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SYMPOSIS
The use of piling for machine foundations can add flexibility for the
designer, help solve special problems, and possibly reduce costs. A very

complete method of analysis is presented with great flexibility in options

. available as well as a catalogue of very accurate pile models. A design

for a power plant using the method is related as an example.
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INTRODUCTION

Foundation Characteristics

Many machine foundations are a concrete block of massive proportioné
and may be assumed rigid for analysis and design. It follows that the
foundation may be accurately modeled as a discrete mass with six degrees ..
of freedom, three translational and three rotational, with respect to
orthogonal coordinates, usually aligned pa;allel to some convenient axis
of the foundation. The parameters of the dynamic system are thus inertial
or mass, damping, stiffness and forcing function as determined by the type
of machine and the nature of its operatiom.

Although mechanical adjustments, operating procedures, period of
operation, or some other machine parameter may be altered to imérove
characteristics of the foundation-machine assemblage for better perform-
ance, the properties of the operating machine are usually accepted as
specified parameters of the design.

Thé parameters of enefgy diséipation mechanisms in the foundation,
usually modeled as viscous damping, may be estimated or evaluated for the
system for analysis. For some types of analyses an estimate of damping is
rgquired, for others damping may be neglected. In addition to the usual
meéhanisms of damping in structures, the dominant contribution is from
soil-structure interaction. Although energy dissipators may be installed,
damping is not usually considered as a design variable but rather as a
factor in the analysis resulting from other design variables.

Mass and geometry determine the inertial terms in the dynamics
equations. An initial layout of‘the machine, with consideration of a

dynamic load factor or addition to the static force for estimation of
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loads under operating conditions, allows calculation of bearing pressure
for preliminary computations. These pressures are usually assumed uncoup-

led and separately estimated for vertical and rocking components, sliding

and torsional motions would be considered at a later stage in the design.

Thus, allowéble soil bearing pressure would determine the geometry, and to
some extent, the mass. Refinement of the computations may require adjust=-
ment in geométry but tﬁe layout would, in the ﬁéin, be considered fixed.
The foundation may be varied in thickness and pockets may be left within
the block to édjust for mass and mass moment of inertia. This may be
considered the prime design variablé, that 1s, the most well understood
and easily vafied parameter in the system. Thié is especially true since
the foundation may later be '"tuned" or its frequency adjusted by adding
mass by pouring concréce into the pockets.

If the foundation has no biling, the ratio of load to deflection in
each of the six degrees of freedom may be computed from soil and bearing
area data. There are a variety of suggestions or theories for this compu-
tation in addition to experimental or field measurements. These '"spring
constants' or uncoupléd stiffness céefficients, are usually the best
approximation to a linear stiffness. The models used in the computation
vary from simplistic to extremely sophisticated, with the best for use in
design, given due consideration for the variability and usual lack of
sufficient data or low confidence levellin information, being somewhere
in between. As research and field data increase and improve, however, more
sophisticated models will become more practical. The féundation»stiffness,-
similar t; damping, is evaluated for analysis but not usually'considere&

as a design variable.
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The machine foundation designér then may adjusp damping or stiffness
with limits, but mainly works with geometry and mass, which are coupled,
within the c§nstraints of the soil base on site or as altered or fi;led.
Computations are further complicated by mass coupling or virtual mass.
This is some portion of the soil which acts in concert witﬁ the concrete
block as an apparent added mass. Estimation of this variable places mass
in the same category as damping andJstiffness as values requifing a "best

estimate" for design. These methods have been well outlined by Richartl.

Pile Foundations

Introdﬁction,of piling in tﬁe foundation system will affect démping,~
mass and stiffnessz.' In addition, stiffness becomes a quantifiable design
variable. The nét result is that the designer has better control over at
least one more variable, stiffness, perhaps a more accurate but certainly
different model for computation of added mass, and may often use a less
massive foundation. Reinforced concrete piling are quite competent for
axial loads énd in flexufe to take lateral components and are most resis-
tant to the many deleterious elements in the éir—soil—water interactive
zone. In addition, concrete piles can be cast to any cross-section and
length desired; precast or poured in place; prismatic, stepped or tapered;
reinforced or prestressed; spliced or cut; and designed as drilled caiésons

or utilizing standard production model driven piles. The reinforced con-

‘crete cap forms a rigid joint with the pile and since the bearing capacity

of the single pile determines load capacity, the size of the foundation or
cap 1s controlled by type of pile, plle diameter, pile spacing, and number
and pattern of piles. The design of the cap itself varies only slightly,

the reactive forces being concentrated at the pile locations rather than
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distributed. The édded_mass of soil may be approximated as some percentage
of that enclosed by the pille patterﬁ above the first inflection point of
the piles, probably between 30% and less than 50% . Estimation of damping
is no more concise thaﬁ the previous case and is primarily dge to energy
dissipated in pile-soil interaction. ‘Although the foundation may be cast
in contact with soil, uniesé the designer has .reason to differ, it is
assumed that resistance to lateral.displacement, sliding or torsion, will
be provided solely by piles. Thus frictional contact is deemed. negligible.
In éddition, the pile cap ﬁay be cast on poor bearihg‘soils or elevated as
a platform. Thus the method of analysis presented has a wide range of
applicability, frqm competent terrain to offshore sites, and for any type

of machinery.

