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ABSTRACT

The wave equation method of evaluating pile bearing capacity
is investigated by using data obtained from a comprehensive pille
testing program. DModifications which create a more accurate and
realistic approach are made to the method proposed by previous in-
vestigators., With the use of these modifications, correlation be-
tween observed and computed results 1s more readily obtained.

Selected pile formmlas in the empirical, static, and dynamic
categories are reviewed so that a direct comparison beilween these

and the wave equation method can be made.
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i. INTRODUCTION

Threughout history, piles have been driven into the soil for the
purpose of supporting various structures. With the great nuwber of
pPiles used for foundations, the development of an amalytical method
that would remove all doubt as to the actual bearing capacity of a
pile would be a considersble contribution. Such z method would tree
mendously decrease the nusber of load tests required and the expense
of overdesigning where losd tests are not sconomically feasible.

Engineers, in thelr attempts to evaluate the bearing capacity of
piles; have developed numerous mathemetical formulas, 450 of wier have
been asserbled by the Iditors of the Enginesring News Record. This
large number of formulas clearly indicates 2 general lack of absolute
reliability of any particular appreach to give an accurets evaluation
of pile bearing capacity when all field conditions ars considered.

The goal, than, is to develop and prove reliahle for all condi-
tions a method that would give, consistently, an ascourate estimation
of the bearing capacity of i pils.

The purpose of this thesis is to present an analysis using the
wave equation approach for the evaluation of the bearing capacity of
a pile driven into cohesionless soil. The wave equation method will
be compared with other more commonly used methods of pile bearing ca-
paaity determinations. In addition, the wave equation methoc as pro-
posed and used by Smith (1) and Forehand and Resse (2) is evaluated
and seversl alterations ef their method, which acoount for size and
shaps of the pile and a more realistie soll reaction, are introduced.



il. REVIEW OF LITERATURE

The mony formulas developed to give the static bearing capaoity
of a pile can be grouped into empirical, static, dynamie, and wave
equation methods of spproach.

Empirical formulas, such as the one proposed by Gates (3) where

Rekg log 10 (1)
8

where R = ultimate bearing capacity or resistance® and

s = penstmtion per blow for the last & inches,
are primarily based upon statistical data. This type of an approach
may be quite adequate for a particular soil comdition, hasmmer and pille,
but universsl application of empirical formmlas has not besn proven.

The statlic bearing capacity formulas are based on ths assurmption
that totsl pile oapacity is the sum of the pile point resistance plus
the resistance due to sids friotion. Thie may be showm Ly

R =R+ Ry (2)

where Ef = frastional resistance along the sides of the plle and

Rp = point resistance.
Krey (4) chose to show this relationship by

R= 14US 4 ALK (3)

where / = unit weight of the soil,
A4 = soefficient of fricticm between the soll and plle,

*Sywbals snce presented in an aquation and explained will not be explained
again unless a distinot meaning is intended. Appemdix i contains a list of
all symbols used.



U = perimeter of the pile,

Kp = goefficlent of passive sarth pressure,

A. = gffective cross-sectional area of the pile
L = length of the pile.

This approsch assumes that the side frictional resistance is uni-
form along the length of the pile and that the full pessive earth pres-
sure is duniapod. The izmpossibility of properly evaluating side fric-
tion and the coefficient of earth pressure along the tetal lemgth of
the pile, at the fallure load, makes this approach unreliable.

The largest number of pile formmlas in existence are in the dynamic
category. A more tlorough development of the dynamic approach is pre-
sented in order to point out the errors which result from the varioua
simplifying assumptions that are made. This is done so that a compari-
son with the wave equation method can be made,

The basic reasoning underlying dynamic pile formulas is to derive
the resistance, R, from energy relationshipes developed by the last blews
of the hammer, Fundamentally this can be shown by

wh = Rs, which gives ¥)
R=Wp (5)
8

where W = weight of the hammer and
h = height of fall of the hammer.

The simplicity of the relationships indicated in equation (%) is
mllified by the Rs porticn of the equation. Complications arise from
the faot that the dynmamic resistance to driving is not a reliable meas-
ure of the final static resistance and is not a constant during the



penetration of the pile. Other sources of errors included in this
portion of the equation are that the distances includes elastic com-
pressions of the pile and soil along with the plastic or permanent
penetration of the pile into the soil, and that loss of energy due
to impact 1s not accounted for.

The probable resistance - penetration relationship for one blow
of the hammer on a pile driven into a cohesionlese soil has been pre-
sented by Cummings (5). In Figure 1 the resistance to penetration is
plotted on the dxeissa and the penetration plotted on the ordinate.
The right hand portion of equation (4) is represented by the area
ORBS which indicates that the resistance to penetration is constant
throughout the penetration., However, it is more reasonable to expect
that the resistancs-penetration relationship would be more accurately
indicated by area OAS, where resistance varies with penetration. The
maximum or dynamic resistance to penetration then becomes R'. The area
OAS*' represents the total energy dissipated following one hammer blow
and the area SAS* is the energy absorbed by the elastic compression of
the pile and soil. These elastic compressions are represented by SS5'.

The energy relationships then can be shown as

Wh = CRs + E (6)
where CRs = area OAS from Figure 1,
C = a coefficient to increase soil resistance due to dynamic

penetration
El = energy losses due to elastic compression of the pile and

soll.
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FIGURE 1. RESISTANCE-PENETRATION DIAGRAM
After Cummings (5)
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Energy losses due to ivpact are #4ill unaccounted for, but equa-
tion (6) may be al“c:=d to ineinde the:: by adding a term K, repre-
gsenting impact losses so that
Wh = CRs + B, + K, (7

It is the K, and © temms of eg:: ion (7) and the assumptions
agé to how they should "+« handled mathematically that has led to the
large mamber of dynamic pils formulas, and consequently their inability
to give consistent results. In addition all formulas ignore the C co-
efficlent thereby treating R as a constant., Hammer efficiency can be
included by multiplying the Wh term by an efficiency factor suitable
for the pile driving equipment being used. However hammer efficlency
will not be included in the following discussion.

