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SYMPOSIS 

The use  of  p i l i n g  f o r  machine foundat ions  can add f l e x i b i l i t y  f o r  t h e  

d e s i g n e r ,  h e l p  s o l v e  s p e c i a l  problems, and poss ib ly  reduce c o s t s .  A very  

-. . - complete  method of a n a l y s i s  is p re sen t ed  w i t h  g r e a t  f l e x i b i l i t y  i n  op t ions  

a v a i l a b l e  a s  w e l l  a s  a  ca t a logue  of ve ry  a c c u r a t e  p i l e  models. A des ign  

f o r  a  power p l a n t  u s ing  the method i s  r e l a t e d  a s  an  example. 
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INTRODUCTION 

Foundat ion C h a r a c t e r i s t i c s  

Many machine f o u n d a t i o n s  a r e  a  c o n c r e t e  b l o c k  o f  mass ive  p r o p o r t i o n s  

and may b e  assumed r i g i d  f o r  a n a l y s i s  and d e s i g n .  It f o l l o w s  t h a t  t h e  

f o u n d a t i o n  may b e  a c c u r a t e l y  modeled a s  a  d i s c r e t e  mass wi.th six d e g r e e s  . 
of  f reedom,  t h r e e  t r a n s l a t i o n a l  and t h r e e  r o t a t i o n a l ,  w i t h  r e s p e c t  t o  

o r t h o g o n a l  c o o r d i n a t e s ,  u s u a l l y  a l i g n e d  p a r a l l e l  t o  some c o n v e n i e n t  a x i s  

o f  t h e  f o u n d a t i o n .  The p a r a m e t e r s  o f  t h e  dynamic sys tem a r e  t h u s  i n e r t i a l  

o r  mass, damping, s t i f f n e s s  and f o r c i n g  f u n c t i o n  as de te rmined  by t h e  t y p e  

of machine and t h e  n a t u r e  o f  i t s  o p e r a t i o n .  

Although mechan ica l  a d j u s t m e n t s ,  o p e r a t i n g  p r o c e d u r e s ,  p e r i o d  of  

o p e r a t i o n ,  o r  some o t h e r  machine paramete r  may b e  a l t e r e d  t o  improve 

c h a r a c t e r i s t i c s  of t h e  foundat ion-machine assemblage f o r  b e t t e r  perform- 

L ) @ a n c e ,  t h e  p r o p e r t i e s  o f  t h e  o p e r a t i n g  machine a r e  u s u a l l y  a c c e p t e d  a s  _, 

s p e c i f i e d  p a r a m e t e r s  o f  t h e  d e s i g n .  

The paramete rs  o f  energy  d i s s i p a t i o n  mechanisms i n  t h e  f o u n d a t i o n ,  

u s u a l l y  modeled a s  v i s c o u s  damping, may b e  e s t i m a t e d  o r  e v a l u a t e d  f o r  t h e  

sys tem f o r  a n a l y s i s .  For some t y p e s  of a n a l y s e s  a n  e s t i m a t e  o f  damping i s  

r e q u i r e d ,  f o r  o t h e r s  damping may b e  n e g l e c t e d .  I n  a d d i t i o n  t o  t h e  u s u a l  

mechanisms of  damping i n  s t r u c t u r e s ,  t h e  dominant c o n t r i b u t i o n  is  from 

s o i l - s t r u c t u r e  i n t e r a c t i o n .  Although energy  d i s s i p a t o r s  may b e  i n s t a l l e d  , 

damping is n o t  u s u a l l y  c o n s i d e r e d  as a d e s i g n  v a r i a b l e  b u t  r a t h e r  a s  a  

f a c t o r  i n  t h e  a n a l y s i s  r e s u l t i n g  from o t h e r  d e s i g n  v a r i a b l e s .  

Mass and geometry d e t e r m i n e  t h e  i n e r t i a l  terms i n  t h e  dynamics 

e q u a t i o n s .  An i n i t i a l  l a y o u t  of t h e  machine,  w i t h  conside;ation of a 
dynamic l o a d  f a c t o r  o r  a d d i t i o n  t o  t h e  s t a t i c  f o r c e  f o r  e s t i m a t i o n  of 
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l o a d s  under.  o p e r a t i n g  c o n d i t i o n s ,  a l l o w s  c a l c u l a t i o n  of b e a r i n g  p r e s s u r e  

f o r  p r e l i m i n a r y  computa t ions .  These p r e s s u r e s  a r e  u s u a l l y  assumed uncoup- 

l e d  and s e p a r a t e l y  e s t i m a t e d  f o r  v e r t i c a l  and r o c k i n g  components,  s l i d i n g  

and t o r s i o n a l  mot ions  would b e  c o n s i d e r e d  a t  a  l a t e r  s t a g e  i n  t h e  d e s i g n .  

Thus,  a l l o w a b l e  s o i l  b e a r i n g  p r e s s u r e  would d e t e r m i n e  t h e  geometry ,  and t g  

some e x t e n t ,  t h e  mass. Refinement of t h e  computa t ions  may r e q u i r e  a d j u s t -  

ment i n  geometry b u t  t h e  l a y o u t  would,  i n  t h e  main,  b e  c o n s i d e r e d  f i x e d .  

The f o u n d a t i o n  may b e  v a r i e d  i n  t h i c k n e s s  and p o c k e t s  may b e  l e f t  w i t h i n  

t h e  b l o c k  t o  a d j u s t  f o r  mass and mass moment o f  i n e r t i a .  Th i s  may b e  

c o n s i d e r e d  t h e  prime d e s i g n  v a r i a b l e ,  t h a t  i s ,  t h e  most w e l l  unders tood  

and e a s i l y  v a r i e d  paramete r  i n  t h e  sys tem.  T h i s  is e s p e c i a l l y  t r u e  s i n c e  

t h e  f o u n d a t i o n  may l a t e r  b e  "tuned" o r  i t s  f r e q u e n c y  a d j u s t e d  by a d d i n g  

- mass by p o u r i n g  c o n c r e t e  i n t o  t h e  p o c k e t s .  

L I I f  t h e  f o u n d a t i o n  h a s  no p i l i n g ,  t h e  r a t i o  o f  l o a d  t o  d e f l e c t i o n  i n  

each o f  t h e  six d e g r e e s  o f  freedom may b e  computed from s o i l  and b e a r i n g  

a r e a  d a t a .  There  a r e  a v a r i e t y  o f  s u g g e s t i o n s  o r  t h e o r i e s  f o r  t h i s  compu- 

t a t i o n  i n  a d d i t i o n  t o  e x p e r i m e n t a l  o r  f i e l d  measurements.  These  " s p r i n g  

c o n s t a n t s "  o r  uncoupled s t i f f n e s s  c o e f f i c i e n t s  , a r e  u s u a l l y  t h e  b e s t  

approx imat ion  t o  a  l i n e a r  s t i f f n e s s .  The models used i n  t h e  computa t ion  

v a r y  from s i m p l i s t i c  t o  e x t r e m e l y  s o p h i s t i c a t e d ,  w i t h  t h e  b e s t  f o r  u s e  i n  

d e s i g n , g i v e n  d u e c o n s i d e r a t i o n  f o r  t h e  v a r i a b i l i t y  and u s u a l  l a c k  of 

s u f f i c i e n t  d a t a  o r  low c o n f i d e n c e  l e v e l  i n  i n f o r m a t i o n ,  b e i n g  somewhere ' 

i n  between.  A s  r e s e a r c h  and f i e l d  d a t a  i n c r e a s e  and improve,  however,  more 

s o p h i s t i c a t e d  models w i l l  become more p r a c t i c a l .  The f o u n d a t i o n  s t i f f n e s s ,  

s i m i l a r  t o  damping, i s  e v a l u a t e d  f o r  a n a l y s i s  b u t  n o t  u s u a l l y  consid-ered 

a s  a  d e s i g n  v a r i a b l e .  
b4 



The machine f o u n d a t i o n  d e s i g n e r  t h e n  may a d j u s t  damping o r  s t i f f n e s s  

