibrations of the working member than
in the case of rectilinear vibrati-

ons. Indeed from expression (34) dean T

for the mean velocity, viewed as a 06—~ ~ !
function of e, it does not follow 04 N

that (34) has an extreme value at 02 / N

e = 0. The direct determination Y Pl
of the extreme values of function o I R I\ ¢
(34) is rather difficult since its L
arguments y, § and & are not inde-

pendent but related by expressions
(27). The graph in Fig. 122 illust-
rates the relation between the mean

velocity E,,ean and the angle ¢ for p = 0.05; I' = 1. This graph
has been plotted with the aid of a continuous-action computer by
simulating Eq. (17).

The study of the relation between the velocity of conveying and
the angle ¢ is in fact a special case of the problem of determining
the optimum law governing the vibration of the working member
so as to ensure the maximum velocity of the conveying. In other
words, it can be reduced to the determination of the required form
of the functions z, (¢) and y, (¢).

This formulation of the problem requires a more precise statement
of a number of points. First of all, in order to make various vibration
Jaws comparable we shall assume the functions z, (#) and y, (¢)
to have the following form:

Ty (t) = a®; (0t), y, (2) = bD; (wf) (35)

where @, (of) and @, (wt) are dimensionless periodic functions of
their argument which are normalized according to the conditions

Suppose we have succeeded in obtaining the solution of the set
of Eqgs. (3) that describe completely the motion, the functions z, (¢)
and y, (¢) being given in the general form (35). We now construct
an expression for the mean velocity of conveying similar to (34).
It will depend on the form of the functions @, and ®@,, i.e., will
be the functional of @, and ®,. The finding of the functions @,
and @, with which this functional reaches its maximum value is
a typical problem of the calculus of variations.

Figure 122
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This direct approach cannot be realized since it is impossible
to solve in the general form the transcendental equations deter-
mining the various moments of transition from one stage of motion
to the next, and also because of the necessity of taking into account
the conditions for the existence and stability of various regimes.
Besides, very strong restrictions are often imposed on the required
result, though they are not implied in the mathematical essence of
the problem. For example, one of the very important requirements
is that the functions z, (¢) and y, (¢) must be simply and economically
realizable with the aid of up-to-date technical means. Restrictions
are also imposed on the form of the working regime. For instance,
if it is required that the process be as far from noisy as possible,
the motion must take place under the regime without separation.
Under these conditions the problem acquires much greater definite-
ness. In the problem considered we dealt with restrictions of the
same kind: the functions @, (of) and P, (0t) were represented
by the functions cos ¢ and cos (ot — €). Since the form of the
functions ¢, and @, was predetermined, the variational problem
was reduced to the simple determination of the extremum.

Usually, in seeking the optimum vibration law for the working
member of a vibratory conveyer one postulates the class of per-
missible functions @, and @, and the kind of regime. Even in this
case the purely analytic solution process proves difficult or even
impossible. Therefore, to obtain the solution one resorts to graphic
or graphical-analytical methods and also to the use of computers.
The last method is especially convenient as the solution of the
equations of motion is obtained directly and there is no need to
postulate the kind of regime and to take into account the conditions
of its existence and stability. The variational problem is solved by
going over the variants.

Let us revert to the process of conveying without separation over
a horizontal plane surface. Clearly, if the vibrations of the plane
are symmetrical with respect to the vertical axis, there will then
be no motion which is directed on the average!. In the above-dis-
cussed case of the vibrations of the plane points along elliptical
trajectories the asymmetry was attained by the inclination of the
ellipse axes with respect to the coordinates axes; with rectilinear
vibrations their direction was at an angle p to the plane surface.
Another method of exciting a directed movement of particles is
also feasible, in which there are no vertical vibrations and the
plane surface vibrates in the horizontal direction according to an
unsymmetric law. With the above notations

b=0, G=0, z,(t)=ad, (0t) (37

1 Except in the case of anisotropic friction mentioned in Section 44.
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The question arises now how to find the optimum law for @, (w?).
Agranovskaya and Blekhman solved the problem formulated as
follows.

Assume the following class of permissible functions of the form

@, (0t) = —ﬁ [cos ot — % cos (20t + &) ] (38)

where p = ratio of the acceleration amplitude of the second harmo-
nic to that of the first
¢ = phase difference between the harmonics
A,, > 0 = normalizing coefficient ensuring the fulfillment of con-
dition (36).
Such a vibration law can be realized, for example, by using a spe-
cial vibration generator having four shafts. We now introduce the
quantity

by = aw? | 0{3 (;ot) Imax (39)
which is the ratio of the maximum plane surface acceleration to the
acceleration of gravity multiplied by the coefficient of friction.
This quantity characterizes the dynamic loads in the drive of the
vibratory conveyer. It is required to select such values of the para-
meters p and € that would ensure the maximum velocity of con-
veying at the given value of the overload coefficient k.

The solution was obtained with the aid of an analog computer
by going over the variants. The results had the form of a graph of
Popt aNnd &op: versus ky (see Fig. 123).

This problem has also been solved by Troitsky, but for another
class of permissible functions. Limiting his treatment to piecewise-
continuous laws of variation of the plane acceleration Troitsky
demonstrated that the optimum law ensuring the maximum mean
particle velocity at the given overload coefficient is determined
by the relations

n

1
~Wmex at O<t<(1+‘7f')‘2_m'
a® (@) =] Wme at (14+4-) gz <t<o (0

n 2n
| & at g<i<+

Figure 124 illustrates the relation between the mean velocity
of conveying and the overload coefficient k; for various laws of
vibration of the working member. Curves 7 and 2 refer to two existing
types of vibratory conveyers with biharmonic laws of vibration
of the working member; curve 3 corresponds to the optimum bihar-
monic law of vibration; finally, curve 4 corresponds to the piecewise-
continuous law (40).
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Referring to the graph in Fig. 124 one can see that the use of
optimum forms of vibration results in a considerable increase in
the mean velocity, this increase being the greater the higher the
given overload coefficient.

It has been found that the optimum biharmonic law is closely
approximated. by the two first harmonics of the expansion of the
piecewise-continuous law (40) in a Fourier series. It follows that
the considerable increase in the mean velocity provided by the
piecewise-continuous vibration law as compared to the optimum
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biharmonic law is due to the presence of higher harmonics. However,
the practical realization of the vibration law (40) involves serious
technical difficulties.

We have so far treated only motions without separation for which
condition (15) is fulfilled. If this condition is not satisfied, i.e.,
I’ << 1, the particle in its motion separates from the vibrating plane
surface. Two cases are to be distinguished here. At R = 0 all the
three types of motion are possible: the flight of the particle, its
relative slipping, and its relative rest. With R 5= 0 theoretically
only one type of motion—the particle flight—is possible, the stages
of flight alternating with momentary impacts on the vibrating
plane. A characteristic feature of motion with tossing is the great
variety of steady regimes. The most important regimes have been
discussed in the book by Blekhman and Janelidze.

With R 5= 0 the problem of conveying is reduced to the problem
of the motion of a springless shock-and-vibration system having
one degree of freedom (see Section 41). Let us assume the functions
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zo (t) and y, (¢) to have the form (35) and introduce the dimension-
less variables

==, =4, 1=0t (41y

The equations of flight (8) take the form
= 200 _¢ (42)
.;.___ _ dz?;:zm -T (43)
The conditions at the shock must be added to these equations:
E=(t—nE (49)
{=—RL (45)

If &, (1) = cos 7, then Eq. (43) coincides with Eq. (31) Sec. 41 in
which the parameter p should be replaced by I'. Equation (42) is linked
with Eq. (43) only by the boundary conditions at the shock. Such
a problem lends itself completely to solution at least in the case
when there is one shock per period or per several periods of the
exciting force. The corresponding solution of Eq. (43) takes the form

J— 2
t)= — L @, (1) 4+ @y (1) 4 T (v —7)  (46)
the phase of the shock t, being determined by the relation

d(D (1.'0) . 1—R )
;T =iTR nnl (47)

At @, (T) = cos 7 these two expressions coincide with expressions
(36) and (34), Sec. 41, respectively. Assuming that the conditions
for the existence and stability of the solution of Eq. (46) are satisfied
(they can always be found with the aid of the procedure described
in Sections 40 and 41), we can determine the value of the mean
velocity of conveying.

The solution of Eq. (42) can be written in the following form:

i= 20 _gr—ry)+C, (48)

where C, is a constant.
Introducing the solution into the condition (44) at the shock
which, because of the periodicity of the solution, takes the form

E(te) = (1—A) E@n+1o)

we obtain

€= _ onpg izt (49)
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Let us calculate now the mean value of the dimensionless
velocity of conveying:
2an
: 1 : d@y (1 2—h
§mean=m S §d1:=—:1—_£i—nnG——-A—— (50)
0
Let the vibrating plane surface perform rectilinear oscillations,
i.e., let @, (1) =®, (). Then, using expression (47), we find that

Emean = :—+—% anl — 22 1nG (51)

Thus the mean velocity of conveying for the regime of continuous
tossing with rectilinear vibrations of the working member does
not depend explicitly on the vibration law and is determined only
by the parameter I', provided the conditions for the existence and
stability of the solutions are satisfied. This reservation is essential
as the distribution of the domains of the existence and stability
of regimes with one shock per period along the I'-axis in the para-
meter space is strongly dependent on the vibration law.

Note that with R =0 there are also domains of motions with
continuous tossing. All the formulas obtained above for the case
R 5= 0 hold only inside these domains.

Let us formulate the problem of the determination of the optimum
vibration law for the working member whose motion is performed
with continuous tossing up the particles. We restrict our treatment
to the case of rectilinear vibrations of the horizontal plane surface,

i.e., we set
Zo (2) = a®, (02), ¥, () = bD, ("’t)}
a=A4,cosf, b=A4,sinf, G=0

In accordance with formula (51) and notations (18) the value of
the mean velocity of conveying expressed in dimensional terms

V=ao)ﬂnnl‘= 1—R nngcotanf (53)

1+R 1+R ®
Consequently, if T, and T, are two values of the parameter T,
at which a regime is realized with the same r, and V, and V, are
the corresponding values of the mean velocity, then with a constant A,

Vi _]/-IT
e T, (54)
Therefore, in order to obtain an increase in the velocity of con-
veying it is necessary to seek such a vibration law with which the
parameter I' attains its highest value.