THEORY

The undamped free vibrations are expressed by the equations of motion

in 6 kinematic degrees of freedom

(4 {8} + [s1{a} = {0} o )
where the 6 Ai are linear displacements corresponding to the‘coordinates
shown in Fig. 1, 3 translational ana 3 rotational small amplitudes, Ki
indicates differentiation with respect to time and are the acceleration
components, the components of the diagonal mass matrix are mass and mass
moment of inertia correspoﬁding to translational and rotationmal degrees of
freedom, and [S] is the stiffness matrix. The concern here is primarily
with ﬁhé stiffness matrix. Once Eq. 1 is formed the six frequencies wy

and mode shapes {¢}i may be determined with the quite useful and valid

assumption that damping may be taken in a form where it is a function of
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"equal in each mode and modestly estimated at about 107 for fully embedded

M] énd/or [Si, see discussion in Reference 3.

If daﬁpiﬂg is desired toAbe included in computations, a percentage of
critical damping in a viscoué model in each>mode may then be assumed,
assessed, or measured and in thisbform is much more useful aﬁd_understand-
able. In the absence of better data, damping qould probably be assumed
piles, less for platférms. If the circular frequéncy in mode i is desig-
nated wy and the percentage of critical as a decimal Ei the damping'
coefficient in mode i ié 2 51‘&; this may later be converted to‘the‘damp-
ing force in modé i or viscous damping coefficients to be added as a damp-
ing force to Eq. 1, see.Reference 4 for a computational methed for damping

as well as a method of modal numerical integration.

Stiffness

The stiffness matrix is a property of the structure. A coefficient

Sij may be defined as the force at i due to a unit displacement at j with

all other displacements being zero. The subscripts 1 and j refer to the
kinematic degrees of freedom, which coincide with the coordinate system in

S15 is a force in the direction of axis Ul due to a unit

rotation A5 = 1, which is about the U

Fig. 1. Thus,

, axis. Further, the coefficients 8,5

in column 5 of the stiffness matrix are the complete set of forces caused

]

by the A5 1 with all other Ai - 0. The units of the Sij arglmixed,
force per unit translation (kN/mm or 1lb/in.), force per unit_rotation
(kN/rad), momeﬁt per unit translation (kN-mm/mm) or moment per unit
rotation (kN-mm/rad). The inverse of the stiffness matrix is a flexibil-

ity matrix [D] = [S]-l where 1ts coefficients di ‘are the displacements

3

at i due to a unit force at j with all other forces being zero. These




coefficients may be determined more easily by testing; thus 1f a force were
applied to a pile foundation in one of the coordinate directions, say along

A the 6 components of displacement may be measured and divided by the

l’
magnitude of the force applied to form the first column or vector {d}l

of the flexibility matrix. If any force or load component were graphed

versus a convenient component of displacement for changing increments of

. load during the test, the resulting curve would probably not be linear or

elastic, thus the slope d would not appear to be a constant quantity.

1]
Since the analysis is most easily and reasonably performed with the assump-
tion of a linear elastic system, that ;s the cofficients Sij or dij being
constants, it is necessary to make assumptions to simplify the system.

For the coefficiehts obtained by.test, for example, it would be possible

to cycle the load in the neighborhood of magnitude eventually expected and

to use the resulting graph to obtain a secant modulus.

The stiffness of the foundation is a function of all components;

'soil properties, rigidity of the cap, and properties of each pile, and

their configuration as a group. The foundation stiffness is, in fact, the
sum 6f the stiffnésses of all its components and since the cap is assumed
to be rigid, it is the sum of thg stiffness contributions of each pile
interactipg with the soil. The stiffness of eacﬁ pile then, in directious
pafallel to the kinematic degrees of freedom of the fouﬁdation, is needed.
Thus

(8] =
k

W3

) [s']k = [s']l + [s']2+ ...+[s']n (2)

where [S']k is the stiffness of pile k of n-piles in the foundation '~

coordinates



Pile Stiffness

The pile stiffness 1is first determined in coordinages local to the
pile. ‘Exteqsive use of Reference 2 is useful to this section. With origin
at the centroid of area at the pile head, these are formed by the longitu-
dinal axis and the principal axes in bending. 'Subsequently, the pile stiff-
ness is transformed twice, once in rotation parallel to the axis of the .

foundation stiffness, and secondly to account for the pile position in the

foundation with respect to a coordinate center of the foundation axes.

The pile stiffness may be expressed in the relationship
(R} = B Gy | 3

where the bij relate forces Fi to displacements,xjé The coordinate system
is a triad similar to that used in Fig. 1. The form of [b]k is a sparse

ma;rix, the diagonal elements and b2& = b42 and b15 = b51 being the
only nonzero although these too may be zero depending on boundary or end

conditions. Determination of the coefficients of [b] follows later.

The transformations necessary are
' - f T T ) -
51, = lel [l B], @l )] | W

where the rotation transformation matrix [a], and the translation trans-

k
formation matrix [c]k are available? Since all 3 matrices are sparce,
they have been multiplied and presented in Appendix 1 so that the coeffi-
clents Sij may be determined if desired by calculator or minicomputer.