1 
w i t h  l i m i t s ,  b u t  main ly  works w i t h  geometry and mass,  which are c o u p l e d ,  

w i t h i n  t h e  c o n s t r a i n t s  of t h e  s o i l  b a s e  on s i t e  o r  a s  a l t e r e d  o r  f i l l e d .  

Computat ions  a r e  f u r t h e r  compl ica ted  by mass c o u p l i n g  o r  v i r t u a l  mass. 

T h i s  i s  some p o r t i o n  of t h e  s o i l  which a c t s  i n  c o n c e r t  w i t h  t h e  c o n c r e t e  

b l o c k  as an  a p p a r e n t  added mass. E s t i m a t i o n  o f  t h i s  v a r i a b l e  p l a c e s  mass 

i n  t h e  same c a t e g o r y  a s  damping and . s t i f f n e s s  a s  v a l u e s  r e q u i r i n g  a  " b e s t  

1 
e s t i m a t e "  f o r  d e s i g n .  These  methods have  been w e l l  o u t l i n e d  by R i c h a r t  . 

P i l e  Founda t ions  

I n t r o d u c t i o n  of p i l i n g  i n  t h e  f o u n d a t i o n  sys tem w i l l  a f f e c t  damping, 

2 
mass and s t i f f n e s s  , I n  a d d i t i o n ,  s t i f f n e s s  becomes a  q u a n t i f i a b l e  d e s i g n  

v a r i a b l e .  The n e t  r e s u l t  is t h a t  t h e  d e s i g n e r  h a s  b e t t e r  c o n t r o l  o v e r  a t  

l e a s t  one more v a r i a b l e ,  s t i f f n e s s ,  pe rhaps  a  more a c c u r a t e  b u t  c e r t a i n l y  

c d i f f e r e n t  model f o r  computa t ion  o f  added mass, and may o f t e n  u s e  a  l e s s  

mass ive  f o u n d a t i o n .  Re inforced  c o n c r e t e  p i l i n g  a r e  q u i t e  competent  f o r  

a x i a l  l o a d s  and i n  f l e x u r e  t o  t a k e  l a t e r a l  components and a r e  most r e s i s -  

t a n t  t o  t h e  many d e l e t e r i o u s  e lements  i n  t h e  a i r - s o i l - w a t e r  i n t e r a c t i v e  

zone.  I n  a d d i t i o n ,  c o n c r e t e  p i l e s  can  b e  c a s t  t o  any c r o s s - s e c t i o n  and 

l e n g t h  d e s i r e d ;  p r e c a s t  o r  poured i n  p l a c e ;  p r i s m a t i c ,  s t e p p e d  o r  t a p e r e d ;  

r e i n f o r c e d  o r  p r e s t r e s s e d ;  s p l i c e d  o r  c u t ;  and d e s i g n e d  as d r i l l e d  c a i s s o n s  

o r  u t i l i z i n g  s t a n d a r d  p r o d u c t i o n  model d r i v e n  p i l e s .  The r e i n f o r c e d  con- 

c r e t e  cap  forms a  r i g i d  j o i n t  w i t h  t h e  p i l e  and s i n c e  t h e  b e a r i n g  c a p a c i t y  

o f  t h e  s i n g l e  p i l e  d e t e r m i n e s  l o a d  c a p a c i t y ,  t h e  s i z e  of t h e  f o u n d a t i o n  o r  

cap is  c o n t r o l l e d  by t y p e  of p i l e ,  p i l e  d i a m e t e r ,  p i l e  s p a c i n g ,  and n u d e r  

and p a t t e r n  o f  p i l e s .  The d e s i g n  o f  t h e  c a p  i t s e l f  v a r i e s  o n l y  s l i g h t l y ,  

t h e  r e a c t i v e  f o r c e s  b e i n g  c o n c e n t r a t e d  a t  t h e  p i l e  l o c a t i o n s  r a t h e r  t h a n  
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d i s t r i b u t e d .  The added .mass  o f  s o i l  may be a p ~ r o x i m a t e d  a s  some p e r c e n t a g e  

o f  t h a t  e n c l o s e d  by t h e  p i l e  p a t t e r n  above t h e  f i r s t  i n f l e c t i o n  p o i n t  of 

t h e  p i l e s ,  p r o b a b l y  between 30% and l e s s  t h a n  50% . E s t i m a t i o n  o f  damping 

is no more c o n c i s e  t h a n  t h e  p r e v i o u s  c a s e  and is p r i m a r i l y  due t o  energy  

d i s s i p a t e d  i n  p i l e - s o i l  i n t e r a c t i o n .  Although t h e  f o u n d a t i o n  may b e  c a s t  

i n  c o n t a c t  w i t h  s o i l ,  u n l e s s  t h e  d e s i g n e r  h a s  r e a s o n  t o  d i f f e r ,  i t  i s  

assumed t h a t  r e s i s t a n c e  t o  l a t e r a l . d i s p l a c e m e n t ,  s l i d i n g  o r  t o r s i o n ,  w i l l  

b e  p r o v i d e d  s o l e l y  by p i l e s .  %us f r i c t i o n a l  c o n t a c t  is deemed n e g l i g i b l e .  

I n  a d d i t i o n ,  t h e  p i l e  cap  may b e  c a s t  on poor b e a r i n g  s o i l s  o r  e l e v a t e d  a s  

a  p l a t f o r m .  Thus t h e  method o f  a n a l y s i s  p r e s e n t e d  h a s  a  wide r a n g e  o f  

a p p l i c a b i l i t y ,  from competent  t e r r a i n  t o  o f f s h o r e  s i t e s ,  and f o r  any t y p e  

of machinery.  