The same conclusion is reached if the problem is formulated as
that of the maximum reducing of dynamic loads at the given mean

(52)
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velocity of conveying. Let us assume, in distinclion to (36), that
the function @, (wt) has been normalized according to the condition

a2@, (7)*
dt2

=1 (55)

max

In this case the maximum dynamic loads are proportional to Aw®.

Since at ¥ = consl @ must be constant, the decrease in loads will
be achieved through the reductien of Ag, or as the paramecter T is
inversely proportional to A,, through an increase in I', the regime
of motion remaining the same.

Thus we have arrived al a peculiar variational problem: the func-
tional that is to be maximized is not at all explicitly dependent
on the vibration law.

Clearly the maximum value of the parameter I' which corresponds
to the regime with the given n is reached at the boundary of the
domain of the existence and stabilily of this regime. Thus, for the
sinusoidal law of vibration the optimum values of T' are located
at the right boundaries of the domains D,, (Fig. 105).

Let us seek the optimum law among functions of the class which
has the form

D' (v)= -:;7 [cos T+ p cos (3T ¢)] (56)

where A,, = normalizing coefficient
p = ratio of the third harmonic amplitude to the ampli-
tude of the first harmonic.

Such a vibration law can be realized either with the aid of a spe-
cial vibration generator or by frequency multiplication using the
method described in Section 34. r
The analytical determination of
the boundaries for the domains 2¢
of the existence and stability
with arbitrary p and e proves O5p==1= TT1 ]
very difficult. As in the prece- R4 £=-n
ding cases, the required result 09
can be quickly obtained by ma- —
king use of an analog computer. 02 Te=0

Figure 125 illustrates the re- ]
lation between the maximum 0 4 8 12 15 20 %
value of the parameter T,,,,
corresponding to n =1, R =0 Figure 125
and p, e; it has been obtained
with the aid of a computer. The full horizontal line corresponds to
the T'p,. value for purely sinusoidal vibrations, equal to 0.303.
With increasing 1/p all the curves tend to this values irrespective of
e, as was to be expected.
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The sharply defined maximum is attained with ¢ = n/3 and
1/p = 3 to 4. In this case I, = 0.4, i.e., the decrease in the dyna-
mic loads that is obtainable at a constant velocity of conveying
is 25% as compared with the case of purely sinusoidal vibrations.

Note that the expression

1
€08 T ——3- €08 3t

corresponding to the values of € and p determined above represents,
with an accuracy of up to a constant factor, the two first harmonics
of the expansion in a Fourier series of the stepwise-constant
function

1 at 0<1:<% and %n<r<2n
@} (v) = (57)

—1 at %<t<%n

The check carried out with the aid of an analog computer showed
that with vibrations complying with the law (57) the loads can be
halved as compared with those in the case of purely sinusoidal vib-
rations. The U,,,, value which corresponds to the law (57) is repre-
sented in Fig. 125 by the dash line.

Thus the stepwise-constant vibration law proves to be much
more advantageous than its biharmonic approximation. A similar
fact has been pointed out in discussing the optimum law of longi-
tudinal vibrations.

To conclude, it should be pointed out that the results obtained
by the theory of vibratory conveying are applicable at moderate
velocities when the air resistance does not affect the motion con-
siderably. Note also that the results that hold for the motion of
individual particles must not be mechanically extended to cover
the conveying of loose materials. The theory of this process, which
is of great practical importance, is at present in the initial stage
of development.

47. Effective Frequency of Vibration of Mixtures
Containing Granular Aggregate

We shall use the following very simple model: a particle of gra-
nular aggregate is in direct contact with other solid particles and,
in the general case, also with a liquid (in a concrete mixture, for
example, the liquid is represented by the cement paste) and air
bubbles. If the particle moves in relation to the surrounding medium
mentioned, it is subjected, among other factors, to the action of
applied forces of the dry friction type since the particle is in sliding
contact with other solid particles. The more compact the mixture
and the closer the particles of the aggregate, the larger the forces
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of friction. Forces of the dry friction type can be partly generated
by the plastic properties of a liquid, for example, of the cement paste.
There may also arise the forces of viscous resistance, and elastic
and adhesive forces.

If the mixture is acted upon by sinusoidal vibrations, its different
particles will vibrate so that the amplitudes and phases of the funda-
mental tone, generally speaking, will be different and the frequency
spectrum is enriched because of the nonlinearities. The motion of
the given particle of the aggregate generated by the motion of the
surrounding medium affects in its turn the motion of the medium
in the neighbourhood of this particle. Consequently, in our very
simple model the picture of the particle motion is rather complica-
ted. In our approximate treatment the motion of all the elements
of the surrounding medium will be assumed to be the same and
independent of the motion of the particle being considered.

The compacting of mixtures with granular aggregate under the
action of vibration is largely due to the pseudoliquid state men-
tioned in Section 44. When vibration provokes the slipping of some
solid particles over others, then such a small constant force as weight
proves able to displace the particles of the mixture wedged between
the neighbouring ones and a closer packing of the particles results.
This is realized by the apparent (sometimes by the actual) reduction
of the coefficient of friction under the action of vibration.

In accordance with the results described in Section 44 the resi-
stance offered by the medium to the motion of particle under the
action of a small constant force will be the lower the wider the swing
of the oscillation of the particle velocity in relation to the medium.
Therefore we turn now to the determination of the relation between
the half-swing of the velocity u,, of the particle in its relative vib-
ratory motion and its dimensions, the vibration frequency o and
the velocity amplitude v, of the absolute vibrations of the medium
given by

v =y, cos (wt -} @) 1)

Let us consider the one-dimensional problem. Assuming that
the only kind of resistance to the motion of the particle is dry fric-
tion, we may write the differential equation of its relative vibration
as follows:

% =pg0 sin (024 @) —-:T sgn u (2)
where F = constant modulus of friction force
m = mass of the particle
@ = initial phase of vibration of the medium at the moment
t = 0 when the particle has the relative velocity u =0
and the acceleration du/dt > 0.
22¢
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We introduce the dimensionless parameters

— —_—
mur,® ? n Vg

It follows from what has just been stated that at a given amplitude
of excitation velocity v, the quantity n may be taken as a measure
of the process effectiveness.

In the following discussion we shall consider only the vibrations
of the particle at the excitation frequency. The analysis of Eq. (2)

shows that continuous vibrations of

7 this kind exist within the interval
2
(/0 0<La <_;Vt_4 ~ 0.573 (4)
a6 \ while within the interval
2
04 \ RV <a<i (5)
\ the particle makes, in its relative mo-
0z N tion, two pauses of finite duration with-
in the period 2n/® in the extreme

0 0z 04 06 08 « DPositions. With a >1 there is no
’ ~ relative motion.
Figure 126 From the solution of Eq. (2) we
conclude (cf. Section 20) that within
the segment (4) the relation between 1 and a takes the form

1=V 1—a*—a (—;f——cosﬂa—cosdlg-) (6)
and within the interval (5)
=2} 1—a?—oa (n—2sin-q) (7

Figure 126 shows the graph of n vs. o plotted from expressions (6)
and (7). It shows that the function n (o) decreases monotonically
within the whole range 0 < a < 1.

If r is the characteristic linear dimension of the particle, its
mass is then proportional to the cube of this dimension:

m=k,r3 (8)

where k, is a coefficient proportional to the particle density and
taking account of its shape.

It is natural to take the force of resistance F to be proportional
to the particle surface area since this arca determines, on the average,
the number of neighbouring particles with which the particle is
in contact.
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The surface area of the parlicle is proportional to the square of
the characteristic dimension and so

F = kzrz (9)

where k, is a coefficient depending on the shape and orientation of
the particle.

Introducing (8) and (9) into the first of formulas (3), we obtain
the relation between o and the characteristic dimension r:

k k
a= : (k=k—j (10)

UL 0r

If all the particles are considered to be geometrically similar,
similarly oriented in space and to have the same density, then the
coefficient k& will be constant for particles of any size. In this case,
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using relation (10) and taking into account that the function 7 (o)
decreases monotonically, we conclude that the effectiveness of the
process measured by 7 increases with increasing amplitudes of the
excitation acceleration v,0 and with increasing dimensions r of
the particles. If the amplitude of the excitation velocity is constant,
then in order to obtain the same effectiveness of vibration it is
necessary to raise the vibration frequency for aggregate particles
of smaller dimension.

For clarity the curves of n vs. the vibration frequency » are shown
in Fig. 127 at constant v, for five valuesof rwithr, :r, i r3: 1, :r5 =
=1:2:5:10:20. The angular velocity ® is given in arbitrary
units. Drawing a straight line parallel to the w-axis at the required
effectiveness level (the dash line in Fig. 127), we obtain the mini-
mum frequencies necessary for sustaining the vibration of diffe-
rently sized particles at the required intensity, the amplitude of
the excitation velocity being the same. If a certain frequency ensures
the necessary vibrations of particles of a given size, it surely will
generate effective vibrations of particles having larger dimensions.



342 CH. 8. VIBRATORY PROCESSES

The above results will not be changed qualitatively if the vis-
cosity of the medium and the conservative forces arising from the
interaction between particle and medium will be taken into account.

The determination of the dependence of the effective vibration
frequency on the size of the aggregate particles did not require the
recourse Lo some hypothesis concerning different resonant frequen-
cies for particles of different size. Such a hypothesis has been men-
tioned many times in publications abroad and in this country in
connection with vibratory compacting of concrete mixtures, soils,
powders, granular materials. This hypothesis cannot be accepted
for the following reasons.

Firstly, in the media mentioned (possibly with the exception
of fine powders) it is impossible to develop restoring forces that
could give rise to natural frequencies of aggregate particles approach-
ing the frequencies generated by the vibration machines. Neither
the elastic forces resulting from the deformation of the solid and
liquid ingredients of the medium, nor the forces of pressure of the
air bubbles, nor the forces of surface tension of the liquid in the
capillary interstices, nor the forces generated by the static elec-
tricity charges produced by vibration, can provide the natural fre-
quencies mentioned above.