If the C coefficient and the Ki term are ignored and only that
energy invelved in the elastic compression of the pile is accounted .for

in the E, term then
" Wh = Rs + BL (8)

which gives

fs

L%}

(9)

Ro-sie e [on e (]

where A = ¢ross sectional area of the pile material,
E = modulus of elasticity of the pile material.

Equation (9) was develeped by Weisbach about 1850. This equation
is inadequate because no allowance is made for the dynamic change in
s0il resistance, the compression is in terms of static terms when in
fact it should be in dynamic terms, and all the resistance to pene-

tration 1s assumed to act at the plle point.
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Using Bewtonion theory developed for two free nassive bodies to

find energy lossss dus to impact, Cumaings (5) states that
K= b P (1ze°) (10)

WP
ﬁﬁm P = waight of pile and
¢ = coefficient of restitution.
When equation (10) is substituted in equation (7) for the X, tem
and the C and El terms ignored then

Wh = Rs + WhP{i=e") (11)
WP
vhich gives
R= };ME;E (12)
%(wna)

1f e 4s assuned to be sero, inslastic impsot, squatlon (12) re-

R aﬁ) (13)

Bouation (13) was published by Sytelwein about 1820,
If o is taken as 1.0, perfectly elastic impact, squation (12) re-

duoces to

duces to
By (1%)

-]
which 1s idemtical to equation (5).
If in equation (12), a factor of eafety of 6 is used, s factor k
is added to s to allow for elastic coxpressions, and the weight of the
pile 1s ignored then

R= 2 (1%)
s+ k)

whioh is the Enginesring News Formla developed Ly wellington in 1388,
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Equations (13), (14) and (15) do not account for dynamic changes
in soil resistance and through their various assumptions fail to ace
count accurately for snergy losses dus to izpact,
When all emargies are acoounted for as proposed by Redtembacher
about 1859 them

Wh = Re + WP(1~a") + KLt + Bl + 3B (16)
W+ P 24YEY 2AE e

wvhore L' = length of the pile cap,
At = arossesectional ares of the plle cap,
E* = modulus of elasticity of the plle cap material, and
W= mt of alastic oompresaion of the soll,
If equation (16) is altered so that
C, = KL = assumed alastic corpression ol the pile cap, and

AVE?
02 - % = pgsumed slastic sompresaion of the pile, then
e
Wh = 88 + W + C,R+C R+ 4R (17)

f}
R = ; ot Eﬂ“) (18)
ITER) (cfb? C, + <] ( WP

which is the Hiley Fornmla.

it is quite apparent at this point that munercus assumptiions oan
be made and that for each assumption or combination of assuptions a
dynamio formmla for the bearing capacity of a pile can be developed.
Fany formulas, other than those presented here can be found in liters-

ture on pile driving.
The existing expirical, statie, and dynamic formulas do not

preperly evalunats the complete pile driving equipmsnt-pile-soil
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system. Proper evaluation requires that pile size, shape, and elastic
properties along with the elastic and plastic properties of the soil be
correctly considered. The wave equation approach to the evaluation of
pile bearing capacity takes into consideration, in a more accurate man-
ner, all the parameters that are involved.

In the wave squation approach the plle iz treated as an elastic

rod which is struck on one end. When the elastic rod shown in Figure

2 48 struck at one end a strain wave will be set up which travels along
the rod. A section at a distance x from the left end of the rod will

be displaced a distance u, A section at a distance x + dx will be dis-
placed a distance u + du. Since the element dx is displaced a distance
du then the unit strain can be represented as Ou. The partial derivative

x

is used because the displacement u is a function of both time, t, and

distance x.

The stress on the section at x is then

G = E Ou (19)
ox
and the forece on section x is
F = AE%; (20)
x

From e forces acting on the element dx, shown in Figure 3, the motion

of the elament can be described by

F = M4, or
-m%+m%§+9_€%dx)=(pm)§3% (21)
‘ax t

which gives

22y = E 22 o (22)
2k Fog



™a [ u + du

F____"‘ x ’-——-*{ dx F__f

FIGURE 2. PORTION OF ELASTIC ROD

o
"

FIGURE 3. FREE BODY OF ELEMENT dx

b

10
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where © » mass per mnit volume.

Equation (22) is a form of the wave equation. For use in pile
driving analysis & tern representing mil resistance along the side
of the plle and at the pile point is added so that

a=ndyer (23)
I /oa:s:2

Boussines; (5) solved equation (23) for the maxieum stress at the
fixed end of the rod whan the ratio of /™ is less than 5 and found
O max = 2EY (1 +e=§§> ()
&

vhere 0 max = maxtmun stress at fixed end,
V = velooity of the striking hamser,
2 = veloelty of stress wave in the rod, and
€= base of the matumal logrithin.

The same assuwmpticns that are incorporatsd im equation (23) also
govern equation (24) and as stated by Cummings (5) are listed as fele
lows:

1, that the sides of the pile are free and that there is no side
Ifriotion whioh woeuld affect the stress waves traveling up and down the
pile,

2+ that stress waves in the harmer may be neglected,

1. that thers are no {lexual vibretions of the pile,

4, that the pile behaves as & linearly elastic rvd,

5. that the hammer strikes direetly on the head of the pile and
that the surfaces of contast are two ideal smooth parallel planes, and

6+ that the lower end of the pils is fixed,
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Spdth (€) developed equations, which are equivalent to the dife
forence solution of exuation (23}, desoriking the forces an: motions
areated following the impact of the rax on ths pile. Thess equations
were derived from an amalogous mathematical model consisting of weights,
springs and resistanves, representing the ramepile-goil system. The
piles and mathematieal model are shown in Figure k.