THEORY 

The undamped f r e e  v i b r a t i o n s  a r e  e x p r e s s e d  by t h e  e q u a t i o n s  o f  mot ion 

i n  6 k i n e m a t i c  d e g r e e s  o f  f reedom 

where t h e  6 A a r e  l i n e a r  d i s p l a c e m e n t s  c o r r e s p o n d i n g  t o  t h e  c o o r d i n a t e s  
i 

show-n i n  F i g .  1, 3 t r a n s l a t i o n a l  and 3 r o t a t i o n a l  small a m p l i t u d e s ,  

i n d i c a t e s  d i f f e r e n t i a t i o n  w i t h  r e s p e c t  t o  t i m e  and a r e  t h e  a c c e l e r a t i o n  

components,  t h e  components of t h e  d i a g o n a l  mass m a t r i x  a r e  mass and mass 

moment of i n e r t i a  c o r r e s p o n d i n g  t o  t r a n s l a t i o n a l  and r o t a t i o n a l  d e g r e e s  o f  

f reedom,  and [S] i s  t h e  s t i f f n e s s  m a t r i x .  The concern  h e r e  i s  p r i m a r i l y  

w i t h  t h e  s t i f f n e s s  m a t r i x .  Once Eq.  1 is formed t h e  s i x  f r e q u e n c i e s  w , i 

and mode s h a p e s  {$) may b e  de te rmined  w i t h  t h e  q u i t e  u s e f u l  and v a l i d  
i . . 

assumpt ion  t h a t  damping may b e  t a k e n  i n  a form where i t  is a  f u n c t i o n  o f  
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[MI a n d / o r  [ s ] ,  s e e  d i s c u s s i o n  i n  R e f e r e n c e  3 .  

I f  damping is  d e s i r e d  t o  b e  i n c l u d e d  i n  c o m p u t a t i o n s ,  a  p e r c e n t a g e  of 

c r i t i c a l  damping i n  a  v i s c o u s  model i n  each mode may t h e n  b e  assumed, 

a s s e s s e d ,  o r  measured and i n  t h i s  form i s  much more u s e f u l  and. unders tand-  

a b l e .  I n  t h e  a b s e n c e  o f  b e t t e r  d a t a ,  damping would p r o b a b l y  b e  assumed 

e q u a l  i n  each mode and modes t ly  e s t i m a t e d  a t  a b o u t  10% f o r  f u l l y  embedded 

p i l e s ,  l e s s  f o r  p l a t f o r m s .  I f  t h e  c i r c u l a r  f requency  i n  mode i is d e s i g -  

n a t e d  w and t h e  p e r c e n t a g e  o f  c r i t i c a l  a s  a  dec imal  5 t h e  damping 
i i 

c o e f f i c i e n t  i n  mode i is 2 Siwi; t h i s  may l a t e r  b e  c o n v e r t e d  t o  t h e  damp- 

i n g  f o r c e  i n  mode i o r  v i s c o u s  damping c o e f f i c i e n t s  t o  b e  added as a  damp- 

i n g  f o r c e  t o  Eq.  1, s e e  R e f e r e n c e  4 f o r  a  c o m p u t a t i o n a l  method f o r  damping 

as w e l l  a s  a method of  modal n u m e r i c a l  i n t e g r a t i o n .  

S t i f f n e s s  

The s t i f f n e s s  m a t r i x  i s  a  p r o p e r t y  of t h e  s t r u c t u r e .  A c o e f f i c i e n t  

S  may b e  d e f i n e d  a s  t h e  f o r c e  a t  i due t o  a  u n i t  d i s p l a c e m e n t  a t  j w i t h  
i j 

a l l  o t h e r  d i s p l a c e m e n t s  b e i n g  z e r o .  The s u b s c r i p t s  i and j r e f e r  t o  t h e  

k i n e m a t i c  d e g r e e s  of freedom, which c o i n c i d e  w i t h  t h e  c o o r d i n a t e  s y s t e m  i n  

F i g .  1. Thus,  S15 is a  f o r c e  i n  t h e  d i r e c t i o n  of a x i s  U due  t o  a u n i t  
1 

r o t a t i o n  A = 1, which i s  about  t h e  U2 a x i s .  F u r t h e r ,  t h e  c o e f f i c i e n t s  Si5 
5 

i n  column 5 o f  t h e  s t i f f n e s s  m a t r i x  a r e  t h e  complete  se t  o f  f o r c e s  caused  

by t h e  A = 1 w i t h  a l l  o t h e r  A = 0.  The u n i t s  o f  t h e  S  a r e  mixed, 
5 i i j 

f o r c e  p e r  u n i t  t r a n s l a t i o n  (kN/mm o r  l b / i n . ) ,  f o r c e  p e r  u n i t  r o t a t i o n  

( k N / r a d ) ,  moment pe r  u n i t  t r a n s l a t i o n  (k~-mm/mm) o r  moment p e r  u n i t  

r o t a t i o n  (kNlmn/rad).  The i n v e r s e  o f  t h e  s t i f f n e s s  m a t r i x  is  a f l e x i b i l -  

i t y  m a t r i x  [Dl = [s]-' where i t s  c o e f f i c i e n t s  d  a r e  t h e  d i s p l a c e m e n t s  
i j  

a t  i due t o  a  u n i t  f o r c e  a t  j w i t h  a l l  o t h e r  f o r c e s  b e i n g  z e r o .  These  



- 
c o e f f i c i e n t s  may b e  determined more e a s i l y  by t e s t i n g ;  thus  i f  a  f o r c e  were 

app l i ed  t o  a  p i l e  foundat ion  i n  one of t he  coo rd ina t e  d i r e c t i o n s ,  s ay  a long  

, t he  6 components of displacement  may be  measured and d iv ided  by t h e  

magnitude of  t h e  f o r c e  app l i ed  t o  form the  f i r s t  column o r  v e c t o r  {d) 
1 

of t h e  f l e x i b i l i t y  ma t r ix .  I f  any f o r c e  o r  load  component were graphed 

ve r sus  a  convenient  component of displacement  f o r  changing increments of 

load  dur ing  t h e  t e s t ,  t he  r e s u l t i n g  curve  would probably n o t  be  l i n e a r  o r  

e l a s t i c ,  thus  t h e  s l o p e  d  would no t  appear  t o  be  a  cons t an t  q u a n t i t y .  
i j 

S ince  the  a n a l y s i s  i s  most e a s i l y  and reasonably performed wi th  t h e  assump- 

t i o n  of a  l i n e a r  e l a s t i c  system, t h a t  i s  t h e  c o f f i c i e n t s  S o r  d  be ing  
i j i j 

c o n s t a n t s ,  i t  i s  necessary  t o  make assumptions t o  s i m p l i f y  the  system. 

For t h e  c o e f f i c i e n t s  ob ta ined  by t e s t ,  f o r  example, i t  would be p o s s i b l e  

t o  c y c l e  t h e  load  i n  t h e  neighborhood of magnitude even tua l ly  expected and - 

r Y t o  use  t h e  r e s u l t i n g  graph t o  o b t a i n  a  s e c a n t  modulus. 

The s . t i f f n e s s  of t h e  foundat ion  is a  func t ion  of a l l  components; 

s o i l  p r o p e r t i e s ,  r i g i d i t y  of t h e  cap ,  and p r o p e r t i e s  of each p i l e ,  and 

t h e i r  c o n f i g u r a t i o n  a s  a  group. The foundat ion  s t i f f n e s s  is ,  i n  f a c t ,  t h e  

sum of  t he  s t i f f n e s s e s  of a l l  i t s  components and s i n c e  t h e  cap i s  assumed 

t o  b e  r i g i d ,  i t  is t h e  sum of t he  s t i f f n e s s  c o n t r i b u t i o n s  of each p i l e  

i n t e r a c t i n g  wi th  t h e  s o i l .  The s t i f f n e s s  of each p i l e  then ,  i n  d i r e c t i o n s  

p a r a l l e l  t o  t h e  k inemat ic  degrees of freedom of t h e  foundat ion ,  i s  needed. 