Secondly, the effect of the apparent reduction of the friction
coefficients which enhances the compacting arises from the vibra-
tional slipping of the particles accompanied by a considerable
dissipation of energy. This excludes the possibility of a pronounced
resonant peak appearing on the amplitude response curve of the
relative vibrations of the particle with slipping, even in the pre-
sence of the required restoring force.

Thirdly, resonance is a selective phenomenon. If at a given frequ-
ency the effective vibration of particles of the same size is ensured
by resonance, then larger or smaller particles in the mixture must
vibrate with a much lower intensity, which would exclude the
possibility of compacting the mixture. A simple harmonic vibra-
tion would be inefiective in such a case. However this is refuted by
practice. On the other hand, vibration experiments with media
containing grains of the same size have shown that there exists no
unique frequency capable of providing a more effective compacting
process in comparison with lower and higher frequencies.



CHAPTER 9

PROBLEMS
OF VIBRATION
ISOLATION

48. Vibration Isolation in Single-Degree-of-Freedom
Systems

In discussing applied problems of vibration isolation they are
often classified into two groups. Problems belonging to the first
group refer to the protection of supporting or adjoining structures
from the action of associated vibrating equipment containing a source
of vibration. Problems of the second group refer to the protection
of equipment from the effects of vibration of their supporting or
adjoining structure. These problems are called by some authors
the problems of “active isolation” and “passive isolation”, respec-
tively.

Such a division of the problems cannot be justified. In both cases
we deal with the protection of passive objects that do not contain
a source of vibration from the action of adjoining vibrating objects.
Generally one supposes that in problems of the first group the vib-
rations are excited by a force and in those of the second, kinema-
tically. Actually cases of kinematic as well as of force excitation
are met with in problems of both groups.

Many practically important examples can be cited to show that
the above-mentioned division of the problems of vibration isolation
is not justifiable. We adduce two examples: the protection of a trac-
tor hauling a vibrating roller from the latter’'s action and the pro-
tection of the operator’s hand from the action of the vibrating con-
trol handle.

These statements do not preclude the expediency of using either
the transmissibility of forces or that of displacements as criteria,
the use of one or the other depending on the convenience of the
treatment and the features of the concrete problem under conside-
ration, though without any connection with the division of problems
in the two groups mentioned. It will be shown later that the two
criteria are mathematically identical.

It is natural to attempt first of all, if it is possible and permis-
sible, to diminish the intensity of motion of a vibrating or striking
object when the aim is the protection from vibrations or shocks.
The intensity of vibration can be considerably reduced in some cases
by adequate static and dynamic balancing of the mechanism; in
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other cases dynamic vibration absorbers may prove effective; the
theoretical basis of their operation has been discussed in Section 14.
When the further lowering of the intensily of motion of a vibrating
object becomes unfeasible or inexpedient, vibration isolators must
be selected to protect adjoining objects. Consider the case schema-
tically pictured in Fig. 7. Let the sinusoidal exciting force (1),
Sec. 7, be applied to body 7. It is required that the vibration force
transmitted to the fixed wall & be sufficiently small. Spring 2 is in
this case an idealized vibration isolator. In accordance with for-
mula (2), Sec. 6, the force Q transmilted by the isolator 1o the wall

is defined by the expression
Q=cx (1)

where ¢ = coefficient of stifiness of vibration isolator
z = vibration displacement of body 1.
We introduce now the transmissibility of the vibration force
which is the ratio of the amplitude Q, of the force ¢ to the ampli-
tude F, of the exciting force:

n=§% @

From expression (6), Sec. 7. for the displacement amplitude we
obtain

1
n= 1 ® \2 (3)
= (&)

where ©, is the natural frequency.

Using the dimensionless parameter 4 defined by the second of
expressions (3), Sec. 13, we obtain
1

U Ry ppreyy (4)

The condition for the decrcase of the force transmitted, i.e., for

the inequality m << 1 being satisfied, is the inequality y > }/2.

This condition remains also valid if there is any damping. The value

of n is usually specified; then

1
-.n—'l' 1 )

[f isolator 3 possesses not only elastic but also damping proper-
ties, the system in Fig. 10 is obtained.
In this case the force Q is determined by the expression

Q=cz+ bz (6)

where b is the coefficicnt of linear resistance. From (6) and taking
into account expression (20), Sec. 7, for the vibration displace-
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ment amplitude, we obtain

_ 1+ 4f2y2
1=V a )
where f§ is defined by expression (43), Sec. 6.
Writing the force Q as a function of time, we have

Q= Qa cos (0t —X) 8)

The initial phase

¥ == tan-1 12_512 — tan~1 28y (9)

Comparing formulas (7) and (9) with formulas (33), Sec. 13, we
find that

N=2Enar X=Qda» (=1, v=1) (10)
i.e., that the force transmissibility and the initial phase of this
force are equal to the dimensionless vibration amplitude for kine-
matic excitation and the initial phase of vibration, respectively,
provided that ¢, =0 and b, = 0! in the system in Fig. 19. This
condition converts this system into system /3 in Fig. 35b. It follows
that the force transmissibility n can be determined from Fig. 36a
and the initial phase y of the transmitted force, from Fig. 37a.

The problem of protecting an object from the effect of vibration
of a supporting or adjoining structure performing a prescribed motion
can also be treated within the bounds of system 12, Fig. 35b. Con-
sequently §,, is the displacement transmissibility and ¢4, the
initial phase of the displacement of the object being isolated from
vibration. Thus the two criteria of vibration isolation are defined
by identical expressions.

Al B = 0 expression (7) takes the form (3) that is a special case
of (7). Referring to expression (7) and to the family of graphs plotted
from it in Fig. 36a, one can see that the vibration isolation becomes
more effective with increasing y and diminishing f. It follows that
for better isolation of periodic vibration the isolators must ensure
a sufficiently low natural frequency and a small damping. However,
it is found practically reasonable to introduce a certain amount
of damping to accelerate the decay of transient vibrations and pre-
vent their excessive transient intensification, especially when the
system passes through resonance or is subjected to strong jolts.

In the case of the isolation of low-frequency vibrations the iso-
lators to be employed must have a very small stiffness, this requi-
rement involving serious practical difficulties. This makes the
system highly sensitive to the action of various static forces that
cause considerable changes in the equilibrium position of the system
when the isolators have a small stiffness. If the isolators serve at the

1 Cf. equalities (31), Sec. 13.
23-12
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same time as supports which carry the weight of the structure, then
their static deformation determined by expression (16), Sec. 6,
may prove too large to be tolerable. One way of attenuating such
difficulties is the use of nonlinear vibration isolators having a sof-
tening restoring force characteristic.

The protection of objects from the action of single strong impulses,
such as a fall from a great height or an explosion, has interesting
features. In such cases one has usually to specify the value of per-
missible overload (acceleration measured in units of the acceleration
of a freely falling body) which the object can withstand. The defor-
mation of a protective device will be minimum when the resistance
offered by it is constant and equal to the product of the mass of the
object by the permissible acceleration.

A constant resistance is characteristic of plastic deformation and
dry friction. A protective device based on the use of one of these
factors will be subjected to permanent deformation. Vibration iso-
lators with linear prestressed resilient elements can be used as pro-
tective devices capable of restoring its original state; this is impor-
tant in the case of impulses applied many times. When the pres-
tressing is high enough and the stiffness is small, the resistance
offered by the isolator to deformation will be nearly constant.
Another solution of the problem is the use of isolators with a sof-
tening restoring force characteristic.

49, Vibration Isolation in Multi-Degree-of-Freedom Systems

The static deformation of a linear resilient element or of a com-
bination of such elements that has linear properties may be regarded
only in two cases as the quotient obtained by dividing the applied
static force by the stiffness of the resilient element (or the combina-
tion of elements), the static deformation being directed along the
line of action of the force. The first case takes place when the dis-
placement is possible only in one direction (systems having at least
one degree of freedom). The second case is encountered when the
force acts along one of the principal axes of stifiness of the resilient
element (or the combination of elements) considered in Section 28.

In order to elucidate the deformation properties of the resilient
element (isolator) when the direction of the force does not coincide
with the principal axis of stifiness let us consider the plane arran-
gement in Fig. 128, where p and g are the principal axes of stiffness
of resilient element 7 which is mounted on foundation 2. The force F
is applied to the free surface AB of the isolator along the y-axis
inclined at the angle 0 to the g-axis. On deformation of the isolator
line AB remains straight and performs only translational motions.

Denoting the principal stiffnesses by c, and ¢, and projecting
the force F on the p- and g-axes, we obtain the deformation of the
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resilient element along these axes:

__ Fsin® __ Fecosb
e I

~ The determination of the deformation com-
ponents in the directions of the z- and y-
axes is now a simple matter:

y=psinO+ qcosd, z—pcos®—gsinb

Hence Figure 128
_ sin% cos? O _1 1 4y
y—F( % + » ), T=— -E;—cq)sm% (1)
From the first of equalities (1) we obtain
1 _ 14,4y 174 1
o2 ( P + o ) +5 (c—q—-—;) cos 20 (2)

where ¢, is the isolator stiffness in the direction of the line of action
of the force.

In accordance with relation (2) the stiffness ¢, reaches its extreme
values ¢; at @ =0 and ¢, at 6 = n/2; within the interval 0 <<
< 0 << n/2 the stifiness is a monotonic function of 0. The second
of equalities (1) shows that in the general case a displacement takes
place along the z-axis, though there is no force acting in this direc-
tion. The deformation z =0 only at 6 =0 and 0 = n/2, which
corresponds to the coincidence of the line of action of force F with
one of the principal axes, or at ¢, = ¢; when any direction may be
taken to be the principal axis of stifiness.

The solution of the problem of vibration isolation in three dimen-
sions even for the simplest case when the object to be protected can
be idealized and regarded as a rigid body, i.e., when its complicated
inner structure is disregarded, requires the consideration of six
degrees of freedom. Generally speaking, this involves cumbersome
calculations, beginning with the setting up of differential equations
and the solution of a characteristic equation of degree twelve.