Smithts fundanental equations are as follows:

D, =4, +v, (124), (25)

cnwﬁm-ﬂm+ K (26)

Fo = Gk (27)

I, ®F et ~F «R,and (28)

Ve, ”ﬁ“’ (29)
B

wheys the following apply to the time interval n:
andiapmturwwhtmintmwm
cnummﬁonorapmmmmmmumln.
?n“fbmmﬂadbyspﬂngmmtim intemal n,

K‘ = goying oonstant for spring =,
Rnwmmawam«i@tmmtmmmln.
Vn'vﬂwltyofmmtninmw‘rvﬂn.
Wnlwaghtofmightm’

% = pet sccelemting fores asting on weight = in the time

n

Antsrwal n,
mmmmmmm«wmmmm
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n=1. The term dt is the time intervel, which for steel is normally
taken as 1/%000 sec.

Smith (1) developed & method of mathematioal analysis whick is
best solved by an electronic computsr, by:

1. ocombining equations (28)and (29) to eliminate the necessity
of ealoulating Z_,

2y Antroducing restitution in the pile eap and sushion bloek to
account for energy losses in those two elements,

3« applying a visoous damping constant so that resistance to
penstration will vary with the velocity of penetration, and

4. using an ideslized stress strain relationship for the soil,
with ¢ as the maxirum elastic strain.
Through the use of this nethod the bearing capasity of a pile can be
very acourmtely evaluated.

Whan this methed is applied for one blow of the hammer the in-

- oremental and total displacewents, eompressions, foreces, and velecities,
daring successive time intervals, di, are caloulsied for each weight or
spring of the mathematical model, The calculations are stopped when
one of four sonditions ogours. These conditions are as follows:

1. when the velooity of the pile cap exceeds twice the ranm
velooity, this condition exista when the pile plunges into the soll;

2, whem the veloeity of the pils tip exoseds twioce the ran
veloedty, this condition exists when the pile plunges inte the scily

3+ when pmetmtion bty the pile point ommses, and

k. whan all valooities decome similtsnecusly negative or gero,
whieh also indioates that pametretion has oceased.
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As to the assumptions governing the wave souation, Smith states
that all but 3 and % are allowed for Ly his wsthod. Cuwmmings (5)
indicates that asswusption 7 1s considered to be highly unlikely and
good plle driving praotioce will moet ithe requiresents of assumption
Se

To use Smith's method, for each couxbinatieom of pile driving
equipment pile, and seil, the following assumptions sust be made:

1. the amount of elastic compression of the soil, this faector,
previsusly indicated as &, is used to determine the soll spring
constant by

Kim = fln (30)

whare K'n = gpping comstant for the soll resistling movement of welight
ne Onoe the amount of penetration rexches a valus of i, plastic penc-
tration takes place;

2. the valne of the goefficimt of visgous danping for the soil,
this value is used to detsrzine the increase in soil resistance due to

dmamic penetration by
R, = Ra (1 + J“s"m) (31)

d
vhere Ed = dynanic mﬁt«mo.
R. = gtatic resistanse, and
J = visoous dawping coefficient of the soil resisting psnetre.
tion of the pile point and J* = J/3 is the viscous damping coeffisiemt
of the soil aleng the aide of the pile;
3, the distribution of resistance betwesn side friotion and peint

revintance,



i6

k. the distribution of side friction or resistance along the
langth of the pile;

S+ the ultlmte resistance or bearing csapacity of the pile.
Appendix B lists the information required to acoumtely utilize Smith's
squations to obtain reliadls results,

Asraptions 1 and 2 are used in determining the resistancs to
psnstration by

xp = (np - n-p) K, (14 va). and (32)
B = (13m - ”'m) A (1 + J"u’ (33)

where Rp = point resistance to driving,

Bp = displacement of the pile point in tiwe interval n,

rsvpammmumammmunpmmm

time interval n,
x'pummmmwmwmc.

K"ﬂnu spring oonstant for the side of pile,
D'. = plastic deformation of soll at weight = in time interyval n,

v velocity of the pile point in the previocus time interval n.i,

vmamvumtummmmmmmh
Forehand and Reese (2) alabomted on the ocaputer progrwm pre-
smted by Smith and presented the complete program in Fortran language.

They also show that equations (25) threugh (29) are equivalent to the
differenvs solution of the wave squation.
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ﬁyu&m&hﬂmambarcfpﬁosforwlﬁah&ﬂvmmmt
data were available, they varied the values for which assurptions
mst be wade. For each valus assumad for «, J, J*, whon values for
assuptions 3, 4, and 5 were known from pile tests, they were able to
obtain a range of values for 4, J, and J*'. These values for cohesiem~
less soil are,
4«1l = o2 iBe
d 415 @ W2
It 05 - 067
The lower values also corvespond %o those propesed by Smith (1),

Sesd and lundgren (7) in studying strength charecteristics of
saturatad sands with & void mtin, e, of 585, under mpid mtes of
loading found that the strength of the rapidly loaded undruined sand
Wahwmimpmsmofzﬁglmamabe%h%zmw
than the same sand under a statio drained test. The strength gain is
attriluted to both dilatancy effects and the high rate of loading.
Sarxis with greater void mtios were tested in a similar mamner and
strength gain decreased to OF for a sand with s = .75,

In a stady of the shear strength of rapidly loaded undreined satu~
rated sands, az deterined by triaxial testing procedures, Whitman and
Healy (8) found that the fristicn angle increases about 1Uf as time to
failure is deersased. Rut, because of experimental diffieulties they
feel that in aetuality the angle change is leas than 1°. They aleo
found that demse (e = .50) saturated sandis exhibited mo other increass
in strength with increased strein rate wheress loose (e = .65) sands
tave & U0% imorease in strength with an inereass in strain wate. This
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difference is attributed to the relative time « dependengy of the exe
coss pore water pressurc.

Selig and Hefes (9) in tests involving both statie and dynamic
loading of small footings on dry sand found that settlements under
dymaede loads inoresss lineearly with the energy of impact for each
size of fooling tested., ilso settlement becawes lirvger at an inoreas-
ingly greater mis for progyessively smuller footings under the same
iopaot sAYEY .