Thus 

[S] = 1 [ S f ] ,  = [S ' ] ,  + [ s ' I z +  ...+[ S ' ]  
n  k= 1 

where [Silk is t h e  s t i f f n e s s  of p i l e  k of n -p i l e s  i n  t h e  foundat ion  - 
2 

d coord ina t e s  . 



P i l e  S t i f f n e s s  - 
The p i l e  s t i f f n e s s  is f i r s t  de te rmined  i n  c o o r d i n a t e s  l o c a l  t o  t h e  

p i l e .  E x t e n s i v e  u s e  o f  R e f e r e n c e  2 i s  u s e f u l  t o  t h i s  s e c t i o n .  With o r i g i n  

a t  t h e  c e n t r o i d  o f  a r e a  a t  t h e  p i l e  h e a d ,  t h e s e  a r e  formed by t h e  l o n g i t u -  

d i n a l  a x i s  a n d t h e  p r i n c i p a l  a x e s  i n  bend ing .  S u b s e q u e n t l y ,  t h e  p i l e  s t i f f -  

n e s s  i s  t rans formed  t w i c e ,  once  i n  r o t a t i o n  p a r a l l e l  t o  t h e  a x i s  of t h e  

f o u n d a t i o n  s t i f f n e s s ,  and s e c o n d l y  t o  a c c o u n t  f o r  t h e  p i l e  p o s i t i o n  i n  t h e  

f o u n d a t i o n  w i t h  r e s p e c t  t o  a  c o o r d i n a t e  c e n t e r  o f  t h e  f o u n d a t i o n  a x e s .  

The p i l e  s t i f f n e s s  may b e  e x p r e s s e d  i n  t h e  r e l a t i o n s h i p  

where t h e  b  r e l a t e  f o r c e s  F  t o  d i s p l a c e m e n t s  x  . The c o o r d i n a t e  sys tem 
i j i j 

r ! is a  t r i a d  s i m i l a r  t o  t h a t  used i n  F i g .  1. The form of [bl  i s  a s p a r s e  
k 

- I 

m a t r i x ,  t h e  d i a g o n a l  e l e m e n t s  and b  = b 4 2  and b15 - 
2 4  

- b51 b e i n g  t h e  

o n l y  nonzero a l t h o u g h  t h e s e  t o o  may b e  z e r o  depending on boundary o r  end 

c o n d i t i o n s .  D e t e r m i n a t i o n  of t h e  c o e f f i c i e n t s  of [b] f o l l o w s  l a t e r .  

The t r a n s f o r m a t i o n s  n e c e s s a r y  a r e  

where t h e  r o t a t i o n  t r a n s f o r m a t i o n  m a t r i x  [ a ]  and t h e  t r a n s l a t i o n  t r a n s -  
k 

2 
f o r m a t i o n  m a t r i x  [ c ]  a r e  a v a i l a b l e .  S i n c e  a l l  3 m a t r i c e s  a r e  s p a r c e ,  

k 

they  have  been m u l t i p l i e d  and p r e s e n t e d  i n  Appendix 1 s o  t h a t  t h e  c o e f f i -  

c i e n t s  S may b e  de te rmined  i f  d e s i r e d  by c a l c u l a t o r  o r  minicomputer .  
i j 

Note t h a t  many terms become z e r o  i f  p i l e s  a r e  v e r t i c a l ,  a r e -  symmetr ic- .  

= I ) ,  o r  t h e  end c o n d i t i o n  pinned o r  f r e e  t o  r o t a t e .  
x  y 



- 1 
The components o f  [b] may be de te rmined  e x p e r i m e n t a l l y  by l o a d  t e e t s  

1, 

a s  d i s c u s s e d  e a r l i e r  i n  t e rms  o f  t h e  f o u n d a t i o n  s t i f f n e s s .  Although 

e x p e n s i v e  and o n l y  t r u e  f o r  t h a t  p i l e  under  s i t e  c o n d i t i o n s  p r e s e n t  a t  t h e  

t ime  *of t h e  t e s t ,  t h e  r e s u l t s  a r e  t a n g i b l e  and do n o t  r e q u i r e  assumpt ions  

o r  h y p o t h e s e s  of model ing.  Modeling,  however,  i s  t h e  b a s i c  t o o l  of a n a l y s i s  

and n e c e s s a r y  f o r  d e s i g n .  With s u f f i c i e n t  c o n f i d e n c e  i n  a  p a r t i c u l a r  model 

v a r i o u s  p i l e  t y p e s  and c o n f i g u r a t i . o n s  may b e  t r i e d  w i t h  o n l y  t h e  c o s t  of 

a n a l y s i s .  Models may b e  t o o  s i m p l e  s o  t h a t  r e s u l t s  a r e  d o u b t f u l  and assump- 

t i o n s  s i m p l y  n o t  up t o  t h e  s t a t e  o f  t h e  a r t .  Converse ly ,  s o p h i s t i c a t i o n  

p o s s i b l e  i n  r e s e a r c h  is academic;  f o r  p r a c t i c a l  d e s i g n  models have t o  b e  

a b l e  t o  u t i l i z e  normal  d a t a  o b t a i n e d  from s o i l  b o r i n g s  and s u r v e y s .  A s  a 

f u n c t i o n  o f  r i s k  and c o s t ,  t h i s  d a t a  c o u l d  r a n g e  from v e r y  l i m i t e d  t o  ex- 

t e n s i v e .  The same a rguments  a p p l y  t o  f i e l d  and l a b o r a t o r y  s o i l  p r o p e r t y  

t e s t s .  Most machines  r e q u i r i n g  c o n s i d e r a t i o n  of dynamics i n  t h e  d e s i g n  o f  

t h e i r  f o u n d a t i o n s  would b e  of s u f f i c i e n t  impor tance  t o  w a r r a n t  a t  l e a s t  a 

b o r i n g  and some t e s t s .  The p r imary  e lement  u t i l i z e d  i n  t h e  v a r i o u s  models 

p r e s e n t e d  h e r e i n  is  a  l i n e a r  c o n s t a n t  i n  t h e  r e l a t i o n s h i p  between a v e r a g e  

l a t e r a l  b e a r i n g  p r e s s u r e  and d e f l e c t i o n ,  t h e  "beam on a  s p r i n g  f o u n d a t i o n "  

c o n c e p t .  T h i s  v a l u e  may b e  assumed c o n s t a n t  o v e r  t h e  l e n g t h  o f  t h e  p i l e  

o r  c o n s t a n t  o v e r  a n  inc rement  o f  d e p t h  o r  l a y e r .  Otherwise ,  i t  may be 

assumed t o  i n c r e a s e  l i n e a r l y  w i t h  d e p t h .  It i s  f e l t  t h a t  v a l u e s  of t h i s  

c o n s t a n t ,  t h e  modulus o f  s u b g r a d e  r e a c t i o n ,  may b e  r e a s o n a b l y  e s t i m a t e d  

o r  measured a t  p r e s e n t .  I n  a d d i t i o n ,  p r o g r e s s  i s  b e i n g  made i n  improving 

c o r r e l a t i o n s  w i t h  t e s t  d a t a  and o t h e r  t y p e s  o f  " s o i l  modulus" c o n c e p t s  

t o  e v e n t u a l l y  make i t  even more r e a s o n a b l e  t o  u s e  t h i s  b a s i s  f o r  model ing 

and w i t h  an  e v e r  b e t t e r  c o n f i d e n c e  l e v e l .  D e t e r m i n a t i o n  of s o i l  p r o p e r t i e s ,  

