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..I,' llw!:nnir.al I<riuir~vr.r. I<ay r : i~~nd  ( ' , . tnrr~tt= Piie ('**r:1,,71ty 
% :. \>\11:.  

t s.,,i,i,~,rr in [1nrenthes1!8 rel6.r t o  1lit1i~ri~r:ry~ttv ;it cncl of I);tJN.r. 
, . .r .~r~ltuteri  Ily t h e  Rubher  a n d  P l : ~ \ ~ i c h  i)i\.izion :in11 ~ t r r a c n t r d  : ~ t  
, , :;:r a.?csion with the .\lachine r)t~sim Division a t  t h c  . \ n r~ !~a l  
:!-,...nu, Xea. S o r k .  N. Y., N ~ w e r t l t w  ?S-I)vr t . l~~ber  8. 1'154. , ) I  TIIE 
\ X L ~ : C A N  S I I C I E ~ ~  O F  ~ ~ E C B A Y I C A L  ENOISEERS. 

5 ,n:: Statcrtlel~tJ arld opiniuuu arlvanceti ill pnpers e r e  tcl lbc 
s&-,t~xd ss in~i ividual  exprcsrions of their n i ~ t i t o r ~ ~  arid not thct-~a of 
, , 5,-~r ty .  3Ia1iuscript r(v.ei\-rd at  ; S h i E  ~ I e a d q u s r t e r s .  Jur~r,  !I. 
, c j ~  l'aper Xu. 56.L-42. 

To ol~tjrirl  !I lornlul:i  for  (', 1 ~ 1  tht. ~lo! t ( , t l  a<lu:rrcSs i r l  I : I ~ .  2 _ 
r ~ ~ ~ ~ r t ~ ~ ~ ~ r ~ t  i ~ t i t i : ~ l  [ ) IP. -~ t i o t ~ s  I I ~  I\ vigIi!s vt : I I I I ~  t r ~  + I ,  tirl(l 18.1 ill,: 

soli(l .sclu:~rc.s rq)rtbscar~! tl lcir j )or ; i t i t~r~r  in intcbrvc~l n. TIIV!I / 
\\.iil ))c t11c ini1i:tl I c r ~ ~ t l i  i t f  h j ~ r i l l ~  ?)I irri11 I' will he ik Icngtll in 
irltc~rvnl n; n l * ~  I ) ,  arid I),,I \vill 1)tt !11i. di.+pli~cerrlerlt of \r.eiKlltn 
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., ( , i  ~ O I I F I : ~ I I ~ ? ~ ,  '1'a11lc 1 ,  usctl in tlle'li\.c ior- 
; ! 1t.p g ~ v ( ~ r ~  1)rol)lern. 

1 TAHLLA TION OF CONSTASTS 

u i ~ t l o n  nlay t h ~ l i  be ~)erforme~l :ir~tl tabu- 
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*II. :,:+*:I llri(r for making c.onlputation8 have heen 
) 3. Surh qleces nre convenient 

,, r:Liat~ are conlputed for Dl, D,, nnd D, f i ~ t , ,  

istances they cannot be 
ning of the calculation. 
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$! 
T h e  resulting t i i : r~r r r r~  T11r I)urptww df computat ion is shown in 

Fig. 8. 

If tllr o l ~ j t r t  i s  not c~ontir~uouu hut  v o n ~ i s t s  of ir~tlividu:rl s t ~ ~ t i o r l r  
of con~ider:~t) le  \ v t b i ~ h t  a i t l r  irltermtriiate *pri i~gs,  sut'h u 3 r:ril- 
r ~ ) ~ r t l  t r ~ i i n ,  it or(1irri1rily n1:i.v he represented with &f i r ie r~ t  
:irrurlrry I L ~  s h o a r ~  in Fig. !I ill \vhit.l~ II'I is thts a . t . i~h t  ctf t h ~ .  

I ~ ~ c - ~ ) n ~ o t i v r ,  :rrltl \I;, el(.., :trcL till. \ v ~ ~ i g l ~ t s  of 1111. int1ividu:~l rnrs. 
..illy eltwtiviry in t l l r  struc.ture of tilt- cxr itself I I I : ~ ~  be :uitlt.~l to 
t h e  ~ 1 ) r i n g  cwllptrlnts o f  I hc ctlul~l(.ru :rt rit t~rr er~ t i  t~.dir~g Forrnul:i 
181 pivcr~ Iat 1.r. If (-st rt~rr~c- :rc8rur:lry is r t ~ l n i r r ~ l ,  rtcvh \vpigI~t :LC 
nntc.cl 111:ry Itc rliviiic~tl i r 1 t 1 1  ~ \ Y I I  o r  morr  \vc,iul~ta n i t  h inlr*rn~c~li:rrc~ 
q ~ r i n p  I I ~  follo\f.ir~y 1111- 1111*t11otl 01 F i p .  3 : L I I I ~  11. 

Spriny ( 'onstn~rt K,.,. I I  s11ri11g A', r eq~r~~~;c-n t r ;  I h12 (*l:wt i r i ty :I 

1111it I r r~gth  I nf  n rot1 111' t r i ~ i i o r n ~  5erti1111 t h r  f111.rl1uI3 for ti, is 

K, = ..I R/l . . . . . . . . . . . . [ t i !  

If K m  c ~ o i ~ ~ i s t s  I I ~  ttvo t ~ r  rrlorr sl1ri11g.c i t 1  ~ I : L ~ : L I I I ~ I  it.< v:~I\i13 is 
~~l~ t :~ i r l t . t l  11y : r ~ i c i i ~ ~ g  t hc. sltring r o ~ ~ s t : ~ r ~ t a  of t h r  irlclivi~lr~:tl r l r i r ~ p ,  
t 1111~ 

ti, = kl 4- k, -r k t ,  (-11. . .  I - ,  
' 8  I 

it' ti,, t , o ~ ~ s i > ~ ~  0I ! \ ~ I I  or I I I O ~ I ,  q ~ r i l ~ g >  :!I *(&rit*+ 11s ~ : L I I I { .  15 01)- 
1 ; L I I I ( * I !  1)). ; i ~ I ~ l i l ~ g  r1v,i11t,1~,:1l~, t 1111 .~  

I K, = I 'I:, i- I ,  k: f l k,, I ~ ~ I . .  lhl 

1 1  K m s  ~ I , I I ~ I ~ * ~ - I I ! *  : C U I I ~ I ~ I ~ I I I I ~  I : I I I < , ~ I ~ I I  . - ~ l t ~ : ~ r t ~  $ I ~ I - ~ ~ I I I I  \ \ i t 1 1  *itis.- 
: I I  I ) I I ( .  1 ~ 1 1 1 1  1,1111:11 t a t  n :u111 :rt t11(-  11tl1r.r 1 ~ r r 1 1  c.clu:rl to  d. 1111.11 

ti, = Btr@ ' 1 . .  . . . . . . . . . . '!li 



. , . .,,-tb ;:1>vrtcl11 ~uci111~11l~. or :L;I~ r (~~ ,u i r~v!  to I , ~ I : L I I ~ P  ~ ~ K I I  .. . .. 
. .. i l l  thc c:Lw of H? oi I,'ir. :l. 

i , .  "- 
,, lA.,, :!,s I 11r(d ~ ' I ' I I I P  f ~ t f ~ r r ~ f l l  A!. In c a ~ r ~ ~ ~ b  p r o l ~ l ~ ~ n i s  t h(- I I I I ~ I  

:-. ,l,,,.itl1~ci nlorcL or lctss a ~ l t o r ~ ~ : ~ ~ i ~ ~ : ~ I l \ ~ ,  : ~ q  in :l $t~t)rt  r:ril- 
! !..Ll!l ~ ,I ; , , IC.  ~ : I I . ~ I  car art11 coup11.r nor111:tiiy \<-IIUI(I  t.t10st311 

, I I .  If 1 1 1 ~  ol~jvct is t!ot~ti~~uous it n13y be divi1lc3,l 
ill~:!li,~.r 11i I I I I ~ I S  (l~rc.fc.r:rl)lg of c~clunl lc*r~~[th ) drpcsr~tlin~ 

,, ,i,.grt.~~ t:i :ll.c.urs(.y dcrircti and the. con~l) r~t ing 1)rrr111111rl 
,.luii,rl~~~r~t :1v:~i!at111~. 