The problem would be greatly simplified if the free vibrations
of each of the six coordinates of the system were not coupled with
the vibrations of the other coordinates, i.e., if the normal coordinates
were known. However, the determination of the normal coordinates
may prove, as has been pointed out in Section 11, no less labour-
consuming than the direct solution of the problem using the ori-
ginal system of coordinates. In the general case much work must
also be done to find the direction of the principal axes of stifiness
(and of the principal axes of damping in dissipative systems).

The problemis considerably easier if the system is symmetrical
with respect to the coordinate axes and planes. In this case the
differential equations fall into two uncoupled groups at least. The
higher is the symmetry of the system, the larger the number of

23*
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independent groups of differential equations (the symmetry meant
is that of the location of masses as well as of the elastic and dissi-
pative elements).

The uncoupling, i.e., the elimination of the coupling of vibrations,
is also of practical importance. It was shown in Section 48 that

4 2 ! 24 the vibration isolation becomes more
gt — s effective with a reduced ratio of the
"‘E A ! \ natural frequency to the exciting fre-
P %-ww \ quency. It is practically ‘(li)ilfﬁtcult 1i{n
- many cases or even impossible to make
I ;\Q\} all the six natural frequencies suffici-
N SO I van ently low. Therefore, when measures

Figure 129 are taken to provide a sufficiently

small stiffness in the direction of one

coordinate axis (or the angular stiffness relative to this axis) and the

exciting force is directed along (or about) this axis, it is necessary

to see that the vibrations of the coordinate concerned are not coupled

with those of the other coordinales and do not draw inte action
other elastic forces that cannot be sufficiently decreased.

If the displacements of object 7 being isolated (see Fig. 129) are
to be limited, relatively stiff elastic stops 3 on one side or stops 4
on two sides are installed in addition to the isolators 2 of large com-
pliance. Clearances are left between the object being isolated and
the stops. The relative displacement amplitudes under steady-state
vibrations are ordinarily smaller than the clearances, and the stops
remain inoperative. They come into play under transient regimes.

The use of elastic stops may lead to undesirable consequences.
Thus, shocks against the stops occurring at starting may continue
after the vibration excitation has become steady and they spell
premature failure of the object being isolated. This reflects one of
the features of nonlinear systems: the existence of a number of
qualitatively different regimes and the dependence of the setting
up of a certain regime on the initial conditions.

A steady-stale shock-and-vibration regine may be harmonic
(i.e. have the exciting frequency) or subharmonic. Such subhar-
monic regimes in single-degree-of-freedom systems have been dis-
cussed for the first time by Yorish. With stop-limiters on one side
the subharmonic regimes may lead to a sharp increase in the vib-
ration swing instead of keeping il within narrow limits.

In multi-degree-of-freedom systems steady shock-and-vibration
regimes can set in with motion forms not observable in a system
having no elastic stops (for instance, rotational vibrations may
appear instead of translational ones).

These points should be taken into account at the stage of design
of vibration isolation by invesligating the behaviour of a nonlinear
system with elastic limiters.



50. Sliding Behaviour and Simulation
of Shock-and-Vibration Systems

The application of the point mapping method to the investigation
of even the simplest shock-and-vibration systems calls for a consider-
able amount of calculations. This is seen from the examples presented
in Sec. 41. The analytical study of a shock-and-vibration system with
two degrees of freedom can no longer be brought up to finite formu-
las. Approximate analytical methods are most often found to be in-
effective because of the loss of a multitude of qualitatively different
periodic solutions characteristic of a shock-and-vibration system.
There exists therefore a certain gap between the results of an analyt-
ical study of simplified models and practical problems. This refers,
in particular, to the sliding regimes of movement of shock-and-
vibration systems.

The gap in question can be closed up by constructing a mathemat-
ical model of the shock-and-vibration system, which is the algorithm
of the solution of differential equations in the intervals between
shocks and of the calculation of velocities at the moments of shocks.
Such a model may be either a digital (realized on a digital computer)
or an analog model.

The technique used for the analytical investigations differs, in
principle, from simulation, independently of the type of model. The
analytical investigation consists, in general, of two stages: (1) the
construction of a solution of a certain definite type; (2) the determi-
nation of the domain of the existence and stability of this solution in
the parameters space of the system by studying certain, often tran-
scendental, expressions. The stages indicated are distinctly delineated.
This allows the restrictions imposed on the movement of the system
to be examined not all at a time but one after another, which simpli-
fies the investigation to a certain extent.

In simulation, no question of the existence and stability of the
system arises. The parameters of the system are assigned definite
values and the integration is performed until a certain, previously
unknown, periodic solution is obtained. The structure of the para-
meter space is elucidated by running over solutions for a large
number of combinations of the parameters of the system. For this
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purpose, it is necessary at the outset to include, in the model, all
the possible limitations listed at the end of Sec. 40. An example is
condition (3) in Sec. 41, which results in the appearance of the
boundary C..

Since such conditions are characteristic of all shock-and-vibration
systems, we shall examine them in more detail. Let us consider a
system in which the shock-and-vibration movement occurs in the
coordinate {. Two kinds of motion can be realized in the system:
either the motion of a body involving shocks against the fixed stop
or the relative movement of two colliding bodies with a shock at
§ = &, At ¢ = {, there takes place an instantaneous change in the
structure of the system—the number of degrees of freedom decreases
by unity. The subsequent behaviour of the system depends on the
character of the forces acting on it. Let the velocity restitution coef-

ficient, R, on shock be equal to zero. If, after the the shock § < 0,
then the value of the coordinate { = §, will be retained until the

sign of § is changed. In a system with one degree of freedom, this
situation corresponds to the domains D?, of motions with pauses
(see Fig. 103 in Sec. 41).

In the theory of automatic control the regimes under which the
altered structure of the system is retained for a finite period of time
are termed the sliding behaviour. This term is associated with the
conceptions of the motion in the state space: the sliding behaviour
is represented by the state trajectory, the portions of which lie
entirely on definite state surfaces called discontinuity surfaces.

The state space of a single-mass non-autonomous shock-and-
vibration system is presented in Fig. 99. On motion with pauses
of finite duration (R = 0) the representative point, having ar-
rived at the cylinder §{ = {; at its lower part corresponding to
§ < 0 tumns instantly (i.e., along the generatrix) into a point on
the circle { = 0 and “slides” along this circle up to the moment
determined by expression (29) given in Sec. 41. Thus, the sliding
behaviour occurs in the shock-and-vibration system.

At R # 0 the situation become somewhat complicated. Let us
first consider a body that falls freely on the stop. If the absolute
value of velocity just before the first collision is equal to v, then
immediately after the subsequent collisions it will have the values
of Rv, R%v, etc. The time interval between the successive shocks
will fall off in the same geometric progression, assuming the values
of 2Rv/g, 2R?v/g, etc., where g is the free-fall acceleration. From this
it follows that the falling body will undergo an infinite number of
collisions of decreasing force during a finite time period equal to
2Rv/(1 — R)g. .

Now let us return to the general case. If after the first shock { < 0,
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then at R # 0 there will follow an infinite sequence of shocks
taking a certain finite time period, following which the system will
pass over to the sliding behaviour. The possibility is not excluded,
of course, that after a finite number of shocks of the indicated
sequence the acceleration will become positive and the sliding be-

haviour will not set in.
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All these possible situations must be reflected in the model of the
shock-and-vibration system, independently of the type of model.
Figure 130 presents the block diagram of a digital model of the
shock-and-vibration system of the general type. Integration of the
equations of motion within the given interval 0 < 7 < 7, is carried
out with a specified step Ar. After each integration step the condi-
tion § (1) > &, is checked up. If it has been fulfilled, the value of
T increases by an addend of A7 and the integration is continued. If,
however, § (1) < §, and | §(7) — §, | is greater than a certain speci-
fied small value of €, the moment at which a shock occurs, 7, is
improved, i.e., an approximate solution of the equation §{(7) — §,
= 0 is sought for (e.g., by means of a linear interpolation). Then,
the state coordinates of the system at 7 = 7, are calculated and,
if necessary, recorded.

If at + = 7, the modulus of impact velocity exceeds-a certain
limiting value of €,, the initial conditions are recalculated and the
integration of the equations of shockless motion is carried out.

Otherwise, the sign of acceleration is checked up. At ¢ > 0, a transi-

tion to a new stage of shockless motion takes place. If § < 0, it is
assumed that the sliding stage has begun. The moment of completion
of the sliding behaviour is then calculated, the state coordinates of
the system are recorded and the next stage is started.

We shall not dwell here on the construction of analog models
which must of necessity contain the logical elements that perform
all the check-ups indicated.

The above-described algorithm allows one to solve the various
problems that arise in the investigation of shock-and-vibration
systems, including the study of the structure of the parameter
space of the system, the examination of the steady-state motion
dependence on the initial conditions, and the elucidation of the
behaviour of the system with its parameters undergoing chance
variations. To determine the periodic regimes, it is sufficient to
incorporate an additional block which will perform the comparison
of the state coordinates for successive shock moments.

51. Vibratory Conveying Without Gravitation

The vibratory conveying considered in Sec. 46 calls for the requisite
participation of the gravity force to continuously press the moving
body to the vibrating surface during the conveying without separa-
tion from the vibrating surface and to bring this body back to the
vibrating surface during the conveying process involving tosses. In
the absence of gravitation, this method of conveying is infeasible.
Here we shall describe a different process of vibratory conveying, the
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implementation of which requires neither gravitation nor any other
external forces applied to the body being conveyed, except for the
forces of its interaction with the vibrating surface.

Figure 131 shows a cylindrical body 1 not subjected to gravita-
tion. It can move freely in a pipe 2 in the absence of any clearance
between them. The Coulomb friction force may arise between the
body and the pipe only when the transverse acceleration of the pipe
develops.

X

-—

Figure 131

By analogy with Fig. 121 XOY is the fixed coordinate system;
x0;y is the coordinate system parallel to it, which is rigidly linked
to the pipe. The coordinate systems indicated coincide when the
pipe is placed in the middle position. Let the pipe perform aspecified
planar translational vibration according to the following law:

xo(t) = —a cos 2 wt, (1)
¥o(t) = b cos (wt — €)

that is, the frequency of longitudinal vibration is two times higher
than the frequency of transverse vibration. The value of the initial
phase, —e, is selected so that each point of the pipe describes a
trajectory similar to the second Lissajou figure from the right in the
second row of Fig. 5.