3& 
e s p e c i a l l y  o v e r  a p e r i o d  of t i m e ,  a p p e a r s  t o  b e  t h e  major  d e t e r e n t  t o  a  

h i g h e r  c o n f i d e n c e  l e v e l  o r  t h e  u s e  of any  g r e a t e r  s o p h i s t i c a t i o n .  F i e l d  



tests c o r r e l a t e d  w i t h  s o i l  d a t a  w i l l  c e r t a i n l y  p r o v i d e  t h e  b e s t  d a t a  

e v e n t u a l l y .  F i n a l l y ,  s t r e n g t h  p a r a m e t e r s  a r e  n o t  s e n s i t i v e  t o  v a r i a t i o n  

i n  s o i l  modulus b u t  d i s p l a c e m e n t  p a r a m e t e r s  a r e ;  t h u s  t h e  d e s i g n e r  c a n  . 

b e  c o n f i d e n t  i n  a  f o r c e  pa ramete r  o n  a  p i l e  w i t h  a n  e s t i m a t e d  s o i l  modulus 

b u t  t h e  c o r r e s p o n d i n g  d e f l e c t i o n  may b e  c o n s i d e r a b l y  o f f .  T h i s  means t h a t  

improved s o i l  d a t a  is  needed f o r  dynamic computa t ions .  

The models p r e s e n t e d  a r e  of 2 c l a s s e s ;  a  s e m i - i n f i n i t e  p i l e  o r  a  

f i n i t e  p i l e .  The s e m i - i n f i n i t e  models may b e  used whenever e i t h e r  para-  

mete r  BL o r  k > n ,  where 

k D 
4 s and 5 a -4EI E I  

i n  which k is t h e  modulus of s u b g r a d e  r e a c t i o n  i n  u n i t s  of p r e s s u r e  p e r  
9 

3  
u n i t  d i s p l a c e m e n t ,  i . e . ,  l b / i n . 3  o r  kN/mm and kS = vz when t h e  s u b g r a d e  

modulus i n c r e a s e s  l i n e a r l y  w i t h  d e p t h ;  L is  t h e  embedded l e n g t h  of t h e  p i l e ,  

EI  t h e  r l e x u r a l  r i g i d i t y  o f  t h e  p i l e  as a  beam, and D is  t h e  p r o j e c t e d  

w i d t h  o f  t h e  p i l e .  There  a r e  2 v a l u e s  o f  t h e  p a r a m e t e r s  and $ f o r  e a c h  

p i l e ,  one  w i t h  r e s p e c t  t o  each  p r i n c i p a l  a x i s .  V a l i d i t y  f o r  u s e  of t h e  

s e m i - i n f i n i t e  model i s  b e c a u s e  of t h e  damped wave form of  t h e  e l a s t i c  

c u r v e  of t h e  p i l e  which shows t h a t  i f  t h e  p i l e  e x t e n d s  beyond t h e  f i r s t  

wave d e f l e c t i o n  and a l l  o t h e r  s t r e s s  r e s u l t a n t s  i n  f l e x u r e  e s s e n t i a l l y  be- 

come n e g l i g i b l e .  Formulas f o r  c o e f f i c i e n t s  f o r  4 c a s e s  a r e  g i v e n  i n  T a b l e  

1 where t h e r e  is a  d i s t i n c t i o n  made between a  s e m i - i n f i n i t e  media and a  

p i l e  e x t e n d i n g  as a c a n t i l e v e r  l e n g t h  R above t h e  s e m i - i n f i n i t e  media.  

S u b s c r i p t s  i a r e  a d j u s t e d  t o  c o r r e s p o n d  t o  t h e  d i r e c t i o n  or. a x i s  of bending 

s o  each e n t r y  c o r r e s p o n d s  t o  two d i f f e r e n t  c o e f f i c i e n t s  u n l e s s  t h e  p i l e  h a s  

t h e  same p r o p e r t i e s  I and D w i t h  r e s p e c t  t o  b o t h  p r i n c i p a l  a x i s .  I n  
i i 





a d d i t i o n ,  t h e  c o e f f i c i e n t s  b and b  have t h e  same form b u t  b  i s  a lways  

C 1 

1 5  24 24 

n e g a t i v e  a n d ,  a l t h o u g h  h a v i n g  t h e  same f o r m u l a ,  t h e y  are o n l y  e q u a l  when 

B1 = B 2  o r  11, = q 2 .  The 2- layer  c a s e  i s  u s e f u l  t o  a c c o u n t  f o r  a weak s u r -  
1 

f a c e  s i t u a t i o n  o r  f o r  a n  e l e v a t e d  f o u n d a t i o n  s u c h  a s  a  p l a t f o r m .  The c a n t i -  

lever beam model f o r  a  s i n g l e  l a y e r  h a s  been o m i t t e d  s i n c e  i t  is  d e r i v e d  

u s i n g . a  second u n n e c e s s a r y  l e v e l  of a p p r o x i m a t i o n .  It c a n  b e  e a s i l y  used  

i f  d e s i r e d .  

F i n i t e  Length P i l e  o r  Layered S o i l  

When f3L o r  $L < T o r  t h e  s o i l - p i l e  sys tem must be  modeled i n  l a y e r s  

b e c a u s e  o f  v a r y i n g  p r o p e r t i e s  o f  s o i l  s t r a t a ,  n o n l i n e a r i t i e s  i n  t h e  s o i l  

modulus,  o r  t h e  p i l e  i s  n o n p r i s m a t i c ,  a f i n i t e  l e n g t h  beam on a  s p r i n g  

f o u n d a t i o n  model may b e  used .  There  may b e  a  l a r g e  number of l a y e r s ,  b u t  

i n  each segment t h e  p i l e  i s  assumed t o  b e  p r i s m a t i c  and t h e  s o i l  t o  have 

i ' a c o n s t a n t  modulus of subgrade  r e a c t i o n  which may b e  z e r o  a s  a lower bound. @ - 
There  is  no r e s t r i c t i o n  on t h e  o r d e r i n g  o f  l a y e r s ,  t h u s  s o f t e r  s t r a t a  may 

u n d e r l a y  s t i f f e r  s o i l s .  The f o u r t h  o r d e r  d i f f e r e n t i a l  e q u a t i o n  o f  a p r i s -  

m a t i c  beam on a  s p r i n g  f o u n d a t i o n  may b e  s o l v e d  w i t h  8 undetermined 

c o e f f i c i e n t s  whose v a l u e s  a r e  de te rmined  b y  s t r e s s  r e s u l t a n t s  a t  t h e  

5 
j o i n t s  . T h i s r e s u l t s  i n  a n  8 by 8 member s t i f f n e s s  m a t r i x  [K] f o r  seg-  

k  

ment k  a s  shown i n  Appendix 2 ,  where t h e  l o c a l  k i n e m a t i c  d e g r e e s  o f  freedom 

a r e  a s  shown i n  F i g .  2 .  