. . 11.1. U I I I I  I L I I I ~ ~ ! I S  I~iivf: lWr1 d(.cicicd, thc. time inten:il 

...- .. i.. r . l . , t . - ~ ~ ~ ~  t o  ~ . t ~ ~ r t v l ) o n d .  AII u r t r i t~c - s~~r i ly  srrlull time irl- 
,.. :; i : l y , ~ i i ~ t . ~  ;I r r r :~ t  ~Ie:rl of 1.xtr3 ivork with little or no inc.re:~sc: 

,.ur,,~.y. ' K ~ H J  1:1rg1, :i ti111e irlt.wv:~l \ ) ~ ~ I I I U I ~ P S  ir~.-t:~I)ility : L I I I I  
." ,.,, !l:L~, I !::iwtir;L(by. 

:, .;I:;,~K i l l  n di: t~r:~ll i  .?UV/I %* Fig. I or Fig. 3 h:~s :% ~~criti~.:iI" 
. . i . , i , . ; \ . : i i  .ivtlir.J~ i* tll(, ti111t: that i t  wouI(1 r1.(1uir~ for B sou11(1 

. . , ., ,,,l:.~, 1.1 ~r : iv~~rsc> I his ~ ) ~ l r t i ~ - u I ~ r  s ~ ) r i n ~  :ind itn :rssocintctl 
, . l : ~ ~ ; ~ ~ ~ ~ r n I ) e r l r ~ g  th:rt sourlti w:rvcsa trnvrl it1 both direct.ions 

, 
I .  : .: :I +~*YI ellua! to \ 'Kip \ylit,rr p rcluaia the mas? per unit 
, A.! ,8 , ,  t11s f~lllowir~~; f o r ~ n u l : ~  nl:iy I)u derived for the critic.;rl 
...,,. !.:I~.F\.:L! for *[)ring K,, whirh' \\.ill I,r rtllled T,: 
, . ,,.,;,, ~ I I I I I ~ O I I  to r i ~ l ~ t  

,, , , , , \ t .~.  v:liue 01. 7', fro111 either Fornlul:~ (131 or [ I l l  is tho 

I : 11111. 

t v r ~ ~ ~ ~ ~ l . L -  ' I :</ :ir~d 1141 nrr hljl)li(~d to 1:ig 3 ttir rt~~ti1t.s :\rp 
:, I \ \ ? :  

. . w:l;ta r ~ r l r t i ~ ) l i  to t l ~ c ~  right, E'orrnt~l:~ 1131 

I it,, iJuiqd Q t11ust novrr be 1- than unity; o t h e r u k  the re- 
.. uf ~ ! I I :  nuiileriral cirlculstion will be rneaninglw bec.suse the ,. - 
_,,rzl ( ~ ~ l c u l a t i o t ~  will not protcrm aa fut  ns the acttml sound . ,.,, ~ n v e .  If the value of 4 ie rlose to unity, insttihilit! i~ 

to oc~ur .  The. value of Q uwd for Tahlm 1 and 3 W : L ~  

;;; + I ':icnu = 2 . w .  
, ,.,,( 7'111tc Irttrrt~nl At. T l ~ r  time i~~trn . r r l  mrty IN.  c.hn11gc.11 . - 
, , : . l ,~~~ t i \ .  :rt line of the liumerical calculatiorl surh ap 

T L i  2. Ordirlarily, this involvw only the writing in of new 
,.<,,, for the con*tsnts 1 2 d  and Afglll', u ~ e t i  in Formules [ I ]  
,:! yj, but this rllnngr n l u ~ t  be made sirnultnneouely in all 
....m D, and 1'" of H calculiition surh as TJ)le 2. . -d 
-,,a o! Impact: Piactirsl  problems may invdlve a t  lexqt 

e4,t b t i l l r t  typw of impact a9 liqted and d i s c 4  in thc 
.,wi,-,g. 111 r Ilk disc.umior~ the assnmpt.ior~ is made that 311 ,,* we p r f w t l y  elartic. XIe thds  for taking account of 
s4,~lg ~ 1 1 1  inelmtirity a i l l  be d i s c d  later on. 
;tc hpring that m i v e a  the t b t  impact, such I L ~  Kl of F i g ,  1 

md Kt of Fig. 10, d be called the "impact spring." 
5 *>;ne impact p m h l e m  there is an actual impact qring or 

I.II.*IIIIPII 1 1 1 1  . . \!,I, 1 1  '111. I . : I I I !  : : I : L ~  .-lr~L.b . k'111' l ~ ~ - i . ~ i l ~ . t ~ ,  :L I ~ ~ t ~ ~ ~ t l ~ t ~ t i ~ t *  
~ ~ L I I I I I I I ~ : : :  I I I : ~ ,  :L  1 1 1 1 1 .  111' i ~ ~ . ! g i ~ t  <.:if< l i ~ z l  I ~ I I I . ~ , I I I I I I . ~ -  (.t)111)11*1,.- 1 I r t n ~ r ,  ' 

or " I I I : ~ ! ~  U ~ . : ~ ~ s . "  :t1111 I I I U - I  r.orll!lbr(*** 1!11.111 111 or(11.r t o  I I L I I V C  till: 
 fir?^ : t1,  S~IG.II I ~ ~ I B ~ ~ I ( ~ I I I . ~  \ \ i l l  i,,. t.;ilI~ti . . t ~ t ~ . ~ l ~ i ~ t ~ ~ t ~ c l  ill~p:,(.t." 0 1 1  

111c. 11t11e.r ~ I : I I I ~ ~ ,  11 :I r:rni ~~rt!ia-s :I -1t.1.1 roc1 or :LIIVII tIir(*ctly, thcrv 
I.< 1111 1r11t. iri~l):i(!t s11ri11~ l ~ r l b - l ~ l t ~ .  St1t.11 l)rob11~111s \v~ll 111. (ldletl 
"flirc.c.t. ~ I I I ~ : L ( ~ ~ . "  

.\ 5i11gle 111oving uc . ip l~ t .  .*u1.11 :L< a i ~ ~ ~ : ~ ~ ~ i ~ ; f i ~ c *  u i tho t~ t  c m ,  br 
t l 1 1 5  11111vir1g p:~rt I J ~  :L i1~1,gitlg I I : I I I I I I I I ~ ~ ,  ivill t ~ e  (:allt:cl ;L " rm ."  
.\ gro~rl) of ohjec*ts, sue11 :LS :I r:r~lro:rti trail1 iri ivhicll r:ic*h cum- 
~~:~r:ctivr.ly rig111 cb:u is rcq):uatcd f r ~ r n ~  thr  ~ l r s t  l)y s s j ~ r i ~ ~ g  coupler, 
will Ilo c,:illc.cl "a group t ~ f  ?icq~:rratc \ t-c. i~l~t* :in11 sl~rirlgr," m u t  
1 ~ -  t i ist ir~~uisl~ccl rlv:rrly fro111 s .'long ol)j~.ct" S U I . ~  :IS u long steel 
rot1 or :L 11riv~11 ))ilv. 