The transverse vibration of the pipe presses the body alternately
to the right and left sides of the pipe surface. The simultaneously
occurring longitudinal vibration causes the development of the
variable friction force between the body and the pipe. With a certain
set of € values, the friction force produces a motion of the body
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relative to the pipe, the mean velocity of which, x,, , is greater than
zero, 1.e., is directed upwards.

The differential equation of the relative motion of the body may
be written down in the following form:

mX = 4maw? cos 2wt + fmbw? |cos (wt — €)] signx  (2)

where m is the mass of the body, and f is the coefficient of dry
friction.

There may be different motion regimes for the body being con-
veved. Each cycle of the relative motion may consist of a series of
upward and downward slipping regions and instantancous or tempo-
rary pauses. The period of relative motion may be equal to or a mul-
tiple of the period of transverse vibration of the pipe.

Integration of the equation of relative motion can be carried out
over domains, as was done in Sec. 6. The mean velocity of conveying,
X,, » must satisfy the condition

2nm

S [4cos2r + | cos (r — €)lsignx] dr = 0 (3)
0
sign0=0, (n = 1,2,3,...)

where, by analogy with Eqgs. (16) and (18) given in Sec. 46,

T=w, M= (4)

Equality (3) follows from the condition
Xp =0 ()

For the specified values of a and u the mean velocity of conveying,
%,,, may reach a maximum value at a certain value of €. A body of
any shape, including a spherical one, can be conveyed by the indicated
method in a pipe of any desired cross-sectional shape provided that
the body touches the pipe without clearances at least at some of its
points and cannot move in the transverse direction relative to the
pipe. This method can be used to convey bulk materials, say, sand,
gravel, peas, etc.

The conveying method described above is efficient not only with-
out gravitation but also with counteracting gravitation, in which case
the mean velocity of conveying will be lower. Thus, if the forcc of
gravity —mg is applied to body 1 in Fig. 131, the mecan velocity of
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vibratory conveying, x,, , must satisfy the following condition
2n7t
J [4cos2r + plcos(r — €)| signx — Gy]dr = 0 (6)

0

where

Go = 7? (7)

and g is the free-fall acceleration.

Such a conveying process under the influence of gravitation may
not only be directed vertically upwards but also in a horizontal
direction and upwards at any angle to the horizontal.

We have so far considered a motion without separation from the
vibrating surface. This method can also be employed to convey body
1 with separation from the pipe walls 2 and alternate impacts against
the opposite sides. This occurs if there is a clearance between the
body and the pipe.

52. The Dynamics of Electromagnetic Vibration Exciters

The variable force that induces the vibrations of electromagnetic
vibration exciters is the force of magnetic interaction of the period-
ically magnetized elements. The maximum magnitude of the exciting
force of an electromagnetic vibration exciter is relatively low. There-
fore, such exciters operate, as a rule, under near-resonance conditions,
the amplitude of the force developed by the springs usually exceed-
ing by 5-20 times the maximum value of the exciting force.

Two types of electromagnetic vibration exciters are differentiated:
with movement of the armature relative to the core, which occurs
along the principal direction of the magnetic flux and across the flux.
On the other hand, a distinction is made between single-cycle electro-
magnetic vibration exciters, in which the electromagnetic exciting
force acts only in one direction, and push-pull exciters in which the
exciting force operates alternately in opposite directions.

A single-cycle electromagnetic vibration exciter with the longitu-
dinal movement of armature 1 relative to the core 2 has one winding
3 (Fig. 132a) or two windings 3 and 3’ (Fig. 132b). The armature
and the core are interconnected by springs 4 and 4’, which provide
the near-resonance tuning of the system. The armatures and cores
are made of a magnetically soft material. Alternating or pulsating
voltage is applied to the ends of the windings and the current flow-
ing in the windings induces the pulsating force of magnetic attraction
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of the armature and core, which brings them closer together and
causes the deformation of the springs. The reverse motion is effected
at the expense of the potential energy stored in the springs.

A push-pull electromagnetic vibration exciter with a longitudinal
motion of the armature 1 relative to the rigidly interlinked cores 2
and 2’ have windings 3 and 3’ and springs 4 and 4’ (Fig. 132c¢). A
voltage is applied alternately to the ends of the windings, which
causes pulsating currents and appearance of magnetic attractive forces
in the gircct and the opposite course alternately.

Figure 132d shows a push-pull electromagnetic vibration exciter
with the transverse motion of the rigidly interconnected armatures
1 and 1’ relative to the core 2 bearing winding 3. The armatures are
linked to the core via springs 4 and 4’. If a current pulse is induced
in the winding in the position shown in Fig. 132d, the armatures
begin moving under the action of the magnctic force directed up-
wards, thereby deforming the springs. Having passed the middle
position, the armaturcs move under the inertia farther upwards more
and more slowly and then begin moving down under the action of
the deformed springs. Another current pulse is now generated in the
winding and the armature is acted on by the magnetic force directed
downwards, which accelerates their movement. This is followed by
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the inertial retarded downward movement, thec upward movement
under the action of the deformed springs, etc.

Various current supply circuits are used for electromagnetic vibra-
tion exciters. We shall consider several simple current supply circuits
for single-cycle vibration exciters. If an alternating voltage is applied
to the ends of the windings (Fig. 133a), then two pulses of the mag-
netic attractive force will be generated per one voltage period in the
magnetic system and, hence, the vibration frequency will be two
times higher than the applied voltage frequency. The sign alternation
of current pulses has no noticeable effect on vibration. The remagne-
tization of the core and armature nevertheless produces additional
energy dissipation and warming; to avoid this, it is sometimes expe-
dient to use a full-wave rectifier for current supply (Fig. 133b).

L

ele

(© () (e)
Figure 133

Figure 133c shows the current supply circuit from a half-wave
rectifier. Here the frequency of forced vibration is equal to the applied
voltage frequency. The same effect can be achieved by using an
alternating-current mains if the core is fitted with an extra polarizing
winding (Fig. 133d), to the ends of which there is applied a constant
voltage, or if a permanent magnet (to be used for polarization) is
incorporated into the core (Fig. 133e).

The simplied design scheme of a single-cycle electromagnetic vibra-
tion exciter is presented in Fig. 134. Here two inertia elements 1 and
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2, with masses m, and m,, interconnected by means of a linear
spring 3 and a damper 4, can move in ideal guides 5 and 6. The dif-
ferential equations that describe the behaviour of this system may be
written in the following form:

. d*x, dx, dx,
my 53 ._'l'b(? —'F)'*' c (x1 —x3) =F
d?x, dx dx
my - — b (r’ — 'd—t—’)— c(x, —x3) = —F (1)
d . ,
¢ (Li) + Ri = u
where ¢t = time
b = resistance coefficient of damper
¢ = stiffness coefficient of spring
Xy, X = coordinates of elements 1 and 2 measured from the
equilibrium position
¢ = current in winding
L, R = inductance and electric resistance of winding
u = potential difference at the ends of windings
F = electromagnetic attractive force determined by the fol-

lowing relation:

F o= % ( 1.21" ) (2)
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where

X = X1 T X2 (3)

Disregarding the magnetic reluctance of the steel magnetic circuit,
which is considerably lower than the gap reluctances, we may write
the following expression for the winding inductance:

L = Lo [1+ (x/x0)]™ (4)
where x, = width of each of gaps in the equilibrium position
Ly = valueof L at x = 0, which is given by the relation
Lo = poSpw?/xo (5)
where 4o = 4w *© 1077 H/m = magnetic permeability of vacuum,
which is assumed to be equal to the magnetic perme-
ability of air
w = number of winding tums,
-1
; -1
Sg = k§l (Sax) (6)
Sgr = cross-sectional area of the kth airgap
n = number of airgaps.

To take into account the magnetic leakage flux and the reluctance
of the steel magnetic circuit, a correction factor @ may be substituted
in the right-hand side of equality (4):

L =Lyat! [1+ (x/x0)]7! (N

Hence, on the basis of expression (2), we obtain:

-2
Lgi? x

1+ + (8)

F=-

2ax,

Suppose that one mechanical degree of freedom determined by
the coordinate x is realized in the system under consideration. Then,
on the basis of Egs. (1) with account taken of expressions (7) and (8),
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we may write:

-2

dx dx _ Loi? x
mdt’+b—;.+cx__2ax, 1+x,
-1 (9)
L, d x .
~ ar | (1 + o) + Ri = u
where
_ mym,
m = my (10)

If the current is supplied directly from an alternating-current mains
(Fig. 133a),

u = u, sin wt (11)

where u,, w = the amplitude and angular frequency of voltage.
To simplify the calculations, we pass over to dimensionless variables:

x Ri
T=wh E= 70,0 = Ty (12)

and to the dimensionless parameters:

aR b
p = Low ? .B T 2mw
(13)
1 ¢ Loug
Y= mo> V= 2ax2 mw?R?

and rewrite the differential equation (9), taking account of Eq. (11):
£+ 26E + vk = —vn?
: (14)
n+ p(l + & =psinT

The dotes above the functions denote differentiation with respect
to 7.
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To integrate Eqs. (14), use is made of the method of successive
approximations (see Sec. 17). At an initial approximation, we assume
that

E=0 (15)
Then the integral of the second differential equation (14), which

describes the steady-state periodic process, will have the following
form:

n = _1:7 (p sinT — cosT) (16)

or, with an accuracy of the values of third order of smallness in p,
n =—p(1 — p?) cos (1 + ¢,) (17)

where
py = tan’! p (18)
Substituting expression (16) into the first of the differential equa-
tions (14), we obtain, after integration and elimination of the terms

higher than the third order of smallness in p, the following relation-
ship that describes the steady-state periodic vibration:

vp?(1—p) vp?
= — N —_ +
(19)
where
- 2p(y* — 4) — 48
¢, = tan’! YT — 4 ¥ 500 (20)

Let us consider the approximation obtained (19). The dimension-
less quantity &, which is proportional to the relative displacement x,
consists of a constant component, which is determined by the first
term on the right-hand side of Eq. (19), and a sinusoidal component,
which is determined by the second term and varies with frequency
twice as great as the voltage frequency. Since the relative damping
ratio is low (8 <€ 1) and the system functions under the near-reso-
nance regime (y =~ 2), then |y — 2| € 1 and 4/ (y2 —4)2 + 1682
< 1. Therefore the amplitude of the relative sinusoidal vibration is
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considerably higher than the constant displacement. To avoid arma-
ture-core shocks, the following condition must be fulfilled:

vp? 1 —p 1
2 ( v? V(vz — 4) + l6ﬁz) <1 (21)

In a special case, when ¥ = 2, expression (19) simplifies and
assumes the form:

vp? (1 — p) vp?