Frow: the data presented ty Selig and licKkee it i3 found that the
mtio of the dypamiec bearing eapasity te the static bearing capacity
varies lirsarly with footing width, ineveasing with increasing foote
ing width.
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ITI. DISCUSSICH

The wave enuation approach to the evaluation of the pile bearing
ocapacity accounts for all the factors invelved in the dynamic driving -
static leading melationship. However, when the dynamic system present
during the driving of the pile is resisted by soil with its own peculiar
dynamic and static properties, a reliable solution becomes dependent
upon the proper evaluation of these properties. FPlle bearing capacity
then, as evaluated by the wave equation, becomes a function of the
static and dynamic properties of the soil.

This study is based upon information obtained from pile tests cone
ducted by the U. 5. Army, Corps of Engineers and reported by Mansur and
Kaufman (10),

The piles were driven from the bottom of an excavation created by
the removal of 50 feet of overburden. Soil conditions at the test site
are repressnted by the bering data shown in Figure (5). Soils beneath
the bottem of the excavation consist of altermating strata of silts
and silty sands, with interspersed clay strata, for a total thickness
of 50 to 60 fest, Clean sands with a thickness of 40 to 60 feet lise
bensath the silty soils and on tep of an unspecified thickness of
stiTf tertiary clays.

Laboratory tests on undisturbed sazples of the silts and sandy
silts gave an intermal angle of frietion, ¢, of 2%° and cohesion of
Os1 ten per square foot. These values were determined by consolidated -
undreined triaxial tests snd somsolidated - drained direct shear tests.
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a 140-1b. hammer dropped 30 inches. Boring advanced with
fishtail using drilling mud. Figures to left of Borings
are natural water contents in percent dry weight. Boring
PT-1 made from ground surface in August 1954, Boring PT-1A
made from bottom of excavation (elev 0) in February 1955.
Boring classified in accordance with the unified soil
classification system used by the Corps of Engineers,

U. S. Arny.

FIGURE 5. BORING DATA
After Mansur and Kaufman (10)
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An average value of ® = 36° for the sands was determined from cone
sclidated ~ drained triaxial tests on both undisturbed and remolded
samples.

4 Vulecan No. OR pem ﬁas used to drive all the piles. The ram
weighed 9300 pounds, had s stroks of 19 inches snd developed 70,200
foot pounds of energy. Velocity at the instant pricr to impact, as
determined by
(34)

wag 12.6 ft/sec when a hammer efficiency of .75 (10) 1s assumed.
Driving resistances of the three test piles are shown in Figure (6).

All test piles were instrumented with strain guages which al-
lowed determination of load distribution along the pile and the
rmtio of point bearing to total bearing capacity of the pile. Load~
setilement and load distribution curves for the test piles are shown
in Figare (7). |

The computer progrem listed in Appendix (C), which is the proe
gram presented Yy Forehand and Reese, with minor changes so that it
could be used on an IEM 1620 Model II computer, was used with the
pile driving and test data reported by Mansur and Kaufman.

The distribution of the side friction along the piles was taken
from Figure (7) as being rectangular with each inoremental length of
Pile providing the samwe amount of resistance. The values of U, J
and J*' were taken as .1, .15, and .05 respectively.

For sach value of total resistance assumed, the penetration re-
sulting from one blow is oomputed. The reciprocal of the penetrmtion
following this one blow is defined as set.
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After Mansur and Kaufman (10)



Size Type

1 1% in H-Beam 2.66 296 h 142 32
81 ft long :

2 $%21 in pipe pile 3.33 300 28 110 17
3/8 in wall
thick
65 £t long
6 **19 in pipe pile 5433 32 29 127 15

3/8 in wall
thick

65 ft leng

**Effective diameter due to strain gauge installation, actual OD is 1 inch less

TABLE I. PILE DATA

Total Fail % Point R Failure Load in Penet in £ Point R

Sand Only
68

66

65

v
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The computed resistance - set relationship for the piles, fol-
lowing Smith's procedure, are shown in Figures (8) through (i3).
Each curve represents a different distribution of resistance be-
tween point tearing and side friction. These distributions are as
follows:

A - 100% point, 0% side

]

75% point, 25% side
50% point, 50% side
25% point, 75% side
~ 0% point, 100% side

1

1

B
C
D
E
Two groups of curves are shown for each pile. One is for "o lead =
2" whieh indicates that the movement of all but the top 2 weights, of
the mathematical model (Figure 4), is being resisted by the soil. The
other is when "no load = 8, 9 or 12," depending on the particular pile,
which indicates that the movement of only those weights in the sand
layer is being resisted. This is the actusl driving case. A compre-
hensive explanation of the interrwation of Figures & through 25 is
contained in Appendix D.

If the evaluation by the wave equation is correct then the final
computed set or driving resistance should correspond with the statie
load test failure load in the sand layer. In Figure (8), close cor-
relation between observed and computed set is obtained for the H-pile

in the sand layer, but in Figures (9) and (10) no correlation can be
obtained for the pipe piles in the sand layer.

The resistance to driving by the silty layers can be considered
negligible after a few hlows of the hsrmer, due to changes in relative
density and pore pressures under dynamic loading. However Yang (12)
presents evidence that resistance will be increased by a factor of
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10 to 12 soms time after dyiving has ceased and the system has come
to equilibrium. loreover, the driving resistance by demse sands
will be greater than their statie resistance because of relative
density and pore pressure changes. Yang also predicts that the
equilibriun resistance of piles driven into dense sand will be ap-
proximately 1/2 the resistance to driving after a mumber of blows.
The final resistance to driving for each pile is developed al-
meet entirely in the sand layer so that the final computed set for
the total pile should be 5 to 6 times the final driving resistance.
By applying this reasoning when the soil provides resistance to pene-
tration of the total pile (Figures 11, 12 and 13) correlation between
observed and computed relationships can only be obtained for pile 6.
Neither Smith nor Forehand and Reese take into account the size
of the pile in their computations determining the resistance offered
by the soil. From eguation (24) it can be seen that the maximum
stress in & plle is not related to the shape of the pile. If an H
and pipe pile have identical cross sectional ares of steel, the maxi-
s stress at the point will be the same. However, the area of soil
providing resistance is different due to the non-identical shapes and
effective pammetrating areas of the two plles. Therefore the resist.
ance to penstration for each type of plle will be different and the
sise and shape of the pile should be considered. This is also indi-
oated by the work of Selig and MeKee in coomeotion with the dynamie
loading of small footings and the driving resistance curves of

Figure (6).
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In order to provide for variations in pile sizes and shapes,
~oquations (32) and (33) have been modified so that

Ry=D =Dt K (1+ dv) 4F, and (35)
R = (Dm - D) Kr 1+ J'vm) AF (36)

The AF term of equatioms(35 and (36) is used to increase soil
resistance according to some function of the effective area, and
shape of the pile.