. I  ti I~~ tpnr lo~r t  1)i.slinction. 111 this n1t.t hod a 1o11g 11l,ject is 
rrl~rr~uc~rltc~cl ec~nvtsrltior~:rlly t)y the 5:rrrle tyl't! of diaKr:lrn tb:tt i?l 
~s~.cl  1o1. :I rorrt-*pondir~g groul) or separiite wc-ights a1111 springy. 
If I I I ~ .  i r ~ l l r : r c . t  is tv(*II c -u~ t i io~~r t l  I)y :t c.oll~l)nrutivt.ly "soft" impact 
. ~ ) r i l ~ g ,  :L Iollg ul~jcrt  nr111 n t ~ o r r e s l ~ ) r ~ ~ l i ~ ~ ~  grotlp of rt.parat4: 
~-(.ighl?: :tilt1 sllrit~gs will IZ(.~ 01rnost exilc.tly : r l i k f a .  0 1 1  !he other 
I I ~ < I I ( ~ ,  if thv irl~l)a(.I is ~lir(ic.t. or if ~ I I C  i11il)u.t q ~ r i n ~  is c ~ ~ n i p a r s -  
tively stilf, srlrg(b.C: or tllillor ~ s c i l l n t i o n ~  1 1 1 0 ~  ovcur in H KTIJUII of 
scq):tr:Ltcb \ v ~ . i ~ h t s  : I I I I ~  s p r i ~ l ~ ? i  t11:~t. \vo111(1 not be prere~lt in n 
t!orrrq)or~tlir,y Iorty oltject. Thi* tli1frrrt1c.r c:i11s for the ob- 
scsrv:rnc8c of rc.r~:lill rulvr :rtr 1ietc.d i t ~  the follo\vir~g section. 

7 '  I I n .  C'~~slt iond irnpacl betuven u rccm and a group 
o j  scpnrnle useights anti ~p r inys :  This tyl~c, of irnpt11.t prcrirr~ta s 
1 1 r : n 1  i i ~ r  I i s  1 I ? :I I~)r :o~i lo t iv~~ Ilunipi~tg illto a 
I I ~ I I I I I M - I .  ol r :~ i l ro :~~l  c:rrs wit11 spri11g cot~pl<brs 19 :LII  ~ ~ s : ~ r n l ~ l e .  

C;oo11 :if.t.ltr:rc.y is I I I ~ ~ : I I I I : L I I I ~  with t l~ i*  I y j ~ e  oi proI)le111 t)ecause 
the. diagr:tn~ ust,ti is Likc.1~ to Gt. nn :ic:rur:tte rel~reseritatiot~ of the 
:~c:!unl ol~j,.c.ts i ~ ~ v o l v c ~ i .  The: rluincril::rl ralcul:rtior~ is siluilar to 
' I l t  2. 'Tllc ac.c.urnry n1:Ly be iricretwt!tl I)g dr.erc:~ring the inter- 
v Or~lir~trrily, :I v:rllre of Q of 3 or 4 aill  give results yccurnte 
ir.it.hi11 a I(:\v per cent i f  the cal(:ulntion is not r:~rrictl through 
tilorc! lha11 IOU intervsh. 

, , 
1 !ipe 11 lr~rptrcl. Cushioned impad leluleen two groups of 

sr,rwrtr& toeights alui ~pr ings:  A 1)rot)lenl oi this type presents a 
(li:rgran~ trwh Fig. 10. 

7 ' 11~  r~unlcrical r.:llcul:itioll is h a r ~ d l d  as iti Table 2 except that 
positivr v~lnritieu nppenr on line 0 for WI, fV2, and W, inatead of 
for 1VI or~ly.  hvrurary ot)tainnt)lr is ahout the  same as for Type T 
i111v:~rt . 

' I ' u ~ ) e  I11  Inrprrct. ('t~shiorr~rf r~rlprlrt hetn~ert a ram urtd a long 
J :  .Iftr.r tllr lorig ol)jcct h ~ 9  l)w!n divided as in F i ~ s .  5. 6, 7, 
ar~t l  5. this type oi ' impsct presents a diagram simillv to  Fig. 1 
or Fig. 3. The  driving ,of a s twl  or concrete pile illto the ground 
iP an runrn1)lr of t his type of impwt,  1)w:ause orclinatily a cushion 
of wen~l  or rilllilnr mstt*rinI is med Iwtweeir the ram and the pile. 
Suitable ground rnrulrer~re or retristnnrcr are intmfuced and the  
prol)lrm is handled very much like the prol)lem of Fig. 3. 

The  nccurncy ol)tni~inhlr with t h k  type of problem is-6rdinluily 
not quite ns grcnt an with pro1)lems of Type  I or Type  I1 unless the 
impnct spring is compnr~tiveiy soft. This l ~ a d a  ta the  follor- 
ing practicnl rule: 

Rule. The  critical time interval for the impact spring aa calcu- 
lated by Formula 1131 or 1141 should be a t  least 1.5 times as large 





if K, is the I I I I ~ L ~ ~ I I : L ~ ~  ! I I I ~ ) : L I % ~  -11rit1~ t111.11 :hen 
.:L$Y I 1 i ; ~ t  :ire cicbii~iit t . 1 ~  irrc*t~rrert :~i,, :LS i4)iIt -: 

l ~ < t ~ g t l ~ s  t h t  t i l t !  ran1 &i it ell as the I O I I K  ohj(v:t rii:iy t)e 
11iti1 !-riisll  stac.lil)ris. '1'tii.r rctlucc~.d :i rTy)~t: 1.11 ~rrol,Ic>nr to 

r o n  111 or1it.r to F;rvts cc~n~j)ur : r t i~~r~ tirnr this 
1 , ,T .~.  ordiiiariiv a .~~u l , i  \)e u.kc.$i r l r i l i .  rl\;*t.l\. rtlnsiil>uni forrr.; 

. . .  . ' ,  . 
I ~ ~ ~ r ~ ~ ( . I t l r , . ~  i111l11cdl:~tcIy aft1.r ir~tp:~r<t, 1111t I{ 1 !1 r  Ilcbc.rwiiry corn- 

] ~ ; l ~ i l ) t i a l  (a:,j~:i,,iry is ~t~:~i ln l ) l t :  thcrc is no ruLqoli $\ Ilv it s11ould 
) i)r u8ed ~ I I !  !lit* cn11111lt.t c ~lun~rric. :~i c:~Irul:~t i(111 ivit11 rtwllt iris 

):i : w r  urac:.. 
\letLod ? AIM) I,\: useti to drtc.rrllirlr ac,c.nr:~trly t l ~ e  

1 ye at  the j ) c . r i r ~ t  of i ~ n j ~ a c t  in l'yjw V ar~cl 'I'!.litr VI ~ ~ r o l ) l e ~ n ~ . -  
:yptL YIII inlptivt ht~q IBCTII  elis~~uw(*tl t)y I)or111~4l (2j, iuid :L 

: . lpdgt. of hb I I I I ~ ~  hod is very hcll~ful. 
f 

' .~r rou> irrtrkal;~rities luny be introtlrr~,(.(j illto t t r c :  c:~l(,ulation, 
+j :ir t11o~tn illuntrated in Tsl)le 2 \vhc.rc tlte: rciirt:~rlc.r?i R r  st111 
: , I I : L I I ~ < ' I ~  ~.igri \rhellever the correq)ontlirt~ \vr.ic!~t 1.11~:1pni its 
,-,tion I I ~  rl~urion, arld tvhcre Ft I>r.c.:~lnc zcsro ailtl rcm:iiric~tl zrro 

of fullt>~.irlg Forrliulv [3j ioto the negative ranCr. Suddtan 
:plaritir*, such ria the foregoing nre rnlled " t~une ia ry  roridi- 
p" It b j)o+it)ie to devise nn nlniost enll lcs~ r~clinhc~r o f  irrrgu- 
.:iw that CBII be harrdled succe3~iully I,? this rlurnerical mcthoti. 
.~,ver, it \\'ill pay to intrfxluce only suc l~  irrcfiul:iritiw ~3 will 
,:ris!ly inrj~rovr t l ~ o  accur:rcy of the rnlrrllrrtcd r w u l t ~ ,  I)(- 
2 the estr:i work involved rnay l)e c*orrr;icicr:ri>lr. I~;.\:~nrl)Ivs ()[ 

u?; tyliw oi irrcgularitje* foll~lrr. 
i i i .  1 .  In sonw j)rol~11~111~ t h ~  r\trr11:11 rr- 
:I,-I+ R, !:,:iy vury ftiml intnrvsl to intcrv:il w r n r ~ f i r . ~  to wnle 
. I : ! .  Fqr inst~tice! R, might vsry linearly with the 
I 1 .  111 tliG v6se R, would be  computed for wctl time 
rval 111lt1 l i ~ t c d  ill Y Beparate ce)Iu~nr~, wing the f o r n l ~ ~ l s  

t # = i~ culr.~l)le constarrt. 
~nnula [ I ; \  la merely illmtrstlve and nrust Ile n~cniifird to suit 