Note that many terms become zero if pilles are vertical, are symmetric—

(Ix = Iy), or the end condition pinned,of free to rotate.
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The components of [b]-l may be deﬁermined experimentally by load tests
as discuésed earlier in terms of the foundation stiffneés. Although
exﬁensive and only true for that pile under site condifions present.at the
time 'of the test, the results are tangible and do mot require asqumptionsb
or hypotheses pf modeling. Modeling, however, is the basic tool of analysis
and necessary for design. With sufficient confidence in a particular model
various pile types and configurations may be tried with only the cost of
analysis., .Models may be too simple so tha; results are doubtful and assump-
tions simply not up to the state of the'art. Conversely, sophiétication
possible in research is academic; for practical design models have to be
able to utilize normal data obtained from soil borings and surveys. As a
function of risk and cost, this data could range from very limited to ex-v

tensive. The same arguments apply to field and laboratory soil property

tests. Most machines requiring consideration of dynamics in the design of

‘their foundations would be of sufficient importance to warrant at least a

boring and some tests. The primary element utilized in the various models
presented herein isva linear constant in the relationship between average
lateral bearing pressure and deflection, the "beam on a spring foundation"
concept. This vaiue may be assumed constant over the length of the pile

or constant over an increment of depth or layer. Otherwise, it may be
assumed to increase linearly with depth. It is felt that values of this
constant, the modulus of subgrade reaction, may be reasonably estimated

or measured at present. In additiom, progress is being made in improving
correlations with test data and other types of "soil modulus' concepts

to eventually make it even more reasonable to use this basis for modeling
and with an ever better confidence level. Determination of soil properties,
especially over a period of time, appears to be the major deterent to a

higher confidence level or the use of any greater sophistication. Field
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tests correlated with soil data will certainly provide the best data
eventually. Finally, strength parametérs are not sensitive to variation
in soil modulus but displacement parameters are; thus the designer can
be confident in a fdrce éarameter on a pile with an estimated soil modulus
but the corresponding deflection may be considérably off. Ihis means that
improved soil data is needed for-dynamic computations.

The models presented are of 2 classes; a semi-infinite pile or a
finite pile. The semi-infinité nodels may be used whenever either para-

neter BL or YL>T, where

84 and wS - 2 ' : (5)

in which kS is the modulus of subgréde'reaction in units of pressure per

unit displacement, i.e., lb/in.3 or kN/mmS, and ks = nz when the subgrade

" modulus increases linearly with depth; L is the embedded length of the pile,

EI the flexural rigidity of the pile as a beém, and D is the projected
width of the pile. There are 2 values of the parameters 8 and Y for each
pile, one with respect to each principal axis. Validity for use of the
semi~infinite model is because of the damped wave form of the elastic
curve of the pile which shows that if the pile extends beyond the first
wave deflection and all other stress resultants in flexure essentially be-
come negligible. Formulas for coefficientsvfor 4 cases are given in Table
1 where there is a distinction made between a semi~infinite media and a
pile extending as a cantilever length & above the semi-infinite media.
Subscripts 1 are adjusted to correspond to the direction or axis of behding
g0 each entry corresponds to two different coefficlents unless the pile has

the same properties Ii and Di with respect to both principal axis. In
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‘Table 1 Nonzero Coefficients for Semi-Infinite Piles in Flexure

o b,, & ‘ b, **
Model 11 b22 . | b44 & b55 | b15 & b24
A. Single Layer
1. Beam on a* (l+6)KiBi GKi §K B
Constant Spring i i
Fdn. =
dn where K 281EIi
© 2. Beam on a Linearly (0.42740.6728)) b2 1.5038A SX W
i i"1 i 174
Increasing Spring
. A=
Fdn . whxe iEHwi
B. Two Layer (R is the unsupported length of cantilever)
1. Cantilever _ 2 2 2.9 .
Adjoining Model Al 3[1+6(1+2B 2)]8 i i 6(3+68 l+68 Q 36(l+ZBiﬂ+Bil )SiKigi
+2B 393 )Ki .
_ 2,2 3,3, cn4pb
where ti_— l/[3+6811+6812 +(1+5)2812 +6812 ]
2. Cantilever 3(1+38) [y, +6(1.6864+Y, L . 48(6.918+9.204Y % 66(3.068+3.732y 2
i i i i
Adjoining Model A2 2 22 313 929
' -by Y1A $YiPy +5.058y 47+ 8 YA Py +¢ 25X wip,

where Py =1/(18.4178+ 148 (&~ 1)][6 918(1+36)w +9. 204(l+5)w 241. 686(3+5)w L +w12 D)

‘Subscripts 1 must be adjusted for the direction or axis of bending. For the fixed condition §=1 and for
the pinned end 6=0.
*k

The form of b is always the same as the form for b15 but negative. The values may not be the same

24
however since wl# ¢2 or Bl-# 82 unless piles have Ix = Iy and Dx = Dy.

T
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addition, the coefficients bl5 and b24 have the same form butvb24

negative and, although having the same formula, they are only equal when

is always

Bl = 32 or wi = wz. The 2-layer case is useful to account for a weak sﬁrf
face situation or for an elevated foundation such as a platform. The canti-
lever beam model for a singie layer has been omitted since it is derived
using a second unnecessary level of approximation. It can be easily used '

i1f desired.