£ = — z — —a5 cos (27 — cos™' 2p) (22)

and condition (21) may be written thus:

vp?

: (1—p+—;—) <1 (23)

According to the third of equations (12), the current in the wind-
ing is equal to

2 (1+ 8 (24)

Substituting the values of  and ¢ from expressions (17) and (22)
into Eq. (24) and ncglecting the terms higher than the third order
of smallness in p, we get:

2 1 2 2
i = p}:a [[1— V: (1, +z_p’—)] cos (‘r—tan'l l+p p)

vp?

Tegs  COS (31’ — tan™? l—_.,’-:—e—)l (25)

Hence, in the given approximation, the current contains the first
and third harmonics.

The power required to sustain the vibration and to compensate
for current losses is given by the following well-known relationship:

2n
N=— f uidr (26)

27w
0
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Substituting the values of voltage and current from expressions (11)
and (25) into relation (26), we have:

2
vp?

N =-% (1-05p%) [1—7 (1+%)] (27)

If the current is supplied from a half-wave rectifier (Fig. 133c),
then

u,sintT at2nm <7< 2(n + 1) 7
u = (28)
0 at2(n + 1)r <7< 2n+ 2)7w

(n=012..)

and, instead of the differential equations (14), we obtain:
£ + 288 + £ =—wm?
psinT at2nr <7< 2(n+ )7

ntp(l+E)n= (29)
0 at2(n + N <7<2(n+ 2)7

Using the initial approximation (15), we obtain on the first inter-
val 0 < 7 < = (assuming thatn = 0):

n = ("20 +#) e’ + l:p, (psint — cos7) (30)

where 7 is the initial value of n at7 = 0.
To determine 1o, we make use of the method of fitting (see Sec.
20). The finite value of n on the first interval at 7 = m:

p - P
m = ('ﬂo + l_,_pz)e"p + 1+p°? (31)
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On the second interval # < 7 < 27:
n = neflt™m (32)

At the end of the second interval at 7 = 2@, from the condition of
periodicity, n must be equal to 1y, i.e.,

Mo = Me "’ (33)

Substitution of the value of 17, from expression (31) into Eq. (33) and
solution of the resulting equation for ¢ gives

P

Mo = (o ™1 (84)

By substituting the values of 7 into the first of the differential
equations (29) and integrating it on the first and the second interval
of 7, we can.find £ (7) and, using the method of fitting, we can deter-
mine the initial values of £, and £,. Then, from expression (24) we
can find the current 7 (7). The power, N, may be calculated from the
formula

N = [f" widr + f uz'd'r] (35)

0

The procedure is rather simple but requires unwieldy computations.

If the current is supplied from a half-wave rectifier, the vibration
frequency is equal to the frequency of the a-¢ mains, to which the
rectifier is connected. The current in the winding is in this case
richer in higher harmonics than in the case of current supply from
the a-c mains. Nonetheless, the vibration is found to be practically
sinusoidal due to the near-resonance tuning. Just as in the preceding
case, the middle relative position of the vibrating parts is found to
have been displaced from the equilibrium position by an amount
equal to the ratio of the mean value of the magnetic attractive force
to the stiffness coefficient of the springs.

An investigation of the dynamics of push-pull electromagnetic
vibration exciters can be carried out in an analogous manner.
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53. Fundamentals of Vibration Measurement
by Means of Inertia Devices

Devices used for vibration measurements may be classified into
two groups:

1. Devices which are used to measure vibrations relative to a
reference point not connected with the vibrating object.

2. Inertia devices connected with the vibrating object and con-
taining an clastically linked inertia element, the deformation of the
elastic linkage is to be measured.

The scheme of an inertia device used for measuring vibrations is
presented in Fig. 135. An inertia element 4 is linked to the vibrating

1 2 4

N

Pl

L, .
P4 X
Figure 135

object 1 via spring 2 and damper 3. The scheme under consideration
is identical with scheme 13 presented in Fig. 35 and is a special case
of the circuit given in Fig. 19. If the vibrating object and the inertia
element move along a straight line without turns, then, on the basis
of Eq. (6) given in Sec. 8, we may write the following differential
equation for the absolute motion of the inertia element:

mx +b(x—z)+c(x—2)=0 (1)

where m and x = mass and coordinate of the inertia element mea-
sured from the middle position

z = z(t) = absolute coordinate of the vibrating
object measured from the middle position, the
movement of which is independent of the action
of spring and damper

b = resistance coefficient of damper

¢ = stiffness coefficient of spring

t = time.
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The dots above the functions signify differentiation with respect to
time.

The deformation of the spring to be measured is equal to the
relative coordinate:

y = x —z (2)

Using expressions (1) and (2), we may write a differential equation
for the relative movement of the inertia element:

my + by + cy = —mz (3)

We shall assume that the motion of the vibrating object is periodic.
The periodic function z(t) may be represented as the sum of a finite
or infinite series of sinusoidal terms (see Sec. 4). Since Eqs (1) and
(8) idealize the inertia device as a linear system, then, on the basis
of the principle of superposition, the response of the device to the
action expressed by the function z(t) is equal to the sum of responses
to the action of its sinusoidal terms (see Sec. 9).

If

z = z, cos wt (4)
the differential equation (3) takes the form:
my + by + ¢y = mz,w? cos wt (5)

The integral of this equation, which describes the steady-state
periodic forced vibration,

y =y, cos (wt — o) (6)

where, in accordance with Eqs. (24) and (21) given in Sec. 7 and
also with Eq. (29) presented in Sec. 6,

z w?
a

Ya = V (Wl — w?)? + 4h? w? (7)
-1 2hw
o = tail s (8)

Wo =/, h = b/2m 9)
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Using the dimensionless quantities determined by Egs. (3) and
(34) given in Sec. 13, i.e.,

B = hlwe, v = w/we, T = wot, n = y/z, (10)

we obtain from relations (6), (7), and (8):

n=mn, cos (y7 — ¢) (11)
72

= 12

na \/71_7:): + 4p24?2 ( )

@ = tan! 12_3,:2 (13)

The amplitude-frequency characteristics of this system 7, (o),

n,(0), 1, (0), are given in Figs. 40a, 42a, and 43a; the phase- frcqucncy
c aracteristic ¢(0) is presented in Fig. 41a.

An inertia device can be used to directly measure the displace-
ment as well as acceleration or velocity, depending on the relation
between the frequency w of the vibration measured, the natural
frequency wq of the undamped vibration of the inertia springed
element and the damping coefficient i. To measure the vibration
displacement by means of an inertia device, it is necessary that the
following conditions be satisfied:

wo K w, hEr<tw (14)
This can easily be checked up by writing Eqs. (7) and (8) in the
following form:

2z
a

= 15

Ya \/ [(werw)* — 1]* + (2h)w)? ( )
_ 2h/w

¢ = tan”! o (16)

When conditions (14) are satisfied, we obtain:
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Hence, the spring deformation, y, measured is nearly equal to the
displacement, z, of the vibrating object.

To measure the vibration acceleration by means of an inertia
device, it is necessary that the following conditions be fulfilled:

wo > w, h < wiw (18)

In order to verify this, we write Egs. (7) and (8) in the following
form:

z w?

a
= 19
%a WiV [1 — (/w0 P + (2hw/w})? (19)

_ -1 2hw/w}
When conditions {18) are satisfied, we get:
Z, = 7,07 ® Wiy, ¢ =0 (21)

Thus, the spring deformation, y, measured is nearly proportional
to the acceleration, z, of the vibrating object.

In order to measure the vibration velocity by means of the inertia
device, the following conditions must be fulfilled:

lw? — w?| € 2hw (22)

This follows from Egs. (7) and (8) written down in the form:

zZ W

_ a
Ya 2hf[(w: — w?)/2hw]? + 1 (23)
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If the condition (22) is satisfied, we obtain:

z, = zw = 2hy, ¢ =2 (25)

a

Hence, the spring deformation, y, measured is nearly proportional
to the velocity, z, of the vibrating object.

The dynamic errors arising in displacement, acceleration and
velocity measurements decrease as the inequalities (14), (18), and
(22), respectively, are increased.

The parameters of inertia devices usually satisfy either conditions
(14) or (18). They very seldom satisfy condition (22) since in this
case the frequency range of vibration measured is narrow or the
sensitivity of the device is low.
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54. Progress of Vibration Engineering and Problems
of Research

The felds of appiication of vibration engineering are steadily
increasing in number and more and more processes arc employing
vibration. The most important of them are the following:

(a) vibration moulding of reinforced-concrete components on
platform vibrators, vibratory installations, vertical mould batteries;

(b) compaction of concrete mixtures by vibration in cast-in-situ
structures by means of immersion and surface vibrators;

(¢) compacting of soil and road beds by vibrotampers; tamping
of asphall-concrete road surfaces by vibralory rollers; compacting
and smoothing of cement-concrete road surfaces by vibratory fini-
shers;

(d) vibration and shock-and-vibralion drilling of engineering-
geological wells;

(e) handling of bulk materials by vibratory conveyers;

(f) feeding of space-oriented workpieces lo aulomatic machine
tools from vibrating hoppers;

(g) separalion of materials according to size, density, shape, and
friction cocfficient by vibrating sieves, screens, separators, con-
centration tables;

(h) making of foundry moulds and cores by vibratory moulding
presses;

(i) shaking-out of foundry flasks on vibrating grids;

(j) vibratory tumbling of forgings, stampings, castings;

(k) vibration polishing and precision finishing of machine and
instrument parts;

(1) inlensification of extraction processes in pulsaling installa-
tions.