- 0 h 1 1  I :  r .  For iristanre, R, might v;+ry aa the qqurlre 
)r m the dlspl?acenient D,, etr. 

aping. Varioue t y p  of damping can tw handlcd ~ucceus- 
The si:nplest tw in the introduction of frictional re- 

crj ts i r ~  ?'nhIe 2. Formula [ l i ]  ie n h  a form of damping, 
 mi^ 1oq1 suibhle fnt a tpring t h t  sch both in corn- 

tvhcrr 0' = 3 *uiti~l)11~ ~ I ) I I + ~ : L I I ~ .  
('r~rlfiienl t;f  I ~ ' e s t i t ~ ~ t i ~ t i .  0 r : i o t : i l l  III:LIC~~:IIN, surh :tr rrtll- 

t~<,r, \vtric.h have :I low 1.~1effirirrrt of rc**titutio!~. :fire user1 sl)rirlKu 
or " ~ ( ~ q h i ~ n s . "  s11e'tl ~ r ~ ~ t r r i a l s  K ~ I C I I  testt.d st:itic~sily i l l  t t 1 ~ 1  
I:rl~~ir:ctory nin!. yivr. it)r~.~~-tI~.H~.~.rior~ ( ,urvrL i , f  t i i t ?  tyjtta .~1ro\v11 i l l  

l . ' i ~ .  12. 

Fmax , Cmax 
f 

COMPRESSION ern 
l,-l(;. 12 

T h r  cornpres~lorl part of the curve m:ry he str:tigilt c.rrt)ugh uo 
that the w e  of Fonnule 131 i.9 juntifieci to the ni:~\inrurri [)o111t 
F,., Cmr, Fig. 12. For rr-qtitution, an e q u n t ~ o ~ l  i~ n r r d ~ d  a hour 
graph pn-cs through the or i~i r l  and the pornt f',.*, C,.. . , i r l c l  

whoae shape is simrlnr to  the rwtitutioti part of tt~r curve bhorvn r r l  

Fig. 12. Equation I101 s.ttifit*s t hrse c-onditionq r e : ~ * o ~ ~ : ~ t ~ l v  
well 

in wl~ir.h 

u = (2,'qZ) - I 
F, I forrr elerteii I)y sl)ririg nt i r ~  time i11trrv:rl n lluriny rmti- 

t ut ion (or recoil ) 
I.',, = rnaximunl vslue of F ,  
Cnv. = rn:~ximum vnlue of C, 

9 = rtwffirient of r e ~ t i t u t i o ~ l  for sprirlg I ~ I  

nur ing restir\ltior~ only j):Irt oi tllr rnerc\+ ~ ) i  ~..)lnl)res.qinn is re 
turnel.  This erlerKy return v : ~ r i c ~  :LQ tI1r sciu:rre f , f  t lir t-oclfic.irrit 
of mt.itrltion 7, and is reprmentcxl I)? tho ~ t~a t l e t l  u c ; t  in 1.'i~. 12. 

111 making the nurnerirsl ralcul>ttion the lorcc: I.', i s  cdculsteti 
by means of Formula (31 until the value of C, t ~ c ~ i n s  to elrrren,~.  
.kt this point in the ralculntion the lnnsinium vuluc*.i ntttiined by 
F, and C,, namely, F, and C-., Fig. 12, i1rc sub~titut.ed in 
Formula 1191 and thi9 formula is then uaed to colnpute F,, until 
C, returns to zero. 

.4 snmewhat. awkward prol>lom ark+= :L* to nhnt  ir to iw ecJo11r 
if C, q a i n  begins to incre:~sr k f o r e  returning to zpro. If oltly 3 
slight. hmitation ir irlvolved it b I~ct tcr  to ntirk to For!r~ul:r 1 l ! ) ]  
until C ,  dOCH mtunl to zero, rattler t h e n . t u  nldre additional 
changm of forniula. 

Plastic Flow. The  force F, calculuted I)y Forn~u l s  131 mlly be- 
come a, grerrt that plastic flow occurs, as in a forging prorees or 



L PLASTIC  FLOW 

0 
Y 

I 
C O M P R E S S ~ O N  Cm 

1 '  : : ~ I I I , ) I I I I ~  11i p l a * ~ : ~ ,  I ! I I W ,  in. 
= f',u.., - c* 

I ', = v:rllie of C, s t  :,.~cltl poillt, in. 

1 1 ~  111c rlu~nc.rit.xl c.:~le.ul:itior~ it m11y 11i~ I-or~vtar~irnt tq list the 
,.,I!II; ,II:  14 ~ : L ~ I I I . S  of C', - I' i r r  !I H~II:W:II(.  ~~olurnn.  

I r u ! r  1 1 1 1 1 1 1 i  Sor!~~btiri~c.rj it i? ~ ! o t  po5cti- 
: ~ ! t *   IT ( , , J I ~ ~ I ~ ~ I ~ V I I ~  ~ C I  ~\11re*3 t111, r~ I : i~ io r r .~ l r i~~  I ) P I S \ - I ~ ~ ? I I  F, :inel Vm 
.,. , ! s t r : ~ ~ \ ~ i , i  > u ~ ~ l r  :L* l ~ ~ i 1 ~ x i ~ ~ ~ ~ r ;  ' I \ ; ,  ' ! ~ I I : ,  , I  I . > ~ I ] ,  119], or ;20 ] ,  but 
cr,,;tl!- ,I: !:ti>~jl:ir ~1:tt:i :11:1y i ~ t a  ; t v : ~ i l : i l ~ i ( *  ~ I I O ~  irig t11v rc1:ition~hi~). 

) 1: i r ~ u ~ t l ~ ~ r i r d  i.:ilctrl:~, io11 i* l ) ~ ~ r f ' ~ ~ r ~ i r ~ * ~ I  11y h :~ r~d ,  the v : L ~ u & ~  for 
*r k',,  t . r ) r r ! ~ ~ l ~ ~ ~ ~ t f i r ~ ~  to 18scl1 vnluc, 11f f ' ,  (.:ill Ile r rsd  dirtrbtly from 

01,. grz11Ii.d or ~~l~: : l i r~c~t l  irom the: t:rl,u!:~r ~ ! : ~ t n  hy ir~terpolntior~. 
' I ' ~ ! I . -  ;,~.o,.t..ir ill:+ ii~v~,lvc- t t i t .  c o ~ ~ ~ l ~ l i r : ~ ~  ior~ that. the 1-urvc of 
r~.:iiiu:i<:~l 1:i:iy L I : I V P  113 \,I* n d j ~ ~ s l t ~ l  .-I? tillit i t  will st:rrt a t  .the 
rn~\i;l;ilnl i~oint  rcnch(tl i ~ y  t t ~ v  c.un.c. III  c~t~nprwpion, &Y W:W elone 
\ I i 1 I v in 0 1 1 :  ! some c-lf-t.trorlic~ digit,d caiclliotors 
c:,ii ~st'rfi~r.nl :I cin11l:tr 0111 r.:ti~?r~ I I : L ~ I ~ I ~  or1 t : ~ l ~ ~ ~ l n r  dnta f ~ t !  into thc 

. . 
r : ~ : i ~  ti!::*. .LII I~: :~I  (11' ti111r. 