Finite Length Pile or Layered Soil

When BL or YL < 7 or the soil;pile system must be modeled in layers
because of varying properties of soil strata, nonlinearities in the soil
modylus, or the pile is noﬁprismatic, a finite length beam on a spring
foundation model may be used. There may be a l;rge'number of layers, but
in each segment the pile is assumed to be'prisﬁatic gnd the soil'to have
a constant modulus of subgrade reaction which may be zero as a lower bound.
There is no restriction on the ordering of layers, thus softer strata nay
underlay stiffer soils. The fourth order differential equation of a pris-
matic beam on a spring foundation may be solved with 8 undetermined
coefficients whose values are determined by stress resultants at the
jointsj. This results in an 8 by 8 member stiffness matrix [K]k for seg-
ment k as shown in Appendix 2, where the local kinématic degrees of fregdom
are as shown in Fig; 2,

To obtain the stiffness matrix [b]k as used in Eq. 4 the N by N
stiffness matrix for the pile of M finite segments, as shown in Fig. 3,
is first formed by adding the stiffness of each segment [K]k adjusting
the kinematic degree of freedom numbers to coincide with thé global ..
numbers of Fig. 3. The resulting N by N stiffness matrix [K]vis partitioned

to isolate the 4 by 4 matrix coinciding with kinematic degree of freedom

%



13

numbers 1 through 4, i.e., the surface or top end degrees of freedom, and

then condensgd to obtain a 4 by 4 matrix [bf]k which coincides with the
flexural degrees of freedom in [b]k. The [b]k matrix is then formed by
adding rows and columns with the axial and ;orsional coefficients, which are
assumed to be uncoupled. Including éxial and torsional degrees of freedom

in the member of Fig. 2 and the pile‘of Fig. 3 could be easily done but H;s
been omitted since it would increase the member degrees of freedom t§ 12

with a corresponding increase in fhe global degrees of freedom of 507 and,

in addition, these actions ére uncoupled and can be superimposed. Condensa-
tibn can be accomplished by Gaussian Elimination, which 1s preferred in

computer programming or by matrix condensation where the partitioned N by

N stiffness matrix is written.

bfflb x F

l fg f £l
IR B DR (el B (6)
bl ob x| |o
g | 88 K g K K
and therefore
b1, = (., -b, b "b ] ' (7
'k ff “fg gg gf'k

Utilizing any of the several models or from test data the pile stiff-
ness '[b]k is obtained and through use of Eqs. 4 and 2 the stiffness [S] of

the foundation.

ANALYSIS

Design of a pile foundation comnsists of iterative changes and analyses

of a preliminary arrangement of piles. Pile type, length, number, spacing,
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plan angle, and batter angle are all design variables. The vertical

componen; takes precedence because of soil bearing and magnitude of load
and helps set the number, type and spacing of piling. Greater spacing

is preferred since there 1s less superposition of soil stresses at depth
and potential settlement. Improvement in lateral stiffness mav frequently
be an objective and is p;imarily influenced by batter anglevY although
increasing the flexural rigidity EI.and/or projected width D of the piles
helps.  Rigidly connecting the pile to the foundation also results in a
marked increase in stiffness when compared with a hinged comnection. Thus
iterative analyses with considered improvements is the design methodology.

This can best be accomplished thfough use of a computer program.*

EXAMPLE

A foundation design was required for the Municipal Power Plant at
Larned, Kansas, located in the flbodplain of the Arkansas River. The
decision was made to use piling as the best éolution to a problem brought
aboﬁt by a poorly compacted‘deep silt soil condition and a fluctuating
water table. The instdllation provides for flooding. Data concerning

the installation are given in Table 2 and Figs. 4 and 5. Use of piling

improved bearing éapacity and provided lateral stiffness.

The soil conditions at the powér vlant site consisted of a silty cléy
to a depth of about 10 feet underlain by fine sand. Insufficient informa-
tion was provided to determine the modulus of subgrade reaction and so

estimates were made. Although several soil-pile interaction models were

A program of about 600 TFORTRAN statements was written for complete
analysis of a general plle foundation allowing a choice of 5 pile models
allowing computation of stiffness and for any kind of loading. Forces
and deflections of individual piling are obtained.
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Table 2. TFoundation Data for Example Problem

Manufacturer Colt Industries, Fairbanks Morse Engine Division, Beloit

Wisconsin.

Model & Engine Data Colt-Pielstick PC-2 18 cylinder V dual fuel diesel

9000 hp. operating at 514 rpm. See photograph, Fig. 4.

Dimensions and Weight (see Fig. 5)

Item

o>

O 0O w

Mass

mass

8011

Dimensions
| Description Weight X Y z
Engine 192.7 k320" go" 80"
Alternator . 77.0 50 100 100
Exciter ‘ 5.7 - 20 120 30
Foundation 704.5 544 132 ‘129

In phase soil - 274.3 544 132 60

Engine Unit & Foundation Engine Unit, Fdn. & 5' of soil

30.5 k-secz/ft '39.0
1230 k-ftésec2 ' 2100
5250 - _ 7560
4600 6220

Poorly consolidated; silty clay to about 10 ft underlain by a fine
sand with a fluctuating water level. Soil data poor and 1t was

therefore assumed that ks(k51) =4 0.001z where z is in ft.
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Table 2 (cont.)