‘There has been a tendency of late to use large equipment, to
inerease its power and efliciency and improve quality indices. Vib-
ration engineering and technological processes are relatively new
fields with important problems still to be solved. Large-scale theo-
retical and experimental research is needed to solve (hese problems
and to ensure further progress.
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Some of the problems requiring further research are as follows:

(1) the generation of mechanical vibrations;

(2) the dynamics of vibration and shock-and-vibration machines;

(3) the properties of the various media acted upon by the working
members of vibration machines;

(4) the interactions of working members and working media;

(5) the energy balance of a vibration machine;

(6) methods and systems for automation of the operation of
vibration machines;

(7) determination of optimum operating conditions;

(8) reduction of the deleterious effects of vibrations on operating
personnel and supporting structures.

The first group of problems associated with study of the processes
of generating mechanical vibrations includes:

(a) investigation of vibration generators as devices transforming
the energy of a source into mechanical vibrations;

(b) designing of generators of mechanical vibrations of prescribed
form and spectrum, including random vibration generators;

(c) development of methods to multiply and demultiply vibration
frequencies.

The problems involved in investigating the dynamics of vibration
and shock-and-vibration machines include:

(a) study of transient processes and development of methods
(i) to reduce starting power; (ii) to reduce the weight of drive ele-
ments; and (iii) to suppress excessive increase of vibration amplitude
during passage through an intermediate resonance;

(b) study of the dynamics of resonant and near-resonant systems
having one or more degrees of freedom;

(c) study of the dynamics of systems with subharmonic regimes,
including shock-and-vibration systems;

(d) study of the dynamics of superharmonic systems;

(e) investigation of the dynamics- of systems with distributed
parameters and of combined (lumped-and-continuous) systems;

(f) solution of problems of the concurrent operation of two or more
vibration generators.

Investigations of the properties of the various media acted upon
by the working members of vibration machines comprises research
into the following:

(a) the dynamics of granular and powdery media as regards
problems of vibratory separation, conveying, mixing and compac-
ting;

(b) soil dynamics as concerns problems of vibratory compacting,
cutting, pile driving, and drilling;

(c) investigation of the dynmamics of concrete mixtures as con-
cerns problems of vibratory mixing, conveying, placing, compacting,
moulding;
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(d) plastic deformation of metals under the action of vibration
and frequent blows in relation to vibration and shock-and-vibration
pressing, stamping, drawing, rolling;

(e) the dynamics of asphaltic concretes as concerns problems of
vibratory compaction;

() the mechanism of the influence of vibration on the physico-
chemical and physicomechanical processes in a liquid medium and
al the interface between the liquid and solid phases, as concerns
problems of the use of vibration for the processes of solution, extrac-
tion, emulsifying, sedimentation, filtration, leaching, etching,
electrolysis, washingout, colouring, etc.

(g) the processes of vibratory cutting of metals, plastics, and
other materials used in machine building as concerns problems of
vibratory turning, milling, grinding, polishing, tumbling,
etc. )

‘The study of interactions belween the working members of vib-
ration and shock-and-vibration machines and the working medi-
um, especially of force interactions concerns research into the fol-
lowing:

(a) the distribution of the forces and pressures applied to the
working member by the medium; separate studies of normal and
tangential acting factors;

(b) the physical nature of the acling forces, including dissipative,
position, inertia, and combined forces;

(c) changes in the interaction forces under the influence of the
vibrations of the working member and the medium.

The fifth group embraces problems involved in study of the energy
balance of a vibration machine, of the circulation of energy flows,
and of the character of energy dissipation in the system, and also
of the relation between the behaviour of a vibration machine and
the properties of the energy source.

The problems of automation include research and development
work on methods and systems for automating vibration machines
operation, self-tuning, programming, and the automation of qua-
lity control of the operation of vibralion engineering equip-
ment.

The seventh group includes the problems of determining the
optimum operating conditions for vibration machines, investigation
of their operational stability and the development of ways to improve
the stability of their operation.

The eighth group includes problems of reducing the harmful
effecls of vibration and shock-and-vibration equipment on operating
personnel and supporting structures.

This list, of course, does not touch on problems of design and
purely empirical trends.



CONCLUSION 373

55. Classification of Vibration Machines

Principles of classification of vibration machines coinciding in
their main outlines with those formulated below were put forward
by the author in a paper to the Scientific and Technical Conference
on Vibration Stands and Vibration Measurement in Leningrad in
July 1959.

It is difficult to propose a universal classification suitable for
every case encountered and providing for all aspects of the design
and application of vibration machines. Such a detailed classification
would quickly become obsolete since vibration engineering is deve-
loping so rapidly. It is therefore not the classification itself but
its basic principles and trends that are of general interest. Guided
by these principles one can draw up detailed classifications for
particular groups of vibration machines.

The principles for classifying vibration machines that we suggest
are as follows.

1. By purpose. A classification according to purpose can be made
for large groups of general-purpose machines or for special-purpose
machines. Vibration machines can broadly be divided, for example,
into machines for compacting, loosening, mixing, separating, con-
veying, etc. Special-purpose machines may be divided into special
types, such as platform vibrators for moulding reinforced-concrete
components, vibrating hoppers for feeding parts to automatic ma-
chine tools, general-purpose vibration generators which are fixed
to the object, internal vibrators for compacting concrele mixtures,
vibratory grids for shaking out foundry flasks.

2. By type of drive. Machines with electric, hydraulic, pneumatic
drives, and machines driven by internal combustion engines are
distinguished. A further subdivision can be made by type of drive.

3. By type of transformation of the supply energy into mechanical
vibrations: centrifugal, piston, eccentric, crank-gear, electromagne-
tic, electrodynamic, magnetostriction, piezoclectric, pulsating,
self-induced, kinematically-excited vibration machines, etc. Thus,
this subdivision involves multiplicity of types in each group.

4. By number of vibrating rigid bodies: single-mass, two-mass,
three-mass, etc., machines.

5. By shape of vibration of the working member. Machines with
rectilinear vibrations, elliptic vibrations, helical vibrations, various
combined vibrations, etc.

6. By periodicity of vibration: simple periodic, modulated, almost
periodic, non-periodic (random) vibration machines.

7. By the spectrum of periodic vibration of the working member:
sinusoidal, biharmonic, polyharmonic vibration machines.

8. By presence of shock: shockless, shock-and-vibration machines
with shocks of the first order, second order, third order.
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9. By the relation between the exciting and natural frequencies:
preresonance, postresonance, near-resonance, interresonance vibration
machines.

10. By ihe number of vibration generators on the working member:
machines with one generator, two generators, etc.

11. By method of synchronizing the operation of vibration genera-
tors: positive mechanical synchronization, positive eleclrical syn-
chironization, sclf-synchronization, without synchronization.

12. By frequency range: high-frequency, medium-frequency, low-
frequency machines. The designations are relative and depend on
the type of technological process and the type of vibration machine.

13. By method of control: no control, manual adjustment, mecha-
nical regulation, automatic control, programmed control, self-tuning
for the optimum operating conditions.

14. By degree of fixation of the kinematic parameters of the working
member: completely positive motion of the working member (posi-
tive kinematics), partly positive motion of the working member,
for example, along a definite direction (semi-positive kinematics),
no rigid restraints of the working member (dynamic-type).

This list is far from exhaustive as regards possible trends of classi-
fication and scarcely Louches on certain design and service features
of vibration machines. But many of the features listed are essential
for most vibration machines and are given here in order to unify
the classilication principles for specialized machine groups.
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54. Progress of Vibration Engineering and Problems
of Research

The fields of appiication of vibration engineering are steadily
increasing in number and more and more processes arc employing
vibration. The most important of them are the following:

(a) vibration moulding of reinforced-concrete components on
platform vibrators, vibratory installations, vertical mould batteries;

(b) compaction of concrete mixtures by vibration in cast-in-situ
structures by means of immersion and surface vibrators;

(c) compacting of soil and road beds by vibrotampers; tamping
of asphalt-concrete road surfaces by vibratory rollers; compacting
and smoolhing of cement-concrete road surfaces by vibratory fini-
shers;

(d) vibration and shock-and-vibralion drilling of engineering-
geological wells;

(e) handling of bulk materials by vibratory conveyers;

(f) feeding of space-oriented workpieces lo aulomatic machine
tools from vibrating hoppers;

(g) separaliou of materials according to size, density, shape, and
friction cocfficient by vibrating sieves, screens, separators, con-
centration tables;

(h) making of foundry moulds and cores by vibratory moulding
presses;

(i) shaking-out of foundry flasks on vibrating grids;

(j) vibratory tumbling of forgings, stampings, castings;

(k) vibration polishing and precision finishing of machine and
instrument parts;

(1) intensification of extraction processes in pulsating installa-
tions.