' ,  1 1 ,  i,roirlr.l:l.: i:!vt~lvir~g vc.rtic*:ll motion, tlie 6t:)tic 
icarr.~.. 'lut. r < r  :!.:cvir\ < t i .  !~~ \ : ! r i ly  I I I : ~ ~  I,r. ncgl~cted. ,If the weights 
:II.I> icirgt,. .rr i l l  a forging I~:i:rirr~cr, the. gr:rvity forcm may be in- 
st:r[ c11 a,- nc:g;tt ivcl rt,.~i.;t :ine,ttG K,, n-it h consequent init id rom- 
,)r~-'cionr; C, 31111 initixl f~~rc.f.?i F,, nhichmlret appear on line 0 of 
t t u n r i c :  : 1 1 1 l : ~ t  I .  .iltcrnatcly, the static effects of 
grnyily may be ~d t l c t l  ;~:~.r\)r:iirirlly :iftctr the  nuni~r ics l  cnlcula- 
111~11 01 !IIC rIyn:ix?~r forr.cs l iu h t~ rn  cumpletc-ti. 111 the lntter 
CIM the folluwirtl: r u b  shr11111l I I C  o t )s t~n '~ct  in nrriking the dynamic 
rniculnlion: 

Itul~h. If nny partir.ul:~r > ~ ~ r i r ~ e ;  K ,  is not dcaignd to take 
t ( . ~ ~ . - i t r ~ ~ .  ~ ~ v c T ~ J I ~ ~ I c ' ~ . ~  if ('l, i,rco~ne~a rrcgntive I.', also must be 
a u u ~ e d  to tmo ln r  r~cgsti\.ta. but itr 11rp:rtive value must not be 
aliu-xed to exceed tlre poeitive static forre F ,  cnueed by gravity 
a l o ~ i r  

\\'11er1, RB a 6nnl step, t t ~ r  ,rtatic-gravity f o r m  arc added alge- 
brz~icully to the d > n a n ~ i c  forcrs, the negative ~ n d  positive valuea 
of F, nlay cancel each other hnving a net value of F, equal to zero. 
Brunchtd Syskm.~. .\ simple branched system is shown in Fig. 

14. Such systems mag be lmndled readily by  thie numerical 
ulrt lod. Valuw for Dm, C,, F,, Z,, and Y ,  m y  be calculated 
for all ivcighu nud springs of Fig. 14 by  Fonnulaa (11 to [5], with 
the e~ctaptlon of valucs for ill. There are four springs acting on 
I)',; tlit>refore Z, = F,  - F, - Fal - Pas. Similar a d a p b t i o ~  
nf t l ~ e  method may be m d e  for more complicated systems. 

I'lottir~y computcul valuea, ~q UI Fig. 4, i nn t*sreilt.~~t way of 
e~l~t .~ .ki r~g :,I-rurncy. .\n error will stio\v up sll a sudden irregukit .  
i l r  1111. r.urvc.s. T h e  speed \ ~ i t h  whirh the actual r t r w  or sound 
\\.:I\~,. [~rogressr:: nlso \\.ill be ol~srrvol~le,  and ill sorue problenls this 
I I I : I ~  I I I*  11setl ;W :I e.hwk. 

ltcl~c.:rti~~g I hp  ~~umericril ctrlrulutiorr with :r tin~allcr t i n ~ e  inter- 
v :~ i  or :I ~111nl1(.r unit lmgth is x ~ ~ o t h c ~ r  rnrtl~od of cllc!ckir~~. 

'I'II(. r i n ~ l ~ l t a t  r~urnc.ric:d check k b~wcd on tlic "law of conserva- 
tion of rl lon~er~tun~," which a t ~ t c u  ths t  tllc total momentum as 
yivc.~~ t11e following espremion always must remain constant 

Tota l  momentum = SiY,V, /g  + SR-1. . . . . . .I21 J 

In  wing thiq check, R, must be intrrpreted to mean all external 
forct.s such L L ~  H z ,  RI ,  u d  F, of Fig. 3. The  t o t d  momentum may 
I)e colr~puted for any line of the numerical calculation such RP 

T a l ~ l e  2. 
A n ~ o r r  coruplete numcriral clrech IS b:wecl on the "law of cou- 

h c r v a t l ~ ~ ~  of vn(.rgyll' which states that ttlc total euergy tu p;lvelt 
by the lollow~ng rvpreseion must alwrqe remaill c i ~ ~ ~ r t a n t  

+ energy loat externally or aa heat . . . . (221 

The necmary  valum lor substitution in t l ~ i s  formula will be 
fount1 in a tai,ulotion such s y  Table 2, 1)ut sonre of tlleln mny not 
11e a t  once ol)vious. Thia energy check ls not :~5 accurate w the 
nlonrcntum check, eepec~nlly for the  first four or five intervals. 
Usually a check of this kind is niade only at the end of the calcu- 
lation. 

ACKNOVLEDGYENT 

Thanks are due to Mr. f iltiam Heieing, hiatant  Manager, 
Electronic Data  Proce~sing Service, International Buaineaa 
J lnch ina  Corporation, New York, N. Y., and to Dr. W. E. Milne, 
l lead of the Department of hfathematics, Oregon State College, 
Ctrvdl is ,  Ow., for d g  the mauuscript and for helpful com- 
mcnts; aha to my eon and dnughter for f r m k  t,riticisrn and XM- 
terial help. 

BIBLIOGRAPHY 
1 "Theory of Elasticity." by 8. Tirnoshenko m d  J. N. Gocdier. 

McGraw-Hill Book Compmy, LK., New Y o r l  N. Y.. mcond edition, 
1951, pp. 438453. 

2 "Longitudinal Wave Transfnkion and Impski." by L. H. Don- 
nell, Trans. ASME, vol. 52. paper APMdZ14.1930. 

3 "Stress Wamn ia Bdids." by 13. KoiJy ,  Oxford U n i v d t y  
Preu, London. Endsad. 1953. pp. 41-47, b5-66, 73-79. 87-191. 

4 "The Propagation of Longitudinal WIVW of Plastic Deform* 
tion in a Bar ol M a t e d  Exhibiting I Btrain-Rat. Eilsd," by L. E. 
Malvern. Joumd of Applied Mcchaniu, Tra~r.  M E ,  POL 73, 1951, 
pp. ao3-208. 

6 "Loagitudind ud Torriond hp8.d in a t f d o r m  & Witb a 



!&:.J Body a t  One End." by A. li. Burr. Journal of dpplied .\ledan- 
.iJ. Trens. >-SUE, vol. 72. 1950, pp. 200-217. 

0 "Dynamic Streae-Strain I?elations for Comprrjvion Impact." D = longitudind displscerucnt o f  3 tllirl d&k fronl  i b  referenl.e C j, I .  Jirlinsori. 11. S. B o u i  an(! 0. S. Clark, Journal of dpiiid 
,,!. tl~r:ic3. ' r rnw.  .IS51 1.:. vol. 7.5, I!l5:;, pp. 52:3-529. point  

; .s~~!!l t . r i~.al  ~ , > I U ~ I V I I  o f  I)ifTrrr~it~:iI IC~~uations.'. tly \y. 1:. nl = I 1 1 k q  P r r  unit  lellgth 
I \ i i : . . ;< .  Jotin \Viley dr Surta. In<. .. S e n  York, S. T.. 1057, pp. 3 4. 1% K = " s p r i n ~  c o r l s t ~ i t "  o r  Younx's rn tx lu lu~  t i m m  crws-ser- . . ~. - 

21, :2A .!3, 144-145; 151 -1.52. tionai arcn ; : ..L):irlli~irix C'upacity of ~ 1 ~ ~ e r i : r 1 ~ . "  I F  Alexander T o r ~ n t l i d .  
I, 1 nrc i l l ~ e l , t . l l ~ e r l t  vsri:Lhles for  j,l,Yitioll 9nd tilne, rcs,lec- j*.&tir: E t~~i r tecr in~l ,  Soverulxr. 1954, pp. Iti2-170. 