(»\,> ' | -b C ‘ 'Eat\

Computed Frequencies (radians/sec)

a) Engine Unit & Foundation

pile batter 83 fz_' Y2z fgg_ EXZ 85
Vertical 24.0 24.0 27.2 77.9° 159.8 161.7
5 : 26.0 28.1  35.9 79.3 157.5 159.5
4 26.8 28.7 39.7. 80.4 156.3 158.3
3 28.1 29.5 46.3 82.7 153.8 . 155.9
2 30.2 31.2 59.5 88.4 147.4 149.8
b) Engine Unit, Foundation & 5' of Soil
Vertical 21.3 . 21.6 23.5 64.5 136.6 143.0
5 23.0 24.7 31.1 65.9 134.6 141.0
b4 23.7 25.2 34.3 67.1 133.6 139.9
3 24.9 25.7 40.1 69.4 131.4 137.8
O 2 25.9  27.6  51.5  75.2  126.0  132.4
24412 BP 53 piles of 30 to 35 ft were driven to a computed
capacity of 70 to 90 kips in 3 rows. Piles in the perimeter were battered
alternately at 1 to 3 or 1 to 4. Computations herein are based on an earlier
trial with 33 piles in 3 rows with all perimeter piles battered, those
at the corners at 45°. The piles in the study are 10" XS ¢ pipe spaced
at 50" in the longitudinal direction and the rows 46" apart, all dimensions
center~to-center -of piles.
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examined the one used in this report is an assumed parabolic increase

with depth from zero at the base of the foundation. Such a variation seems
reasonable because it attributes a low stiffness to the relatively uncon-
fined surface layers and an increasing stiffness in the.underlying sand.
Broms6 suggests that the dynamic modulus be taken as a fraction of the

soil reaction modulus for static loading, recognizing the softening effec;
of repetitive loading of the soil..

Mass included the machine and foundation block with all appurtenances
and pockets; Computations for frequency were made with and without adaed
soil‘mass. Since the inflection point for the fixed-head pile is at roughly
3/g depth, about a third or 60 in. of this was used to compute added mass.
The resulting lower frequencies with added mass are given in Table 2. Thg

end or boundary condition of a fixed-head is obvious with a steel pile

embedded in concrete. If the pile were hinged, that 1is, resistance to

moment negligible, the stiffness and therefore frequency would be consider-

ably decreased, ip the example by a third to over a half.

Batter, or the slope of the pile as a ratio of vertical to.hofizontal
projection, h, where h = coty, directly affects stiffness and therefore
frequency. In Table 2 the results of trials'wi:h 4 different batter slopes
and vertical are reported. The reported frequencies correspond to modes
denoted by subscripts, the single subscript being translational in the
direction indicated and as shown invFig. 5 and the rotationmal by double
subscripts about the axes indicated. Since the system ié not symmetric,
the center of mass does not coincide with the geometric centroid of the
pile group, or center of stiffness, there is coupling in theumodes not

indicated in Table 2. This was most noticeable in the rotational modes
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about the horizontal axes, W o and wyy’ where translational and torsional
components were also present. g
The'2 translational modes in the horizontal plane, wx and wy, and thg
torsional mode, W, all rely on lateral stiffness. There is glso a strong
element of this in the rotational mode, wxx’ because of coqpling. When all
plling are vertical this stiffness is supplied solely by the flexural rigidity
of the piles} As the batter angle vy is incfeased the component of axial
rigidity of the pile participating.in the horizontal plane or adding to
lateral stiffness increases, adding to the flexural contribution and
therefore iﬁcreasing the frequency in these modes. There is a corresponding
decrease in frequency in modes, wyy and w, relying on pile a#ial stiffness.
Computétions were made using the computer program referred to earlier
to obtain stiffness and another program7 to compute frequencies and modes.
Values of pile forces under operating conditions were evaluated. Due to
steady state operating conditions damping was not considered since resonance

was avoided and dynamic forces were slightly overestimated or on the safe

side. The installation has been operating since 1976.

CONCLUSTONS

Utilization of piling in machine foundations is shéwn to provide
more flexibility to the designer and quite possibly result in a more
economical design for some cases. It can also provide a solutionAto
some difficult foundation problems. The key for useful utilization is a
complete analysis method which provides for a ehoice of practical models
for simuiating the lateral resistance of piles as well as théir axial and
torsional behaviorf The formul;tion 1s very general allowiné.locatiég

of the pile heads at different elevations, any spacing, plane angle, or
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batter of pilés, or a mixture of pile types or models. Solution of
Eq. 1 yields frequencies which may be sufficient data for a steady state
operating machine such as the example. Numerical integration may be’

necessary in other cases, but the required parameters are provided.
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“Appendix 1

Formulas for Stiffness Influence Coefficients

Formulas are givgn for single piles. Stiffness coefficient Sij =»S§r
by reciprocity and functiop Bi are defined for convenience as followsé’
Bl = bll coszy - b22 + b33 sinzy‘
B2 = (bli—b33) sin¥y cosy
B3 = (b15+b24) casY sina cosa
B4 =y sina - u, cosQ
B5 = bll sinZY‘+ b33 coszy
B6v= b44 coszwk-b55 + b66 sinzy
B7 = u, (b22+Bl cosza)
B8_= u, (b22+ Bl'Sinza)
'B9 = Bl u3 sina cosa
BlO = Bl cosa
Bll = B2 cosa
B12 = 31 sing
Bl3 = B2 sina-
B14 = (b15 cosza—b24 sina)cosa
B by sin®
B., = (b sinza -b cosza)cosy
16 15 24
Bl7 = u; b22 - b24 siny cosa