A searching procedurs was used on the IBM 1620 II computer to
determine what value of AF resulted in correlation for the failure
load in the sand layer and the test set. Once a value of AF was
determined points on the curves in Figures (14) through (18) were
computed. No correlation, execept for the load in sand layers and
the total load on the Hepile, can be obtained.

The amount of dynamic increase in aoll resistance resulting from
the use of the point and side damping constants is entirely dependeant
upon velocity in equations (30) and (31) with the amount of this in~
ciresse being unlimited,

Foreliand and Resse pointed out that the static resistance of
s0il, Rs’ and the dynamic resistance, Rd’ can be related as showm by

Ry=R (1 + Jv) G

If the dynamic resistance is 40f greater than the static resistance,

as stated by Seed and lundgren, and J is taken as .15 then
14 R =R (3 + 15Y) (38)

and ¥V = 2,24 ft/sec.
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At a veloolty of 2.24 fi/see the soil resistance has increased
the maxirmm of H0% sssumed, tut from solution of Smith's equations,
the instantaneous velocity of the pile point may reach 10 ft/sec or
higher. 4t this velocity if the point damping faotor is taken or
+15, the dynamic resistance at the point will be 250% greater tham
the static resistance.

in view of the findings of Seed and lundgren, and Whitman it
appears that a limit should be placed upon the dynamie inerease in
soil reaistance. A limit is imdicated evean though the limitations
were found to be applicable in triaxial compression tests rather
than specifically to ths dynamic penetration of piles. The resist-
ance increasing terms (1 + Jv) and (1 + J'%v) of equations (35) and
(36) have been changed to provide for this limit, with the amount
of increase in the static resistance due to dynamie penetration be-
ing set at U0% for the point and 13% along the sides. The resist.
ance will now inorease with increased penetration and veloeity to
the maximmm dynamie value shown as R' in Figure 1.

The searching procedure was again followed to determine a value
of AF that gives correlation for the sand layer at the final driving
vesistance. As a result points on the curves in Figures (19) through
(25) were computed.

Correlation for the pipe pile is obtained for the total pile
(Figures 2% and 25) when the set used 1s 5-6 times the final driving
set. Correlation for the H pile (Figure 23) is obtained when the

final driving set is used.
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Iv. CONCLUSIONS

The procedure developed by Smith, with certain modifiocations,
closely duplicates actual gonditions that develop when a pile ime
bedded in soll has beem struck by a hamser. Thgae modifications
aogount for the effect of crossesectional size and shape of the
pile and the limitation on the dynamic incresse in soil resistance.
The addition of these modifications create a more accurate and
realistic analogy. When this modified procedure is ussad in cone
Junotlon with Yang's method for altering the finzl driving resist-
ange a more accurate correlation can be obtained between observed
and computed bearing capacities for the pipe piles. This is evident
by the correlation for the piles in the sand layer. Corrslation was
not ebtained between the sbserved and computed bearing capacity for
the Hepile when Yang's methoed was used in conjunction with the modi-
fied procedure. However aorrelation was obtained without the use of
Yang's method. This indicates that the egquilibrium resistance of
this pile shape is very nsarly the same as the final driving resisi-
ance,

Before the wave equation method of evaluating the bearing ca~
pacity of a pile can be used as a reliable design procedure, studies
mast be made to determine the value of factors involved in the size
and shape of the pils and dynemic increase in soil resistance, These
values should be determined for all combinations of hammers, piles and
soils. The valnes could be asocertained empirieally by studying s suf-
fioient rurber of piles for which adequate test data 1s avallable
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{Appendix B), or by model testing in the laboratory. Doth can be
expressed as a functlion of the relative density of Sands, therefore,
a normal soll investigation would provide all the soil information
DOCeSHAYY .

At the present time tbe wave equation method of pile bearing
capacity evaluation used in conjunotion with an understanding of the
soll oodiitions encountered in the field is more relliable than other
existing pile formulas.

This and previcus studies on the wave equation method of pile
bearing capacity determination indicate that this method can be a
useful tool in foundation engineering. However, a considerable
amount of study, research and correlation on the method must be

acoomplished before it can be used with conflidence on routins pro-

Jocts.
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AFPENDIX A
LIST OF SYMBOLS

A = oross-sectional area of the pile material
A' = gress-ssotiomal ares of the pile eap

4 = offective crose~sectionsl area of the pile

AF = pile size and shape factor

a = velooity of the stress wave in an elastic rod

C = & coefficient to inorease soil resistance duc to dynamlc pene=
tration

C = gsgumed elsstic oompression of the pile cap, in the Hiley
Formula

c = aggumed elastic compression of the pile, in the Hiley Formula

c = compression of spring m in time interval n
o = conmpression of spring » in tire interval n-1

D = displacement of weight m, measured Trom its initial position, in

tine interval n

Dp = displacement of the pile point in time interval n

D'm = plastic displacemsnt of the soil at weight m in time interval n

ID'P = plastio displacament of the soil at the pile point in time
interval n

d, * displscemsnt in weight m in time interval n.i

dt = time interwal

E = podulus of elasticity of the pile material
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= modulus of elasticity of the pile cap material