3 Tlir t , , r~gorng rrferencea inciude e x t e ~ ~ s i v e  bil)liogrsphien. tively, with subrcripts  der~ot ing  part ial  dif lerentht ion 

This part ial  diffcrentinl equation is approxinrstcd by t h e  tiif- 
ference equation 

- - 
~ I ( A ~ ) - ' [ D ( ~ , ~ + S ~ ) - ~ ~ I , I ) + L ) ( ~ , ~ - - A L ) ]  

1111. t o i l ~ ) u i ~ l p  no tm I S I I I  t ) r  of interryt to  those who wish t o  in- 
% \r.-;ig i l e a  runti.~nic~~itnI.s. 

- (h)-2(~(s +O5Ar) [ IH .c  + Az, ~ ) - - l ~ z , t ) )  

i - K ( I  - 0 . 5 h ) [ U ( ~ ,  t ) I ) ( X ,  L - LLJ] 1 
I ? !  1 I ~ ~ I I ~ I I I U I : ~  i l l  to  , , ) j  :~r t ,  a ~ \ t r : i ~ ) ~ ~ l a t i o ~ i  I '~ ) I I I Iu~ : s .  Utlivr 

i<~rt;ll:::r-. ,:I.< \vt:!l w itt.r:~tivc> p r o c ~ , ~ l u r e ~ ,  rniiy 1x dcvi.reti,'but 
f'ur~::r~!;i> ; I ]  !o  j.51 nrrb rirnl)le, .iurpririllgly :rccur:rtr, a n d  have  a n  
i:lhi.rv:it nrid i!lll)ort:int t1.11tittncy to 11rudut-e ~t:rl)ilit y even when 
~.oliil,::r;~\iv~:ly 1:irge !ii~ic. intervals urt: CLSCYI. 

2 .4 .i11gIt8 i\txight ant1 spring \\.ill o b r y  tlie laws hf I ~ s r n ~ t ~ ~ i i c  

i I Any v:ilues 111:iy I)r :LS. -UII I~I~ ,  Iiut t h e  r i n ~ p i c s t  c.:~-c for 
l~tirl,tj.-~~s I I ~  ~~:i l~-uI: i t io~r is arr ived lit. ILQ f~~I lo \ \ - s :  

: ~ ~ : i i ~ t i r i g  suIw~r i l ) ta  x* unrive.ms:try! 11~t 11. (I, anti K lit* 1,s- 

p~:~,.,-t.t! 111 I I J L ,  S I L I I I ~  I I I I I \ , <  :I,& 1.'. Z. : i r ~ ( l  1-, \ I I I I >  < ~ I i ~ t r i r ~ ; i t i ~ ~ ~  1111- 

1 I 1 ,  = I I = 1 ,  , ~ . I ~ I I  I ~ I ~ I I I U ~ : ,  11,  :.II., i > ,  \ N : C O I I I ~  

. I 1 - 1 ~ 1 . i  t111:.s+~ i o r r n u l t ~  u c  rc;:idily rimy ca lcu l : i t~  Y_LIIICI i ~ l r  D ~ I I  1 

) i ,.it1 ct15 t iiy Ivt t i r~g 1' = I . I H H )  a t  n = O. RIIJ 1 . 1 ~ t l ~ i d ~ r i l l ~  tlrtit 
k .; . i +  I I I I . : I + I I ~ I * ~  ill ra~Ii:ins. For r i1~1:~  (1-41 ttie11 givw 71 = 1. I i  

: 
2 c. = .i, tlien A1 = 0.2, un11 it will I I P  found t1i:~t t t~ t ,  cnlt,r~l:ited 
: . , $ , 1 ... 1 1 ,  - . . f  I )  : I [ I I I ~ ~ \ ~ I I I : I ~ I ~  1111. 1.1lnr11:ir v : L I u ~ . ~  of P ~ I I  t .  ITo\\evt*r, tlli! 

. 1 
$ ,; .!. ( s ! , , I ~ ! . L : o , G ~  V:IIIII~.S 1 1 f  I '  \ \ill  riot c.Io*t-ly q ) ~ ~ r o y i n r : i ~ t ~  tile t:iI1111:ir 

i .~,l~.rt..- ( + I  t . 1 1 ~  : :~!'tt*r t h e  fir>[ i~ltt.rv:ii 11ri11~s tlit! :~~tglt,.  :I..(YI i l l  

: i o c t k ~ t . ~  i l l )  ! 111, 1:iIiul:ir ~ : L I U ( , S  of I ~ I ~ S  t a r e  t:rlitar~ 1 l , ' : l t ,  2 t , ' lAl ,  . . , ; 1 ,  I .  I hi:: irrcli(.nttv I h:it tiit. v:~luty of k' tc,ntl to  I I V  "out 
l,i~a-t." i ~ v  :~~)cII I !  111rlf :ill i~ t t~! rva l .  

i :{ .I ~ ' t ~ l : i ~ ~ i ~ ~ : \ I "  ili~pae.: jtr1111le111 is ttiat of SII infiriit~; v.~~ig,l~t o r  
, lit, :triLir~g t!iret-tly on t t ~ r  ( > I I ~ I  of r ~ . ~ l ~ r i f ~ ~ r r ~ i  ro11 t ~ f  i r i f i t ~ i ~ ~ *  
I I f  tliis ~ l r ~ ~ l ~ i e ~ n i  i >  r t~l~ri~s+.rr ted :i.s in l ' i ~ .  1, \vith :ill 

; -l-:.~ig. s r ~ d  :ill \vc,~ghts c*.\a~.t ly ~.qu:i l ,  c.xc.c-l)tirtp 1111- r:lm It-,, t l r r r~  
I v:11:1~. (nf Q = 1 will ~ i v r  rc.sult.q tt1:rt :Lgrrux v ~ : ~ ( . t I y  with t11t.11-r~. 

1. . , I  8 a & -  1 ' .  L I I I I  vt.it~c,itlrr I,.< i111. ts:rrh \vc.igl~t I I I I ~  sliri~ir: u ill jr1r1111 
~ ~ I - I ; L I I ~ : ~ I I ~ ~ O I I . . ! ~  10 tl11.ir I I I : L Y ~ I I I I I I ~ I  :ind ttim~rrti(.:tI value-~,  : i i ~ t l  t l ~ i . ~  

. , I . ~ I O I I  t i  i!l I)rG,crt.ss ~loivrt rliv 1~1ic t I1  11f t111-  rod \\ it11 ~ ~ s : r c t l y  t l ~ e ?  
: ; , t , ~ , ~ l  G I !  - - I I I I I ~ ! .  T~II.L rt,>irtt ~vil l  \I!* o l ~ t ; ~ i t ~ t ~ ~ l  I IO I I , I : L ~ ~ I , ~  !tli:~t 

, ,, . , I III ,  $ * I  .' I -  \ 1 . - ~ ~ ~ 1 ,  I f ,  l i<~\ i (~vc . r .  :I l:irp, r V:LIIII% i: r r . * t ~ t I  for 4,  t l t t ,  

, . : , ; , , t -  k'..  it! 1.- nr!I 11st3iIl:~tv : I I I I I ~ P  :ii111 l~t~!o\v t l ~ t *  v:~l\~tbs $11,- 
I . I I I I ~ . ~ !  1 1 1 1  0 I, Iwt ,  I I I V  1.1 III~I~...~, fir(. 1)1,:ik V:IIIIW (ii F,., :itif1 
1 ' -  \ \ I \ :  ~ I - .LVO-!  <!o\vri t l t v  ro11 \\i111 :L ,.III,IYI 1.lt1~1.1y : i i ~ l ~ r ~ ~ \ i ~ i i : i ~ i ~ ~ <  