B = sina cosq

18
Blg = (b44 - b66) siny cosy
Thus,
Si, =

11 B10 gosa + b

]
512 7 By Byg
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1
S14
515

1
516

'.
S44
S'

LI
S46

1
555

Ss6

1
S66

13

21

Uy By T By 7 By

u, B + B, + B

1711 7 14

34 BlO - u2b22 + b24 sinY sinC

B sina + b

u ,B_ + u,B sina

2°5 T U3Py3 T Bys

-ulB5 - uBBll»— B15 cosq

-B, B

cosza+b +u, (2u. B, +B _+2B

B_+2u.B sina+B6 5575 B13Bg 16

2
275 772715

-ulu235+86318-515(ul sina + 4, cosa)—uB(uzBll+ulBl3+u3BlBlg+283)

u2(83-32 BA) - “1316'319 cosa - u3(B12 B,+B..)

u

)

4 717

2 2 '
uBg#+Bo sin"atb o +2u B, cosatu, (B, +2u, B, +2B,) )

ul(B2 B4+B3)-—B19 sina——u2814+u3[siny(ulBlcosy+b24 sina)—uz(BlO cosa+b33)]
B BZ+( 2+u2)b -2b,, (u + u,sina)siny+(b, , -b )sin27+b
15T 8T 0 pp74by, (g cosat v, YHb, 4 Pes 66

Where Ui(ul’uZ’UB) are the coordinates of the pile top in the foundation,

ai is the angle to the directiom of batter measured clockwise in plan

from the Ul akis and Yi is the angle of batter from the vertical in the

plane of batter.



where,

Appendix 2
Stiffness Matrix for a Pile Segment

Refer to Fig. .2

1 2 3 4 5 7
1 i T3 0 0 T5 T4 0 0
y y y
2 0 T3 -T5 0 0 T4 T6
X : x
3 0 -T5 T1 0 0 ~T6 T2
X x x
41 15 o - 0 ‘Tl T6 0 0
y y y
5| T4 0 0 T6 T3 0 0
y y y
6 0 T4 -T6 0 0 T3 TS5
pd x
7 0 T6 T2 0 0 TS Tl
pd X _ X
8 | -T6 0 0 -T2 -T5 0 0
y y y

T1, = (C'S' - CS)«q
T2i = (C'S - CS')kq )
T3, = 2(CS + C'S")kB g
T4 = 2(C'S + CS')KB2q
15, = (5'% + s%)k8q
Téi = 2S8S'xBq
q = 1/(s'2~sz)
C = cosBL

S = sinfL
C' = cosh 8L
S' = sinh BL

K = 28EI
B = kSD/(AEI)

Tl

1<




‘AS
Lo
. f/////
A ;.\ v & U
! &TA )
4
AS
AG
U, "
\
U3
Figure 1. Coordinate System Ui and Kinematic Degrees of

Freedom Ai.

1oy —637’/ T

7
S Y. B A
628*

Figure 2. Segment k of Pile. Kinematic Degrees of
Freedom are Local.
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Figure 3. Model of Pile of M Finite Segments
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NOTES ON PILE STIFFNESS
1. H.G. Poulos: [see "Load-Settlement Prediction for Piles

and Piers", H.G. Poulos, ASCE Journal SM9, Sept. 72,

PP.

as

879-895]. Based on theory of elasticity, formulation

a rigid body in a semi-infinite mass, extended for com-~

pressible pile, later for nohhomogeneous.soil. Used to

predict load~settlement curve to failure

In

GQ

P. E.d

b = Xt = _S below "yield"
33 pyi I

= modulus of elasticity of soil

= pile diameter

= pile settttlement influence factor

= IleRth where each variable is obtained from a
prepared curve.

a latef‘paper ["Settlement of Pile Foundations," by H.

Poulos Numerical Methods in Geotechnical Engineering, ed.

C.S. Desai & J. T. Christian, McGraw-Hill, 1977, pp. 326-363],

Poulos gives'b33 in a different form

- P _
Pyz = 5= T

where L is pile length, Es the soil modulus, and Ip an

influence settlement factor. See Fig. 10.6 of paper (p. 347)

for chart to determine IP(K' L/D) for a floating pile.

There are other charts for corrections for end bearing,

group action, etc.

M.

M.

Novak: [see "Dynamic Stiffness and Damping of Piles"

Novak,_Can. Geotech. J., Vol. 11, 1974, pp. 574-598].