= energy losses due to the elastic compressioms of the rile and
soil

= coefficient of restitution

= force exorted by spring m in time interval n

= height of fall of the hammer or ram

= viscous darping coefficlent for the soil resisting penetretion
of the pils point

= viscous damping constant for the soil along the sides of the
pile

= energy losses due to impact

= gpying constant for spring m _

= goefficlent of passive earth pressure

= gpring constant applicable to the soll at weight n
= spring constant for the soil at the pile point

= factor in the Engineering News Formula that aceounts for elastic

coupressions
= Jength of the pile
= length of the pile cap
= gubsoript denoting a particular weight of the mathematical model
= present time interval
= waight of the pile
= gmoupt of elastic compressien of soil
= ultimate bearing oapacity or resistance
= paximm dynamic resistancs to penetration
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= dynamic resistance of the soil, varies from Ra to R®
= frictienal resistance along the sides of the pile

= pesistance applicable to weight m in time interval n
= presistance of the soil to the penetration of the point
= static resistance of the soil

= penetration per blow for the last 6 inches

= time

= psyimeter of the pile

= velooity of the bammer at the instant of impact
= velooity of weight m in time interval n

= velogity of the pile point in the previcus time interval nei

= welght of the hammer or ranm
= net acoslerating force acting on weight m in time interval n

= unit wedght of soil

= base of the natural logrithim

= goafficient of friotion between the soil and pile

= maximam stress at the fixed end of an elastic rod struck on
the opposite end

= internal angle of friction

= mags per unit velume



APPENDIX B
RECOMMENDED PILE TEST PROGRAM

In order to thoroughly and accurately investigate the evaluation

of pile bearing capacity Ly the use of the wave equation the follow-
ing information from & pile driving and test program is required:

1.

sufficlent soll investigations so that a proper interpreta-

tion of soll conditlons can be made,

2.
3.
b,
54
6.

weight of the hammer,

height of fall or mated snergy of the hammer,
efficiency of the pile driving equipment,
length and cross-sectional area of the hammer,

cross~-gectional area and type of material making up the cap

bloock and cushion bloock so that restitution values ocan be determined,

1.
9

10.

length, cross-ssctional area, and weight of the pile oap,
the following for the plle:

ae
b.
Ce
da

B

eomposition,
longth,
ombedded length,

wedght,
orosa-sectional dimensions for other than standard piles,

driving resistances encountered, especially the final driving

resistance,
driving resistances after the scil has come to equilibrium,

load settlement relationships and the fallure load,

il.
12,
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13. load distribution between point bearing and side friction and
distribution of side friction along the length of the pile as determined
from strain gauges, and

14, stresses in the pile during driving.

Once & sufficient number of investigations are carried out to
establish reliable values for the soil factors involved then only the
information outlined in items 1 through 12 would bs required to ef-
fectively evaluate the bearing capacity of a single pile.
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APPENDIX C
THE COMPUTER PROGRAl!

The program for computing points of the resistance-log set
curves is listed completely at the end of this appendix for the
banefit of others who wish to do further investigation on the wave
equation method. The program ie the "Vary KUY program pressnted by
Foreband and Reese (2) with minor modifications for use on an IBM
1620 Model I1 computer. The pile sige and shape factor and the 4oi
limitation on the dynamic inerezse in soll resistance are also ine-
oluded in the program. The time required for the computer to compute
one point is from { to 5 mimtes depending upon the amount and dis-
tribution of the resistance. The spacing of the typed program core
responds to a 72 colwm data eard with the C in the firel line being
in Column 1.

Preparation of the input data, except for the form and placewent
of the data on the card, which is given in the program; is accomplished

as follows:

CARD ORDER INFORMATION DESCRIPTION

i HCASE Case mmber

2 ITURK Indicates whether or not another set
of data follaws, +1, yes =1, mo.

3 AREA 1, 2, & 3 Cross-sectiomal ares of plle materisl

at top, center and tip of the pile
(1n°),
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Next M cards

Next M1 cards

Next M c¢ards

Next card

Next card

Next card

Next card

Next carxd

Next card
Next ecard

Next carxd

Next card

Hext ocard

M, 1M1

w(I)
s(1)

SP(I)

RES%

RES2

ZP

CAP

RU1, ADD

57

Number of weights in the mathematical
model and the number of weights less
1.

Time interval to be used in seconds.
Weight of each weight (1bs).

Spring constants for the pile cap and
pile weights (1bs/in).

Soll spring constants for all weights,
initially gero.

Coeffiecient of restitution of the
pile cap.

Coefficient of restitution of the
cushion block.

Velocity of ram at instant of impact
(ft/ase).

Value for the maximum elastic compres-
gion of the soil (in).

Point coefficient of viscous damping.
Side coefficient of viscous ocamping.
Ability of the pile cap to carry ten-
gion, *1, yes, -1, no.

Presence of side friction, t+1, yes,
«1, NO.

Side friction distribution, +1,
triangular, -1, rectangular.

Initial ultimate resistance and amount

to be added per oycle (1lbs).



Hext card

Next cai-‘d

Next card

ICYICLE, NOLOAD

La,1LB,LC

S&

Mugber of times resistance iz in-
ereased by ADD and number of weights
for which movement is not resisted
by the soil,

Bumbers that determine the distribu-
tion of resistance between point and
side, IA4,LB,IC = 1,5,1 will give
curves 4,B,C,D, and E, 2,4,1 will
give cwrves B,C, and D, etc,

Pile size and shape factor
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27

71

70

6ok

72
73

30

WAVE EQUATION VARY RU

DIMENSION Ds( 20),DM( 20),DL( 20),VS( 20),VM( 20),VL( 20)

DIMENSION DPsSM( 20),DPSL( 20)

DIMENSION S( 20),W( 20),DP(500),R( 20),SP( 20),Cs( 20)
DIMENSION CM( 20),CL( 20),FS( 20),FH( 20),FL( 20),DPSs (20)

READ 27,NCASE,ITURN
FORMAT (110/110)

READ 71,AREA1,AREA2,AREA}
FORMAT(3F10.4)