To o b t a i n  t h e  s t i f f n e s s  m a t r i x  [b]  as used i n  E q .  4  t h e  N by N 
k 

s t i f f n e s s  m a t r i x  f o r  t h e  p i l e  o f  M f i n i t e  segments ,  a s  shown i n  F i g .  3 ,  

is f i r s t  formed by a d d i n g  t h e  s t i i i n e s s  of each  segment [Klk a d j u s t i n g  

t h e  k i n e m a t i c  d e g r e e  o f  freedom numbers t o  c o i n c i d e  w i t h  t h e  g l o b a l  .. 

numbers o f  F i g .  3 .  The r e s u l t i n g  N by N s t i f f n e s s  m a t r i x  [K] is  p a r t i t i o n e d  

t o  i s o l a t e  t h e  4  by 4 m a t r i x  c o i n c i d i n g  w i t h  k i n e m a t i c  d e g r e e  o f  freedom 0 



numbers 1 through 4 ,  i . e . ,  t h e  s u r f a c e  o r  top end degrees  of freedom, and 

then condensed t o  o b t a i n  a 4 by 4 ma t r ix  ] which co inc ides  w i t h  t'he 
f  k 

f l e x u r a l  deg rees  of freedom i n  [b] The [bIk mat r ix  is then  formed by , 
k ' 

adding  rows and columns w i t h  t h e  a x i a l  and t o r s i o n a l  c o e f f i c i e n t s ,  which a r e  

assumed t o  b e  uncoupled. Inc lud ing  a x i a l  and t o r s i o n a l  deg rees  of freedom 

i n  the  member of Fig.  2 and t h e  p i l e  of  F ig .  3 could be  e a s i l y  done bu t  has  

been omit ted s i n c e  i t  would i n c r e a s e  t h e  member degrees of freedom t o  12 

w i t h  a corresponding i n c r e a s e  i n  t h e  g l o b a l  deg rees  of freedom of 502 and, 

i n  a d d i t i o n ,  t h e s e  a c t i o n s  a r e  uncoupled and can be  superimposed. Condensa- 

t i o n  can be  accomplished by Gaussian E l imina t ion ,  which is  p r e f e r r e d  i n  

computer programming o r  by ma t r ix  condensat ion where t h e  p a r t i t i o n e d  N by 

N s t i f f n e s s  m a t r i x  is  w r i t t e n  

and t h e r e f o r e  

U t i l i z i n g  any of t h e  s e v e r a l  models o r  from t e s t  d a t a  t h e  p i l e  s t i f f -  

nes s  [bIk  is obta ined  and through use of Eqs. 4 and 2 t h e  s t i f f n e s s  [S] of 

the foundat ion .  

ANALY S IS 
- .  . . 

Design of a p i l e  foundat ion c o n s i s t s  of i t e r a t i v e  changes and ana lyses  

w 
of a p re l imina ry  arrangement of p i l e s .  P i l e  type ,  l e n g t h ,  number, spac ing ,  



plan a n g l e ,  and b a t t e r  a n g l e  a r e  a l l  d e s i g n  v a r i a b l e s .  The v e r t i c a l  

component t a k e s  p recedence  b e c a u s e  o f  s o i l  b e a r i n g  and magni tude o f  l o a d  

and h e l p s  set t h e  number, t y p e  and s p a c i n g  o f  p i l i n g .  G r e a t e r  s ~ a c i n g  . 

i s  p r e f e r r e d  s i n c e  t h e r e  is  less s u p e r p o s i t i o n  o f  s o i l  s t r e s s e s  a t  d e p t h  

and p o t e n t i a l  s e t t l e m e n t .  Improvement i n  l a t e r a l  s t i f f n e s s  mav f r e q u e n t l y  

b e  a n  o b j e c t i v e  and i s  p r i m a r i l y  i n f l u e n c e d  by b a t t e r  a n g l e  Y a l t h o u g h  

i n c r e a s i n g  t h e  f l e x u r a l  r i g i d i t y  EI .  a n d / o r  p r o j e c t e d  w i d t h  D o f  t h e  p i l e s  

h e l p s .  R i g i d l y  c o n n e c t i n g  t h e  ? i l e  t o  t h e  f o u n d a t i o n  a l s o  r e s u l t s  i n  a  

marked i n c r e a s e  i n  s t i f f n e s s  when compared w i t h  a  h i n g e d  c o n n e c t i o n .  Thus 

i t e r a t i v e  a n a l y s e s  w i t h  c o n s i d e r e d  improvements is t h e  d e s i g n  methodology. 

T h i s  c a n  b e s t  b e  accomplished th rough  u s e  o f  a  computer program. * 

EXAMPLE 

A f o u n d a t i o n  d e s i g n  was r e q u i r e d  f o r  t h e  Munic ipa l  Power P l a n t  a t  

L a m e d ,  Kansas ,  l o c a t e d  i n  t h e  f l o o d p l a i n  o f  t h e  Arkansas River. The 

d e c i s i o n  was made t o  u s e  p i l i n g  a s  t h e  b e s t  s o l u t i o n  t o  a  problem b r o u g h t  

abou t  by a  p o o r l y  compacted deep  s i l t  s o i l  c o n d i t i o n  and a  f l u c t u a t i n g  

w a t e r  t a b l e .  Tile i n s t a l l a t i o n  p r o v i d e s  f o r  f l o o d i n g .  Da ta  c o n c e r n i n g  . 

t h e  i n s t a l l a t i o n  a r e  g iven  i n  T a b l e  2 and F i g s .  4 and 5.  Use of p i l i n g  

improved b e a r i n g  c a p a c i t y  and p rov ided  l a t e r a l  s t i f f n e s s .  

The s o i l  c o n d i t i o n s  a t  t h e  power p l a n t  s i t e  c o n s i s t e d  of a  s i l t y  c l a y  

t o  a  d e p t h  o f  a b o u t  10 f e e t  u n d e r l a i n  by f i n e  sand .  I n s u f f i c i e n t  informa- 

t i o n  was p rov ided  t o  d e t e r m i n e  t h e  modulus o f  subgrade  r e a c t i o n  and s o  

e s t i m a t e s  were  made. Although s e v e r a l  s o i l - p i l e  i n t e r a c t i o n  models were  

* . . 
A program of  abou t  600 FORTRAN s t a t e m e n t s  woe w r i t t e n  f o r  complete  

F a n a l y s i s  o f  a g e n e r a l  p i l e  f o u n d a t i o n  a l l o w i n g  a  c h o i c e  of 5 p i l e  modcls 
A ,  a l l o w i n g  computat ion of s t i f f n e s s  and f o r  any k i n d  o f  l o a d i n g .  Forces  @ 

and d e f l e c t i o n s  of i n d i v i d u a l  p i l i n g  a r e  o b t a i n e d .  