Based on a model which assumes soil to be composed of



Notes on Pile Stiffness

indepéndent infinitesimally thin horizontal layers that
extend to infinity, a generalized beam-on-spring-foundation
model. Pile may be short but is assumed hinged at tip,'

i.e., tip does not move vertically

b= P Fig My
33 —_— £ £ = ,
r, 18,1 : 18,1 _27ro
where Ep = modulus of elasticity of pile
A’ = area of pile
r, = radius of pile

Hh
|

@

18,1 = fl8,l (Vs/vc, l/ro) are given in Fig. 9 of paper

Ve =7YG/p = shear wave velocity of soil

G = shear modulus of elasticity of soil

lb-sec2

ged

P g = mass density of soil (e.g.,

v =-~}EP/Dp = longitudinal wave velocity in pile
P = mass density of pile

FlS(A) = A cotan A = FlB(A)l + i FlB(A)Z' a

complex funqtion F18(A)l is the real part

- 1 2 e
‘A-— 2}/73?\'[“‘” - GSml i(c w +Gsw2)]

inwhich w = excitation frequency

U mass of pile per unit length
¢ = coef. of pile internal damping

Sml'& Sm2 are Bessel functlons

E_A

| inzG |
For static conditions w = 0 leads to A = L-ﬁ—
‘ P

r

- O .
flS,l = -1 A coth A




Notes on Pile Stiffness

3. A.S. Vesic [see "Design of Pile Foundatins", A.S. Vesié,

TRB Synthesis #42, 1977 (pp. 22-43 for material of interest

here)].
Xq= ws-prp wps
where
_ _ L deformation of pile
Ys -'(Qp + ast)K”f_
: P
qu C.0Q pile point settlement due to
wpp = 53— Ipp = -%as point load
fB C.Q pile point settlement due to
' = .57 = 5.8 shear :
*
ps ES . bs Da,
,Qp = point load = BQt
Qs = shear load = (l-B)Qt
Qp+QS = Qt = axial load on pile
'as = as(diam., distribution of skin friction)
%5'<as < 2/3 (approx.) use as = 1/2 for uniform skin }

friction & prismatic pile.
L,A ,Ep‘= pile properties
& I are influence coefs. from theory of elasticity

(see Poulos).

B = diam. of pile
D = embedded length of pile
E*=ES/(l-v§) = plane strain modulus of elasticty of soil,
v, = Poisson's ratio
qp = net pressure on pile point
f; = average shear on pile surfacé (skin ffiction)

Cp&Cs are empirical coefficients
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where Cp comes from Table 6 and

. Iy sl
C, = (0.93 + 0.16-D/B <,

dg = ultimate point resistance.

. Therefore,
EL_ = (B + 0 (1-8)] AL +'Cp8 + Cs(l—s}
33 PP Bgo qu
4. M.F. Randolph & C.P. Wroth: [see "Analysis of Deformation

of Vertically‘Loaded Piles," M.F. Randolph & C.P. Wroth,
ASCE Jrl. GT1l2, Dec. 1978, pp. 1465-1487]. An approximate

analytic expression.

Tt 4 2 2 tanh{(ul) [
b = -—— = G,r [—————- + ——p S I L 4
33 " @, T S [ATw T EP T, Tl J
4 1 tanh(ulﬂ_l

L
n(l=v) wA_ro pl ]

where

£ ='ln(rm/ro) = 1ln [2.5(£/ro)p(l-v)]

we =\ 2/(8N(8/x )
o = G(4/2)/G(%) (ratio of G at midheight to G at tip)
n=1 |

G = soil modulus
r, = pile radius

V = Poisson's ratio of soil
A= Ep/Gs

2 = pile length, Ep = pile modulus
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‘f\ ) - 5. Examples:
| Given: Pile; Solid cylinder, concrete, Ep = 3000 ksi, L = 25 ft,

D

1 ft. soil; loose sand, ES = 3.5 ksi, v = 0.4;

I

Y = 110 pcf, uniform.
(a) Poulos.

L/d = 25 = Fig..l == I, = 0.075

l .
Kk = Pp = 3000 4, Solid pile, R. = 1
- E, A 3.5 A Y
=860  Fig. 3 = R_= 1.2

k

= 1 for pile in a semi-infinite mass

R, = 1 for a uniform soil
I = L3RR Ry = 0.075(1.2) (1) (1) =0.09
Ratio of load carried by base not needed
o here, used
<l B =8,CC = 0.057(0.92) (1) = 0.0525 later
| 17k™b . :
Bl == Fig. 2 , C, = Fig. 4

E d
- s _ 3.5(12) _ .
b33 T = 009 - 467k/in.
o a EsP 3. 5x25x12
or, using Fig. 10+-6 of 2~ paper: b33 = = '2 > =
. p .
~477k/in.
(b) Novak.
: 2
25 : 110 lb-sec
2 = ee— = = e—
/rO —= 50 _ Pq 53 3.4161 e
_ 145 _ "
Dp = 335 = 4.5031
"E
_ s = 3.5 _ .
-G = 51147 53 1.25 ksi
_ G
¥s =V 5o
s
h S 1.25(1000) (144)

304161 = 230 ft/sec = 2755 ln/sec»
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000 lOOO 144) _ ) —_
Vo 1/ T 5031 = 9795 ft/sec ®J
v
s _ 230 _
T = 59985 0.0234
c _
‘Flg. 9 = f18,l =..025
. E A E 2
= _P_ - 3000 (m) (6)" - .
b33 = le,l _ z (.025) 1414 k/in

or, Au L'JZWr S - 25x124 1.25(4m)6 _ 5, A coth A = 5.00045

Eph 3000(M)6
EAFig EA 5E_A
by3 = FN 75 A T B —f~ = 5654 k/in.