1 :  . . i : I I I ~  IT $ i.1 ~1vt .11 :L v:i111i~ :II>IIU\ :% rlr I I I I I ~ I , ,  I l i t '  

L!l.i~l.l.c..l I I . - I I I ~  will I . I I ~ ~ ( * > ~ ~ I J I I , ~  c.111.1.1\. 1 1 1  t111 ,  . ~ ( . t i r l r ~  < i f  :1 gr11111i 
. , I  , , r : , ~ t , ,  :~i1,1 t ~ ~ l ~ ~ ; ~ l ,  \vt-ig!~t.s :i11,1 y ~ ~ i ~ i g . ~  

If t h e  L) w e  known for two succe>slve tiinc ett.;jo ( c ~ l u ~ v a i e ~ i t  t u  
knou  11 initinl  position^ a n d  vvloritirr 1 t h e  forcbyoing differentid 
equation c r u ~  be integrated one t ime  atel) a t  a trllle in to  t h e  futurt-. 
I t  is instructwe to  consider t h e  sil:iple (,:we o i  ir uniform bar  with 
c = ( K]ITL)". T h e  so lu t io~i  of thv p:rrt i:il di lf~rc~ri t inl  o q u s t i ~ ~ n  is 

Irr t Iris es:rniplr \vith fixed ends t h e  sctlution of t tlc tlitfcrrnco cqw- 
t i t ) l ~ . i  with .Y q ~ : ~ r r  irrtrrvnls y i c ~ l t ! ~  the  ~ .or ! l~c t  c.h:rr:lc.trri~tir 
I I I O ( ~ I * $  o f  + i 1 i 0  tv:ivtas t r : i v ~ ~ l i ~ r g  :it :i ~ I , I O I . I T > .  1'. \\'e litid, I~on;cv~r ,  
t11:~t irlstc:~<i of t11v v181ot.ity l t c i ~ ~ g  ~ I ~ I ~ I ~ ~ ~ ~ ~ I I I ~ ~ ~ I I ~  ,)/ tlrg, n r o f l ~  (frt!- 
qnerrcy), t tint 

\\.t. Ii:ivc* t1111s t h e  s u r ~ ~ r i r i n ~  rc>rult tlmt if 4 = I I i.c..> c = .L '31 I ,  

t 1 1 r  se>111tit111 Of tilt> (~~IT(SI . I* I I I . I .  + Y ~ I I : I ~ ~ , I I ~ I  i -  : L I I  : L I ~ ~ ~ B I I I ~ ( ~ I ~  I!\:ICL P I I I ~ I -  
! i t111 11t tt118 11:irti:tI ( I i tT(~r~nt i :~ l  t:t111:itit)11 tvitli r --= c for :ill n ~ ~ t t i v s .  
11' lf > Ar/c,  o I)cc-onic~s irn:igi~l;iry for stBnrts llrrge n, indicatirig 
c-xl)orrrriti:rl I)I-ti:rvior irl t i~r ie  of thr.Iiiyl~-Tr;~~,~lc~i~.y mocicr. These  
C:LII.*I: the  ~ I ~ I ~ I I ~ ~ U ( I C  ~ I J  i n c r f - ~ ~ c  \\ittlolrt lintit; 1t1u8 t h e  nul~iericsl  
nic.th~,d i u  u~l.<tahle. 

li l Ivbr 1.c~11t o l  the  truv ir::iic: vc.lt)i.i~y. 'I'liis lt,:tqls to  ,11>11vr~it,11. 
I t '  A /  4 0, I I I I *  s~~lu t ior r  : i ~ ) p r o : r c t r ~ ~ ~  tilt, l~e:lt:ivior o f  .Y (li>~.ri-ta, 
i f l t ~ ~ i t i ( ~ : i l  *l~ririgs. In :ill t111, +t :rI~l t~ - ~ I I I I I ~ ~ I I . G  t211t.rgy :I!III  I I I ~ ~ I ~ ~ ~ . I I -  

t I I I I I  ;ireA c~~~:l.-t.rvr*d. 
In 1111: : L I , ~ I I : I ~  j)tty5it,:~l p r o ! ~ ! ~ ~ t ~ i , - .  : i t#.  . : ~ i . ~ l i ~ , r  - . ~ : ~ . ~ i ~ l t ~ r *  I , , , ! I I I I I ~ -  

i~lrrlr Itiirs : L I I ~ ~  i r i a . ~ i l ~ ~ t .  '1'111. - ~ ~ I I ~ I ~ I . . I I ~ ~ ~ * ~  ( 8 1  Q I -  ~ ~ ~ i : i I ~ t : ~ t i ~ ; t ~ l y  ..,- 
[ ~ l : ~ i t ~ : ~ I ~ l t -  in tvrlris of t t ~ t h  1 ~ ~ ~ 1 .  ~ v i o r  f t - ~ i , ~ q l  i11r I I I I *  u111ior111 i~ : i r ,  
\ \ ' I :vr~* t i i t w  i~ :L r:111i -1 I I A I I ~ K  :L t:411i1 ~!I \I~III . .  L:rr. , , : I  t * t Y ~ . t , t  ~ v i ,  -l)rlT,g 



\\'. 1:. Jl~i.xk;.$ Tile prol>11:111 co~~>i t ler (d  i l l  t111, p:qx!r 11e>iIs with 
I I > I >  ~ ~ : ~ I I . { I I I I ~ ~ ~ O I I  11 avcs tilong a Iirlmir \ )n~ly ,  rit her ror~t in i~ou? or 
t;;z<!e 111) ( I T  discrete perts t4;~itic:illy conritr:ted. The  niotion is 
rili~!cctoci to n forcrof resistunr~c.. The continuous c:ve le.rds to rr 
;,:II-!if11 tlifl~~reritial equnt ion of the type 

1vt;rro D is i i isi~Ia~,rt~ient ;.it tirtle f at  dist:rncr, r from one en11, p is 
nl:w per unit length, k drpen t l~  on the spring constntit, and R is 

in hid pnlwr, thr  writer h~ selccteI n simpler problern which i+ 
e:t.~i*<r t o  hnr~lllr. xn(l :iljo fnr \vhirh the correct solution cnn 11,. 
Iourl(l so thn! the irlq~rnsin~rrte results van he ch(-c.kcd. Ti le  
j~rol111~111 is t1ti.q: .-I unit III:WY i3 (lr:~\vn toiv:ir~l ~ h c  origiii by n for(*t; 
c.qu:rl tn four tinies the iiist:rncc frorli thc origin :rntl sul~jc+ct tn s rct- 
si?itine forw of unit 111~~11itude. The ec(u:~tiurla of ~ l ~ o t i o n  for . th i~  
11roI)l~tn :ire 

d l )  -- - = V 
dl 

Z = d V E - - . I D C 1  
dl 

( + i f  V is n~jirrtive; - if Y ir positive!. We tnke A1 = 0.1 and 
stnrt with I)  = 0, V = 1 a t  t = 0. 