READ 70,M,IM1,T,(W(1),I=1,M),(5(1),I=1,IM1)

1 ,(SP(1),I=1,M),RES1,RES2,V,Q,2,2P,CAP,RUB
FORMAT (2I4/F10.4))

READ 604 ,MUD

FORMAT(I})

READ 72,RU1,ADD,ICYCLE,NOLOAD
FORMAT (2F10.4/2I4)

FORMAT (3I4/I4)

READ 73,LA,LB,LC,IRES

FORMAT (F10.h4)

READ 74 ,AF

PUNCH 30,NCASE

FORMAT (12K CASE NUMBER I5)

PUNCH 28, (X,W(I),S(I),8P(1),I=1,4)

FORMAT (5H DATA//58H M W

59



GO
1 SP/(14,3F20.2))
PUNCH 29,RES1,RES2,4P,Z,4,V
29 FORMAT (36H COEF. OF REST. OF CAPBLOCK (RES1) = Fi.2/
136H COEF. OF REST. OF PILECAP (RES2) = ,F5.2/36H SIDE DAMPING FACT

20R (ZP) = ,Fl4.1/36H POINT DAMPING FACTOR (2) = .
3F4,2/36H GROUND QUAKE (Q) = F4.2/

436H INITIAL Ra¥ VELOCITY (Y) = F6.2)

PUNCH 605,MUD

605 FORMAT (6H MUD = I6)
PUNCH 31,T,CAP,RUB

31 FORMAT (36H TIME INTERVAL = Fg.6/
136H CAP = F6.2/
236H RUB = F6.2//)

PUNCH 608,RU1,ADD,ICYCLE,NOLOAD
605 FORMAT (SH RU = E20.4, 10H  ADD = E20.4/9H ICYCLE = I6,
1138 NOLOAD = I6)
PUNCH 609,L4,LB,LC
609 FORMAT (5H LA = Ik, 10H LB = I§,10H LC = Ik)
PUNCH 610,AF
610 FORMAT (29H AF = F6.2)
CHECK = 2.*V
777 CONTINUE
RU=RU1
DO 600 IAM = 1,ICYCLE
ITEM»M.NOLOAD
AITEM=ITEM



500

DO 602 J=L4,LB,LC
FMAX1=0.0
MMAX2=0.0
FMAX3=0,0
FTEN1=0,0
FTEN2=0,0
FTEN3=0,0

DO 500 I=4, 20
DS(I)=0.0
DM(1)=0.0
DL(I)=0.0
V8(1)=0.0
V4(1)=0.0
VL(I)=0.0
DPSM(I)=0.0
DPSL(I1)=0.0
R(I)=0.0
SP(1)=0.0
€s(1)=0.0
CM(1)=0.0
CL(I)=0.0
FS(1)=0.0
P4(1)=0.0
FL(I1)=0.0
DPS3(1)=0.0
DO 501 Im=i,500
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501

650
601

652

62
DP(1)=0.0
DS(1)=V*12.*T
VsS(1) = V+(-DS(1)*s(1))*T*32.2/W(1)
v8(2)=(D3(1)*s(1)*T*32.2/W(2)
DM(1)=DS(1)+V5(1)*12.%T
DM(2)=VS(2)%12.*T
cM(2)=DM(2)
VM(1)=VS(1)-((DM(1)-DM(2))*5(1))*T*32.2/w(1)
WM(2)=VS(2)+((DM(1)-DH(2))*sS(1)-(Dhi(2)-DM(3))*s(2))*T*32.2/wW(2)
PH(3)=VS(3)+((DM(2)-DM(3))*5(2)=R(3))*T*32.2/W(3)
CM(1)=Dr(1)-D¥(2)
AJ=J
PART=(5.-4J ) /.
SP(M)=PART*RU/{
SIDE=RU~PART*RU
LOAD=NOLOAD+1
IF(MUD)650,651 ,652
DO 601 N=LOAD,IM1
SP(N)=SIDE/(AITEN®Q)
SP(M)=SP(M)+SIDE/ (AITEM*Q)
GO TO 651
DO 603 N=3,IM1
NT=H.2
NT1=29NT-1
IMZ=.2
ANTi=NT1
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651

130
131
13

12

14
16

18

24

51
52

AIM2=IM2
SP(N)=SIDE*ANT1/((AIM2%*2)*Q)
SP(M)=SP(M)+SIDE®*(2,*AIM2-1,)/((ATM2**2)%Q)
CONTINUE

DO 101 N=3,500
MLESS1=M1

DO 130 I=1,M
DL(I)=DM(I)+VM(I)*12.*T
DO 131 I=1,MLESS1
CL(I)=DL(I)~DL(I=1)
IF(DL(M)) 12,12,14
DE=0,0

GO T0 2L

IF(DL(M)-G) 16,16,18
DE=0,0

GO TO 24

VALUE=DL(M)-Q
IF(VALUE-DE) 22,22,20
DE=VALUE

GO TO 24

DE=JE

DP(N)=DE
TUB=(1.+VL(M)*Z)
IF(1.4-TUB) 51,52,52
TUB=1 U

CONTINUE

Ly
Y



25

33

35

37
18
39
36

133
132

213

R(¥)=(DL(M)-DP(N) )*SP(M)*TUB*AF
IF(DP(N)) 25,25,26
IF(DP(N)~DP(N-1)) 197,197,25
CONTINUE

VAL=3(1)*CL(1)

IF(CL(1)-CM(1)) 5,5,k

FL(1)=VAL

GO T0 33

CL(1)=CH(1)
FL(1)=VAL/(RES1%*#2)-(1./(RES1**2)~1.)*5(1)*CL(1)
VAL2=8(2)*CL(2)

IF(CL(2)-CH(2)) 35,35,34
FL(2)=VAL2

GO T0 37

CL(2)=CcM(2)
FL(2)=VAL2/(RES2*%2)-(1./(RES2%*2)-1.)*s(2)*CL(2)
IF(CAP) 18,36,36

IF(FL(2)) 39,36,36

FL(2)=0,0

CONTINUE

IF(FL(1)) 8,133,133

FL(1)=0,0

DO 132 I=3,MLESS1
FL(I)=CL(I)*s(1)