‘There has been a lendency of lalte to use large equipment, to
inerease its power and efliciency and improve quality indices. Vib-
ralion engineering and technological processes are relatively new
fields with important problems still to be solved. Large-scale theo-
retical and experimental rescarch is needed to solve these problems
and to ensure further progress.
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Absorber, vibration, 344
Acceleration amphtude, vibration, 16
Addition of vibrations,
Almost periodic

tunction, 27

motion, "22

oscillations, 27
Amplitude response curve, 48, 94
Amplitude spectrum,
Angular frequency, 15
Antiresonance, 77, 116
Autonomous system, 22, 30
Averaging, method of, 138
Auxiliary body, 248

Beats, 21, 75
Bending vibrations of beams, 91
Bifurcation equations, 246

Carrier-planetary vibration generator, 194
Centre, 1
of percussion, 188
of vibration, 188
Centred system, 183, 196
Centrifugal excitation, 51, 101
Centrifugal (unbalanced-masa) vibration ge-
nerator, 171, 213
Characteristic equation 67, 121
index, 121
Circular exciting torce, 173, 188
exciting moment, 174
vibrations, 187-189
Circular frequency, 15
Circulating motion, 13, 21
Classification of vibration machines, 353
Coefficient, absorption, 37
coupling, 72
damping, 35
momentary friction, 327
stiffness, 30
velocity restitution, 270
Collinear vibrations, i8
Complex mass, 50
resistance, 50
stiffness, 50
Complex antities, representation of vi-
brations by, 17
Compliance, 175
Condition
on smooth adjustment, 234
on stabihty of fixed pomt in parametric
form, 276
on stability of synchronous motion, 247
on stability of the stationary regime,

238
on stability of the rotation phase, 254
Conductance, 176
Conical pen&ulum, 14
Conservation of energy, law of, 154
Conservative system
Constraint, ideal,
Continuous spectrum
Coplanar vibrations
Cosine component, é
Coupled coordinaws,
vibrations,
Co-vibrating mass, 206
Critical damping, 40
Cyclic motion, 13
cylindrical state space, 278

D'Alembert's integral, 83
mcthod, 82
Damper, 34
Damping ratio, 36
Decaying tree vibrations, 35
Degrees of freedom, 29
Determining (bifurcation) equations, 246
Deterministic system,
Dirac’s delta-tunction 298, 3817
Directed exciting torce. 173
Displacement resgonse ocurve, 48
Displacement, vibration, 6
Dissipation of energy, 29 34, 154
Dissipative tnrce. 29, 77
function, 6
system, 29, 77
Distribution coetﬁcicnts
Domain of exlstence and stability (ot the
fixed point), 2
Dutfing’s equation 136
Dynamic absorbmg
control of vibratxons. 114
excitation, 43
magmﬁcation, 114
stabilization, 115
stiffness, 50
suppression of vibrations, 114
system, 29
D:;r_\zaimlcally unbalanced vibration machines,

Eccentricity of the unbalanced mass, 180
Effcctive coefficient of friction, 311
Effective frequency ot vibratlon, 338
Elllptlcal excitmg torce, 1
integral of the first kind, 218
integral ot the second kind 218
path of vibrations, 186, 188
polarization, 14
L‘llnptical motion of the axis, 256
Energy exchange, 75
transformation, 154
Entrainment, 153, 241, 272
Equilibrium, indifferent, 63
stable, 63
unstable, 63
Equivalent linearization, method of, 144
Equivalent mass, 175, 178
resistance, 175, 177
stifiness, 175
Eulerian gamma-function, 169
Exciting force, amphtude of, 43
Existence, domain of, 281

Fitting, method of, 55, 146
;ixed point of the mappmg. 273, 277
'ocus
Forced vibrations, 43
Fourier
integral, 25
method, 82
series, 22
truncated series, 23
Free motion, 30
vibratlons, 31
Frequency, vibration, 15
Friction, apparent coemcient of, 311
ap arent reduction in, 310 341
l"rlicgtsonzaﬁl2 planetary vibratlon generator,
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Function, dissipative, 65

of amplitudes, 25

of initial phases, 25

successor, 274
Fundamental functions, 93
Fundamental set of solutions, {20
Fundamental tone, 88

Gear-planetary vibration generator, 195
QGeneralized coordinate, 61

force, 62 X
Generating solution, 142 A
Generator, mechanical vibration, 171
Gibbs' phenomenon, 23

Hardening characteristic of the restoring
force, 151
spring, 133
Harmonic analysis, 23
Harmonic balance, method of, 138
Harmonic (component), 22
Harmonic motion, 14
Heaviside's step function, 298
Hill's equation, 122
Holonomic constraint, 28
system, 2

Immersion vibrator, 205
Impedance, mechanical, 50
Inertia force, 29

Initial natural vibrations, 44
Integral curve, 126, 284
Internal vibrator, 205
Interresonant tuning, 189
Isochronous vibrations, 31
Tsocline, 126

Isolator, vibration, 344

Jacobfan amplitude, 215
Jumpwise change in state, 275

Kinematic excitation, &3
Kinetic energy, 62, 154
Koenigs-Lameray stairway, 275
Koenigs' theorem, 275

Lagrange-Dirichlet theorem, 64
Lagrange's function, 62
Lagrange’s variation method, 55
Lateral vibrations of beams, b
Limit cycle, 135, 273
Linear independence, 120

spring, 133

system, 29
Linearization of friction, 312
Linearized successor function, 274
Lissajou figure, 21
Logarithmic decrement, 36

angle, 36
Longitudinal vibrations of bars, 88

Magnification factor, 87
Mapping point, 124
Mass moment (unbalanced mass), 172
Mathieu equation, 122
function, 123
Mean angular velocity of the unbalanced
mass, 256
Mean power, 159
maximum, 162, 208

Mechanical gystem, 28
Minimization
gg 8the nonuniformity-of-rotation criterion,

of the unbalance moment of inertia, 258
Moment applied to the unbalance shaft, 193
Moment, rotating exciting, 174
Multiplication of vibration frequency, 220

Natural angular frequency, 30
Node, 128

Nonautonomous system, 28
Non-conservative system, 29
Nonlinear system, 29, 117
Non-oscillatory process, 13
Nonperiodic excitation, 55
Non-sinusoidal vibrations, 14
Nonstationary constraint, 28
Non-synchronous vibrations, 20
Nonuniformity of rotation of unbalances, 21 3
Non-vibratory system, 30
Normal coordinates, 70

Normal elastic curve, 69
Normal modes, 69

Optimum shape of unbalances, 257
Qscillatory motion, 13

process, 13
Overtone, 88

Parameter space, 281, 289
Parameters, plane of, 290
Parametric excitation, 117
form in point mapping, 276
system, 29, 117
Passive isolation, 343
Peak value, 14
Pendulum, mathematical, 33, 118
physical, 119, 214
Period, rotation, 15
of vibration, 13
Periodic motfon with one shock per period,

284
Periodic vibrations, 14
Phase, 15

angle, 16

fnitial, 16
Phase response curves, 46, 94
Piecewise linear system, 146
Planetary vibration generator, 195
Point mapping method, 272, 284, 298
Poé% mapping of the segment into itself,

Point mapping of the surface into itself, 279
Polyharmonic excitation, 55
Position force, 29
Position stable equilibrium, 30, 64
Postresonant tuning, 189
Potential energy, 64, 154
Power, active, 161

balance, 231

instantaneous, 160

reactive, 164

on the unbalanced-mass shaft, 194
Preresonant tuning, 489

vibrations, 45
Pressure force of the unbalance, 191
Principal stiffnesses, 347

axis of damping, 188

axis of stiffness, 184, 347
Propagation velocity, wave, 83
Pseudoliquefaction, 314
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Quality factor, 37

Rauscher's method, 137
Relaxation time, 42
Representative point, 124
Research, problems of, 350
Resistance, 34
Resonance, 45, 76
Resonance range, 235
Response curve, amplitude, 45
dimensionless,
Response factor, dynamic, 97
Restoring force, 30
Resonant displacement, 48
amplitude, 48
frequency, 48
Resonant vibrations, 45
Rheonomous constraint, 28
Rotational motion, 13
Runner, 185, 262
Runway, 195

Saddle, 127
Scleronomous constraint, 28
Setf-excited vibrations, 135, 153, 278
Seif-induced vibrations, 135, 153
Self-synchronization, 153, 240
Separatrix, 127
Shock-and-vibration drive, 268
machine, 291, 297
pile driving, 320
pile withdrawing, 320
soil com;zaactmg machine, 321
system, 268, 282, 297
Shock of the first kind, 268
second kind, 268
third kind, 268
Shock velocity, maximum, 292
Silvester’s criteria, 85
Sine component, 25
Singular points, 126
Sinusoidal motion, 14
Sinusoidally varying dynamic helix, 175
exciting moment, 17
Small-parameter method, 142, 243, 298
Softening spring, 134
characteristic, 151
Sommerfeld’s effect, 234
Spectral density, 25
Spectrum, continuous, 25
line, 24
Spring vibrohammer, 282, 316
Stable equilibrium, 63
Stable fixed point, 275
Stable solution of the differential equa-
tion, 122
Stability, integral criterion of, 248
Stable limit cycle, 274
node, 128
Standing wave, 82
State coordinates, 279
plane, 124
pattern, 131
space, 124
extended, 278
trajectory, 124
velocity, 125
Stat:icalil7yi unbalanced vibration machi-
nes
Steady-state forced vibration, 47
Stationary constraint, 28
Stiffness, 30
Stochastic system, 28
String, 80, 117

Structural viscosity, 314
Subharmonic vibrations, 14, 153, 283, 300
Suczagttassive approximations, method of, 135,

Superharmonic vibration drive, 220
Superharmonic vibrations, 14
Superposition of vibrations, 20
Superposition, principle of, 151
Synchronization
antiphase, 246
in-phase, 246
Synchronizing moment, 250
Synchronous frequency, 242
motion, stahility of, 247
vibrations, 16
System, continuous, 79
having an infinite number of degrees of
freedom, 29
having a history, 29
1/2-degree-of-freedom, 41
single-degree-of-freedom, 30
with distributed parameters, 79
with two degrees of freedom, 66

Thixotropy, 314
Time constant, 42
Time history, 15
Tone, 22
Total energy, 154,
Transmissibility, 103

of displacements, 343

of forces, 343
Transverse vibrations of beams, 94
Travelling wave, 82

Unbalance, 51, 173, 257

Unbalanced-mass (centrifugal) vibration ge-
nerator, types of,

Unstable equilibrium, 63

Unstable limit cycle, 274
fixed point, 275
node, 128

Velocity amplitude, vibration, 16
Vibration, amplitude of, 14
frequency analysis of, 22
halt-swing, 14
displacement, 16
Vibration engineering, 11
Vibration engineering, progress of, 350
Vibration generator, mean power of, 162
pendulum, 195
Vibration isolation, 343
Vibration machines, i1
classification of, 353
Vibrations, vector representation of, 17
Vibratory conveying,
Vibratory pile driving, 314
Vibratory pile-driver, 316
Vibratory sustalning of rotation, 240, 254
Vibratory system, 30
Vibratory tamping, 314
Vibrohammer, 282, 316
springless, 292

Wave equation, 82
Waves, 80, 82
Wronskian, 120

Zero point, 188, 209
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