.\lethod 1 This is the nlethod u s 4  by the author atrd is bnsed 
olt the equrrtiorls (cf .  Eq~iatians (1)  and [ti] of the paper) 

the mis t ing forre. I n  the sperial r:wr where R = 0 and p ankl k 
Tllc solution using these t~lus t ione is s l~own under .\lethod 1 on :Ire (*otltit.z~~t tllis redt11.c~ to the inniili:ir wavr equntinn, which is 
the nrcomptrnyi~ig cornputstion sheet.. Con~psrison witti the rr:rtlily solved. IIu\r.ever, the  author dais with v,uinl)le p and k 
trueynluc.~ shows fair agr~vrnent for D, but poor n~reertient ior 1'. :aid nonzero resht:tr~c.e. :I C:L.C' for \\.hi(*ti an analytic solution is not 

ol~tainnble. Slethod 2. This is similar in spirit to >lethod 1, I)ut uses the 

111. rcsurt s t hrrc:!urc: to an  npprosi~nste  s o l u t i o ~ ~  by cotlxideririg equations 

tile I ~ d y  :is :i 1r3it1 of clisc.rctr p:irts, for c:rrh of tvtlich ht. sets up D = d + ~ ' A L  
the equ:itic~u ol u~ot i i~l l ,  in this c:we t i t )  o r d i l ~ ~ r y  ~ ( ~ r n r ~ ( I - r ~ r ~ I r r  11 i f -  

1-  = 1, + z &  
icrcritial c.(;r~:i:ior~ i r l  tc.rtlu of time. T11i.u is n stat111:lr11 ~ ~ r ~ ) ~ . e c i u r ~ :  
in 1\11? t~ur~it.rir.:rl tr-ca:i!tuent of 11:irti:rl dilTrrrnti:rI cvlr~:rtions. Ifcrc the crror in L) i~ a111)ut the S ~ L I I ~ ~ ?  BS for .\lethod 1, but V is 

Till. foll,~ivi?l< ~c~IIlIllf!llts df?:~I entirely \\-ith various \va?.Y of eomewh:Lt b(?tter, nlainly because the of the sign change in 
ryipg uut :tie riuinericnl it1tegr:ition of this s y s t e r ~ ~  of ordin:rr~ the rrsistnnce is taken illto acroullt one step rnrlier. 1 . -  h,,. , ~ ; i t ~ o n s .  since time did not permit working out the five ciiffcr- \lethod 3, ~ h i ~  is not a practical computntion:rl mathod hut 

t . t ~ t  ~urbthu~ls of the illustrative exernl>le whicl~ t h r  :iuthor solvr?d is giveti  for illustration, ~h~ are ObtainC(i t)y wing \,oth . - - .- - - 
1 lleacl, Ijrparttnent of lIatl~cmntirs. Qrrgl)n State College, 31''thod 1 hfetllod 2, and then taking the 

t 4 r \  ~ ~ 1 1 9  ( )regon. \lethod 4. This is the practic:il way of carryingout Nethod 3 
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f ;! nctuaily eu ie r  than either l le thod 1 or \letllod 2, nnd gcw- fnr olT the rrsult Iliay be.' jb )  111 uring \lethod 5 we do not need 

.dy giv* llrtter rexulte than eitllcr. The first step is c o n ~ f ) u t ~ d  to worry al~trut tlre statiility of our nunlericnl solutionl For the 
1 I!. 31et)lu~l 1 and by \lethod 2 and the average i~ +,aken. E'ro~n otlrer mcthotls sn  irnproper c t~~ , i ce  of the i ~ ~ t e r v a l  At may cause 

:hrn on tlie computation proceeds 1))' the forn~ula the prorrss to rfivergc. 111 llethoci 5 it is e:uy to see whether the 
procera corlverjics. I:ir~:illy, \I(.tht)d 5 gives n ~ u r h  more acrur:rte 

1 D = 2d - d *  + ;(At)' v:riuc*y of I-, arrtl, nlthoug11 \VP :ue not in tercs td  in V itself, the 
p1ac.c whr.re 1' c*ha~ryc~.u s i ~ n  i.9 vvry i n i l ) ~ r f ~ ~ l t ,  :u we see by coin- / ,here d *  is tile value prececiing d. to  eolflr'ute ' ' = '" p : L r i l l  1 : . I lcnre \, c! rlcse,i t o '  have reaqon],ly 

1 s e  b v e  :rccurate values of V. 

, U = 2(0.28189) - (0.24035) + (-2. I lo) (0.01 ) AUTHOR'S ('LOSI.RE 

I !, oa~ lyu t i r~g  % for tile line where tBt: rip11 of the r * G t m c c  Tile ,dis, :~~~sio~rs by l l r .  llilrre nrr(1 l f r .  1ivi~i11g are imprt4~11t  
, the value of R waa rep1:tctui 11y zero. tllr average of + I  c ~ ~ r ~ t r i b u t i o ~ ~ s  to our k~lowlcdge of this subject. l l r .  1Ieising gives 

4 &ld-1. m:it hc~ni:rtic.:il h n c k g r ~ u ~ r d  that  is not inclutic(1 :it 311 irl my paper. 

4 1 5 .  This is the one e sp ln ind  for first-order clcluat.ions :111(1 tvhich ~ h o u l d  prove valuable to anyone who wishes to irrvelrti- 
f 8 previous work by the writer.' 13ecau.w each line is rechecked sa te  the probleru thoroughly. Dr.  lf i lne propwt.rs certain alterna- 

j i(  uLkw more work than the other niethoda bet  it is much more tire.meLhodr for the purpose of i r icrewin~ nccuraey. 

ucuratc. . Dr. 5Iilne's Xlethods 2, 3, a~r t l  4 are bk*ically itleutiral with my 

; &~~l , )ar iso~r  k i th  the true nolution shows that  l le thod 5 gives metlro~i (which he c:ills l l r thot l  I ) except ill the har~dling of the 
i decidedly better resulta than'anv of the nthcr ~iiethotir, and this is frictiorr:rl force. Thc formula he lwev for 1) in >lethod 4 is n 

bpwially true for the values of V. comhinntion of the two formulay he t l x s  for nly nlethod. This 
! h:fect of sign change in R. At a poi~lt  u.1rc.r~ , I-Irurrges sign, R comhirration can easily he made if it is r c m c ~ ~ ~ b e r e d  that in Dr. 
I & eharlpcs sign and produces a discorlti~iuity i r ~  Z. The ap- \Iilne's notation v = v *  + zAf, and v'At = d - d * ,  where d, v.  and 

proxi~l~ate formulaa wed in the foregoing n~ethods  are lishle to be z indicate valuc?s in time irrtenrnl n - 1, and d *  and v* indicate 
highly ilinccurnte when discontinuitiw occur, and t h i ~  :rror is values in tinle interval n - 2. Dr. lIilr~e'n problem itivolves 

j pro,),ated, rometimca with cumulative effect, far past the point rapid frictional d~lrnping a l~p l i e~ l  directly to the ram. Accurate 
*liere t t i i ~  sign chnngea. Instead of wing formulas for this step i t  resulk on this prohlenl can he obtnined hy Illy ~iiethod by using a 

i i. Iwtter to perform the integrations graphicnlly. By plotting V smaller tinlo i~rterval. 
a6.air~st t we car1 tell approximately where in t h ~  nest  intervnl the Dr .  >li l~le 'r  Slethod 5 use9 x corrc.c*tion formula to check or , value of Y will be zero. .4t this point the magnitude of % changt?s corrtrt:t c~:rcll ~t<:p  in the calculstion, and is designed to give 
I,? tile anlount 2R. Even a ire? rough graph will ~ i v e  :L t)c.tter nccur:rcy apccifically nn problems i~~vu lv ing  the ide:rlizrti condi- 
rstin~atc for the next V and than rlsr of the formulas. This \\.:IS tior1 of yprirrg~ entirely without weight and \c.eigl~b elltirely witlr- 
done in 111-thod 5. out elwticity. My method is suitable for such problems if corn- 

l ' h ~  e~qies t  nlethod is probnhlp lletlrocl 4, :md it is u~un l ly  a130 par:iti\yely high values of + are used, and for problenls involving 
)unIerhat more aecurate than L or 2. The lnort anruinte method prrti:~lly or completely distributed weight and  elasticity if lower 
of those n~entioned here is Method 5. This method h~ci two other vnlrrea of + are used. 
&-tueq: ( a )  I t  containn in itsell a check by which onc ran wtinlate 111 rlocriny i t  may. he well to point out  that  tomional problems 
how liig the error prol)al,ly is. The  other methods do not tell t ~ o w  can be handled in a very sir~lilar 111311ner. - - 

8 Author's reference (7). articles 8. 9. 10:and 1 I .  pp. 24-30, .luthor's reference (7). articles 10 and 11. * 