Table  2. Foundat ion Data f o r  Example Problem 

Manufacturer  C o l t  I n d u s t r i e s ,  Fa i rbanks  Morse Engine D iv i s ion ,  B e l o i t ,  . 
Wisconsin.  

Model & Engine Data C o l t - P i e l s t i c k  PC-2 1 8  c y l i n d e r  V d u a l  f u e l  d i e s e l  
9000 hp. o p e r a t i n g  a t  514 rpm. See photograph, F ig .  4. 

Dimensions and Weight ( s e e  F ig .  5) 

Dimensions 

I tem Desc r ip t i on  Weight - x 11 - z 

A Engine 1 9 2 . 7 k  320" 80" 80" 

B A l t e r n a t o r  77.0 5  0  100 100 

C E x c i t e r  5 .7  2  0  120 30 

D Foundation 704.5 544 132 129 

E I n  phase s o i l  274.3 544 132 6 0 

Mass - 
mass 

Engine Unit  & Foundat ion Engine U n i t ,  Fdn. & 5 '  of s o i l  
2  

30.5 k-sec / f t  39 .O 

1230 k-f t -sec 
2  

I 
X 

S o i l  Poor ly  conso l ida t ed ;  s i l t y  c l a y  t o  about  10 f t  u n d e r l a i n  by a  f i n e  - 
sand w i t h  a  f l u c t u a t i n g  water l e v e l .  S o i l  d a t a  poor and i t  was 

t h e r e f o r e  assumed t h a t  k s (kc i )  =.(m where r i s  i n  f t .  



Table  2 ( c o n t . )  

Computed F r e q u e n c i e s  ( r a d i a n s f s e c )  

a )  Engine U n i t  & Foundat ion 

W W W 0 
p i l e  b a t t e r  - x 3 - zz - xx 2 - z 

Vertical 24.0 24.0 27.2 77.9 159.8  161.7 

5  26.0 28 .1  35.9  79.3  157.5  159 .5  

4  26.8 28.7 39.7- 80.4  156 .3  158.3  

3  28 .1  29 .5  46 .3  82.7  153.8 * 155.9 

2  30.2 31.2 59.5  88.4 147.4  149.8  

b )  Engine U n i t ,  Foundat ion & 5 '  of S o i l  

V e r t i c a l  21 .3  21.6 23.5  64.5 136 .6  143.0 

5 23.0 24.7 31 .1  65.9 134.6  141.0  

P i l e  Data 

24-12 BP 53 p i l e s  of 30 t o  35 f t  were  d r i v e n  t o  a  computed 

c a p a c i t y  of 70 t o  90 k i p s  i n  3  rows. P i l e s  i n  t h e  p e r i m e t e r  were  b a t t e r e d  

a l t e r n a t e l y  a t  1 t o  3 o r  1 t o  4 .  Computat ions  h e r e i n  a r e  based  on an e a r l i e r  

t r i a l  w i t h  33 p i l e s  i n  3  rows w i t h  a l l  p e r i m e t e r  p i l e s  b a t t e r e d ,  t h o s e  

a t  t h e  c o r n e r s  a t  45'. The p i l e s  i n  t h e  s t u d y  a r e  10" XS $ p i p e  spaced  

a t  50" i n  t h e  l o n g i t u d i n a l  d i r e c t i o n  and t h e  rows 46" a p a r t ,  a l l  d imens ions  

c e n t e r - t o - c e n t e r  of p i l e s .  



examined t h e  one used i n  t h i s  r e p o r t  i s  a n  assumed p a r a b o l i c  i n c r e a s e  

) 
w i t h  d e p t h  from z e r o  a t  t h e  b a s e  of t h e  f o u n d a t i o n .  Such a  v a r i a t i o n  seems 

r e a s o n a b l e  b e c a u s e  i t  a t t r i b u t e s  a  low s t i f f n e s s  t o  t h e  r e l a t i v e l y  u n c o n ~  

f i n e d  s u r f a c e  l a y e r s  and a n  i n c r e a s i n g  s t i f f n e s s  i n  t h e  u n d e r l y i n g  sand .  

6 
Broms s u g g e s t s  t h a t  t h e  dynamic modulus b e  t a k e n  a s  a  f r a c t i o n  o f  t h e  

s o i l  r e a c t i o n  modulus f o r  s t a t i c  l o a d i n g ,  r e c o g n i z i n g  t h e  s o f t e n i n g  e f f e c t  

of r e p e t i t i v e  l o a d i n g  of t h e  s o i l . .  

Mass i n c l u d e d  t h e  machine and f o u n d a t i o n  b l o c k  w i t h  a l l  a p p u r t e n a n c e s  

and pocke t s .  Computations f o r  f r e q u e n c y  were made w i t h  and w i t h o u t  added 

s o i l  mass.  S i n c e  t h e  i n f l e c t i o n  p o i n t  f o r  t h e  f ixed-head p i l e  is a t  roughly  

3/6 d e p t h ,  a b o u t  a  t h i r d  o r  60 i n .  o f  t h i s  was used t o  compute added mass. 

The r e s u l t i n g  lower  f r e q u e n c i e s  w i t h  added mass a r e  g i v e n  i n  T a b l e  2 .  The 

end o r  boundary c o n d i t i o n  of a  f ixed-head i s  obv ious  w i t h  a s t e e l  p i l e  

'-b embedded i n  c o n c r e t e .  I f  t h e  p i l e  were  h i n g e d ,  t h a t  i s ,  r e s i s t a n c e  t o  

w m e n t  n e g l i g i b l e ,  the ,  s t i f f n e s s  and t h e r e f o r e  f requency  would be  c o n s i d e r -  

a b l y  d e c r e a s e d ,  i n  t h e  example by a , t h i r d  t o  o v e r  a  h a l f .  

B a t t e r ,  o r  t h e  s l o p e  of t h e  p i l e  a s  a  r a t i o  o f  v e r t i c a l  t o  h o r i z o n t a l  

p r o j e c t i o n ,  h ,  where h = c o t y ,  d i r e c t l y  a f f e c t s  s t i f f n e s s  and t h e r e f o r e  

f r e q u e n c y .  I n  T a b l e  2 t h e  r e s u l t s  of t r ia ls  w i t h  4 d i f f e r e n t  b a t t e r  s l o p e s  

and v e r t i c a l  a r e  r e p o r t e d .  The r e p o r t e d  f r e q u e n c i e s  cor respond  t o  modes 

deno ted  by s u b s c r i p t s ,  t h e  s i n g l e  s u b s c r i p t  b e i n g  t r a n s l a t i o n a l  i n  t h e  

d i r e c t i o n  i n d i c a t e d  and as shown i n  F i g .  5 and t h e  r o t a t i o n a l  by d o u b l e  

s u b s c r l ? t s  a b o u t  t h e  a x e s  i n d i c a t e d .  S i n c e  t h e  s y s t e m  i s  n o t  symmetr ic ,  

t h e  c e n t e r  o f  mass does  n o t  c o i n c i d e  w i t h  t h e  geomet r ic  c e n t r o i d  of t h e  

p i l e  g roup ,  o r  c e n t e r  of s t i f f n e s s ,  t h e r e  i s  c o u p l i n g  i n  t h e  modes n o t  
. . 