(c) Vesid.
from p 5 g = 0.0525; from Eqg. 15 Randolph & Wroth

o = [1 4 mn(-v) g;]“l
2¢ I,

+

| @;‘,

£ = 1n[2.5(§-)p(1—v)] = 1n[2.5(50) (1) (.6)] = 4.32

o
-1 :
A = m(1) (.6) -
B = [1 + m)—(SO)] = 0.084
thus, 0.05 < B8 <0.08 , will use B = 0.08

9, = CNC + qv\"Nq O(Nc) + .11(25) (20) qust. e 20

55 k/£t% = .382 k/in?

Table 6 = C, = 0.04 ‘ « for sand = 2/3
= 25’ _
Cg = (0.93 + 0.16+/=3F) 0.04 = 0.069
| | LGB G508 -t
b33 =[(B+us(l-8)) qu + 5
' -1
2 2.5(12) 0.04(.08) 0.069(1-.08)}
= [(.08 + %(1-.08)) + +
E 3 . 2(3000) 12(.382{ 25(1%)(.382)1
= 536 k/in.
(d) Randolph & Wroth %

E
£ = 4.32 (see above) A= aﬁ- =138 < 2400
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ut ‘Wng r_ 1/4 30(2400) (50) = 694

~tanh(uf) = 0.6010

o
|

33 = L 25(6)[.6 MR TEIVELP 0 Jt e (2400)( 594
503 k/in.

27 (1) (50) (.6010)][; , 4_ 1(50) (. 6010):}“1
)

i

(e) Summary

. _ . AE, _ 3000(ﬂ6 L

P33 = k(5P = —Zqrzy kL = 1131 kg
Method b33 kL
Poulos 467-477 k/in. 0.41-0.42
Novak * , 1414-5654 1.25-5.00
Vesic 536 0.47
Ran & Wr 503 0.44
Saul(68)* 1131 - 1.00

*Both in error, assumes no pile tip displacement.

II. Torsion

l. M.W. O'Neill: (see Discussion in ASCE ST2 Feb. 1969]

_ / 2
b55 =\ 4nr GSGpJ

wgere r = pile radius

9!
il

Soil shear modulus of elasticity

s
G = P i l e " , [} n "
P _
J = torsional constant of pile

Derived from strength of materlals approach assuming elastic

plle & soil.
2. H.G.poulos:  [Ref. "Torsional Response of Piles," H.G.
Poulos, ASCE Jrl., GT10, Oct. 75, pp. 1019-1035] Used

integration of equations based on theory of elasticity
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= 3¢
Pgg = Cgd I,

soil modulus

where G
S
d = pile diameter

I¢ = I¢(KT,L/d) = influence coefficient

L = pile length
GDJ

K=

T c';s;dE

J_ = pile torsional constant

p
Gp = pile shear modulus of elasticity
T _ 2
O.<F§<l.0 soil slip factor

3. M. Novak & J.F. Howell: [Ref. "Torsional Vibration of
Pile Foundations," Novak & Howell, ASCE Jrl., GT4, Apr. 77,

pp. 271-285]. Derivation similar to I2.

. G J FT(A)i
fixed tip b66 = —g— fr,l ' fT,l = *E7§;— . see Fig. 5

pinned tip substitute FT(A)l for FT(A)I' no_curve given

G J 4ﬂr2Gs

v - 3 . = P = —
May be written b66 T wL coth wl , w GpJ

4. Torsion examples
See Section I part 5 of these notes for data.

4
J = 1%3 (polar moment of inertia for circle).

a) O'Neill

E
_ P _ 3000 _ )
Gp T oIy T 2(1+.2sy C 1200 ksi
4
=222 " _ 536 in.?

32




- Notes on Pile Stiffness
('\) b = /F;n(G)Z(l.ZS)(lZOO)(2036) = 37,168 in-k/radian
(b) Poulos |
G J : _ .
Ky, = 2§ = 120002038) _ o4 56 /g = 25
'Gsd' 1.25(12)
Fig. 4 = 6 = 0.052 , F¢ assumed 1 (no slip)
3% . 301
b66 = Gsd f; =‘l;25(12) 5057 = 41,536 in-k/radian
c) Novak and Howell
Vs '
vl 0.0234 (Sect. I, Pt.5b)
Vg v
a ——
Q, = £ wYP/G  dimensionless frequency

if w = 0 (static condition)

)

4nrzG
w:
: G 3
'[ ) | p
wL = 4.564

1.25 . 0.0152

s _Jam(e)%1.25
T | 203.6(1200)

coth(wL) = 1.0002

G JwL coth(wl)

_ 1200( 2036) (4.565)

Kp = 4.565

25 x 12
_ 15
V[;G =/5Ta50y = 0-0228 = Fig.
- - B
T,l 0.0911 b66 f T,1
) O
d) Summary
. _ JG _ 2036(1200)
Peg = Kp T = —Z51a— Ko
Method s Xp
O'Neill 37,200 4,57
' Poulos 41,500 5.10
!Lv’ Novak & H. 37,100 4.56
saul 8,140 1.00

= 37,170 in-k/Rad

6 yields

- 1200(2036) (0.0911)

6

= 37,100 in-k/Rad

= 8140 K

T

assumed