IF(FL(2)) 213,211,210
IF(PTEN1.FL(2)) 211,211,214
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214

210
215
211

216
219

218
220
217

221
223

224
22%
222

42

FTEN1=FL(2)

GO T0 211

IF(FMAX1-FL(2)) 215,211,211
FMAX1=FL(2)

CONTINUE

MC=M/2+1

IF(FL(MC)) 216,217,218
IF(FTEN2.FL(MC)) 217,217,219
FTEN2=FL(MC)

GO T0 217

IF(PMAX2.FL(KC)) 220,217,217
FMAX2=FL(MC)

CONTINUE

IF(FL(IM1)) 221,222,224
IF(FTEN3.FL(1IM1)) 222,222,223
FTEN3=FL(IM{)

GO 10 222
IF(PMAX3-FL(IM1))225,222,222
FMAX3=FL(IM1)

CONTINUE

IF(RUB)U4G,Ug, kL

DO 4g I=3,MLESS1
DPSL(1)=DPSM(I)
CHANGE=DL(I)-Q

SUM=DL(I)+Q
IF(DPSL(I)-CHANGE) U5,u6,46
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us
L6
47

53
54
48
49

50

75

800

99
102

DPSL(1)=CHANGE
IF(DPSL(I)~SUM)4E 18,47
DPSL(I )=SWM

SUB=1 .+(VM(1)*2P)
IF(1.13-8UB) 53,54 ,54
SUB=1,13

CONTINUE
R(I)=(DL(1)-DPSL(I)*SP(I1)*SUB
DO 50 I=i,M
VL(I)=VM(I)+(FL(I~1)-FL(I1)-R(1))*T*32.2/W(1)
CONTINUE

DO 75 K=1,M

I=1,

IF(VL(K)) 15275,800
CONTINUE

GO TO 199

CONTINUE

IF(VL(2)-CHECK) 99,99,190
IF(VL(M)=-CHECK) 102,102,194
DO 98 K=1,M

DS(K)=D¥(K)

DM(K)=DL(K)

DL(K)=0,0

VS(K)=VM(K)

VM(K)=VL(K)

VL(K)=0.0

€6



98
101

190
191

194
195

197
198

199
200

196

CS(K)=CM(X)

CM( K)=CL(K)

CL(X)=0.0

FS(K)=PM(K)

FM(K)=FL(K)

FL(K)=0,0

DPSS(K)=DPSM(X)

DPSM(K)=DPSL(K)

DPSL(K)=0.0

CONTINUE

GO 70 196

PUNCHE 191,N

FORMAT (64H VELOCITY OF PILE CAP EXCEEDED TWICE THE RaM VELOCITY W
1HEN N WAS I3)

GO TO 196

PUNCH 195,

FORMAT (64H VELOCITY OF PILE TIP EXCEEDED TWICE THE RAM VELOCITY W
{HEN N WAS I13)

GO 70 196

PUNCH 198,K

FORMAT (26H DP BECAME CONSTANT AT N = 13)

G0 TO 196

PUNCH 200,N

FORMAT (52H ALL VL WERE SIMULTANEOUSLY NEGATIVE OR ZERO AT N = IN)
CONTINUE

PUNCE 607,RU



607 FORMAT (27H ULTIMATE RESISTANCE (RU) = E15.4)
BLOW = 1./DP(N)
PUNCH 805 ,BLOW

805 FORMAT(66H

1BLOWS/IN= E10,3)

602 CONTINUE
RU=RU+ADD

600 CONTINUE
IF(ITURN) 205,205,207

205 CALL EXIT
END
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APPENDIX D

INTERPRETATION OF RESISTANCE.LOG SET CURVES

In Figures 8 through 25 the curves labeled A, B, C, D represent
computed results when 100, 75, 50 and 25% of the total resistance
plotted on the ordinate is provided as point resistance. The re-
mainder of the resistance is distributed along the length of the
pile as side friction.

When "No Load = 8, 9 or 12," depending on whether the curves
are for Piles 1, 2 or 6, movement of only that part of the pile pene-
trating the dense sand layer is resisted by the’soil. When "No lLoad =
2" the movement of all but the top two weights of Figure 13 is re-
sisted by the soil. The points labeled "Test" are the plots of the
observed data obtained from the pile loading test and shown in the
lower right hand corner of each figure. Only in Figures 14, 15, 16,
17y 20, 21, 22 and 23 do the "Test™ points match completely the ob-
served data shown on the respective figures.

The points labeled "Computed” are points plotted at the observed
failure load and computed set. Correlation is obtained when this com-
puted point is located with respect to curves A, B, C or D in accordance
with the observed load distribution shown in the lower right hand corner

of each figure.
In interpalating between curves A, B, C and D it rmst be remembered

that the spread is nonlinesr.
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Captain Stuart H. Williams was born Jamary 12, 1937, in Detroit,
Kichigan. He received his elementary education in Erin Township,
Hasemb County, Hichigan and his high school education in Mt. Clemens,
Michigan. He received a Bachelor of Science Degree in Mining Engineer-
ing from the Michigan College of Mining and Technology in June, 1958.

He entsred military service in May 1959 and has served in the
United States and overseas in Korea. He has completed both the Engi-
near Officer Basic Course and the Enginesr Officer Career Course con-
dunoted at Fort Belveir, Virginia. He married Diane Peterson of
Detroit, Michigan on Qotober 10, 1959 and they have a daughter,

Cheryl Lynn born September 18, 1964,

In May 1963 he was sent to the Missouri School of Mines and
Metallurgy by the U, S. Army to obtain a Master of Science Degres in
Civil Engineering. He received a Bachelor of Science Degree in Civil
Enginesring from the University of Missouri at Rolla in August, 1964
and bas been enrolled in the Graduate School of the University of Mis-

aouri at Rolla sinoe Jarmary, 1964,
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