-9 
i n d i c a t e d  i n  T a b l e  2 .  T h i s  was most n o t i c e a b l e  i n  t h e  r o t a t i o n a l  modes 

L d  



a b o u t  t h e  h o r i z o n t a l  a x e s ,  w and w , where t r a n s l a t i o n a l  and t o r s i o n a l  

C 
XX YY 

components were  a l s o  p r e s e n t .  I @-.- 
The 2 t r a n s l a t i o n a l  modes i n  t h e  h o r i z o n t a l  p l a n e  

Wx 
and w , and t h e  

Y 

t o r s i o n a l  mode, w a l l  r e l y  on l a t e r a l  s t i f f n e s s .  There  is  a l s o  a  s t r o n g  
zz ' 

e lement  of t h i s  i n  t h e  r o t a t i o n a l  mode , ("XX* 
b e c a u s e  of c o u p l i n g .  When a l l  

p i l i n g  a r e  v e r t i c a l  t h i s  s t i f f n e s s  i s  s u p p l i e d  s o l e l y  by t h e  f l e x u r a l  r i g i a i t y  

o f  t h e  p i l e s .  As t h e  b a t t e r  a n g l e  y i s  i n c r e a s e d  t h e  component o f  a x i a l  

r i g i d i t y  o f  t h e  p i l e  p a r t i c i p a t i n g  i n  t h e  h o r i z o n t a l  p l a n e  o r  a d d i n g  t o  

l a t e r a l  s t i f f n e s s  i n c r e a s e s ,  a d d i n g  t o  t h e  f l e x u r a l  c o n t r i b u t i o n  and 

t h e r e f o r e  i n c r e a s i n g  t h e  f requency  i n  t h e s e  modes. There  is  a  c o r r e s p o n d i n g  

d e c r e a s e  i n  f r e q u e n c y  i n  modes, o and w z ,  r e l y i n g  on p i l e  a x i a l  s t i f f n e s s .  
W 

Computations were  made u s i n g  t h e  computer program r e f e r r e d  t o  e a r l i e r  

7  
t o  o b t a i n  s t i f f n e s s  and a n o t h e r  program t o  compute f r e q u e n c i e s  and modes. 

t -; Values o f  p i l e  f o r c e s  under  o p e r a t i n g  c o n d i t i o n s  were  e v a l u a t e d .  Due t o  
@?3 

s t e a d y  s t a t e  o p e r a t i n g  c o n d i t i o n s  damping was n o t  c o n s i d e r e d  s i n c e  resonance  

w a s  avoided and dynamic f o r c e s  were  s l i g h t l y  o v e r e s t i m a t e d  o r  on t h e  s a f e  

s i d e .  The i n s t a l l a t i o n  h a s  been o p e r a t i n g  s i n c e  1976. 

CONCLUSIONS 

U t i l i z a t i o n  o f  p i l i n g  i n  machine f o u n d a t i o n s  is shown t o  p r o v i d e  

more f l e x i b i l i t y  t o  t h e  d e s i g n e r  and q u i t e  p o s s i b l y  r e s u l t  i n  a more 

economical  d e s i g n  f o r  some c a s e s .  I t  c a n  a l s o  p r o v i d e  a  s o l u t i o n  t o  

some d i f f i c u l t  f o u n d a t i o n  problems. The key f o r  u s e f u l  u t i l i z a t i o n  is  a  

comple te  a n a l y s i s  method which p r o v i d e s  f o r  a c h o i c e  of p r a c t i c a l  models 

f o r  s i m u l a t i n g  t h e  l a t e r a l  r e s i s t a n c e  o f  p i l e s  a s  w e l l  a s  t h e i r  a x i a l  and 
. . 

t o r s i o n a l  b e h a v i o r .  The f o r m u l a t i o n  i s  v e r y  g e n e r a l  a l l o w i n g  l o c a t i o n  

of t h e  p i l e  heads  a t  d i f f e r e n t  e l e v a t i o n s ,  any s p a c i n g ,  p l a n e  a n g l e ,  o r  



b a t t e r  of p i l e s ,  o r  a  mix tu re  of  p i l e  types  o r  models.  S o l u t i o n  of 
1 

Eq. 1 y i e l d s  f r equenc i e s  which may be  s u f f i c i e n t  d a t a  f o r  a  s t e a d y  s t a t e  

o p e r a t i n g  machine such  a s  t h e  example. Numerical i n t e g r a t i o n  may b e  . 

necessary  i n  o t h e r  c a s e s ,  bu t  t h e  r e q u i r e d  parameters  a r e  provided.  
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Appendix 1 

Formulas f o r  S t i f f n e s s  In f luence  C o e f f i c i e n t s  

Formulas a r e  given f o r  s i n g l e  p i l e s .  S t i f f n e s s  c o e f f i c i e n t  S' = S i r  
i j 

by r e c i p r o c i t y  and func t ion  B a r e  de f ined  f o r  convenience as fo l lows :  
i 

- 2 2 
B1 - bll cos y - b22 + b33 s i n  y 

- -b ) s i n y c o s y  
*2 - ( b l l  33 

3 
= (b +b ) cosy s i n a  cosa  

15  24 

B4 = u sins - u2 cosa 1 
L L 

B5 = bll s i n  y + b33 cos y 

2 
B6 = b44 C O S  y-b 

2 
55 + b66 sin y 

2 - (b +B cos a )  B7 - U 3  22 1 

= B u s i n a  cosa 
B9 1 3 

B10 = B c o s a  
1 

Bll = B cosa 
2 

= S s i n a  
B12 1 

= 8 s i n a  
%3 2 

2 
B14 

= (b15 cos a-b s i n a ) c o s a  
2 4 

B17 = u b - bZ4 s i n y  cosa  1 22 

B~~ = s i n e  cosa  

B1 9 = (b44 - b ) s i n y  cosy 
6 6  

Thus, 

S i l  = B10 cosa + b 
2 2 



S i 2  = B12 s i n a  + b  
2  2 

si3 = -BI3 

s i 4  = -u2 B13 - Ba - B16 

3 3  = B5 

S i 4  = u2B5 + u3BI3 + B15 s i n a  

S i 5  = -U B - u B 
1 5  3  11 - B15 

c o s  a 

l 5  = -u u  B CB B -B ( U  sina + u2 cosa ) -u  ( U  B +u B +u B B +2B ) 
1 2 5  6 1 8  1 5  1 3 2 1 1  1 1 3  3 1 1 8  3 

/ 6  
= u  (B -B B ) - u  B -B c o s a  - u  (B B +B ) 

2 3 2 4  1 1 6  1 9  3 12 4 1 7  

2  2  
s; 5  

= u  B +B s i n  atbS5+2u B coscd-u (B +2u1~11+2~14) 
1 5  6  1 1 5  3 7 

B +B )-B19 s ina -u  B +u [ s i n y ( u  B c o s y t b  sinal-u2(B10 ~ o s ~ + b ~ ~ ) 1  ';6 = u1(B2 4 3  2  1 4  3 1 1  2 4  

C 
Where U.(ul ,u2,u3)  a r e  t h e  c o o r d i n a t e s  o f  t h e  p i l e  t o p  i n  t h e  f o u n d a t i o n ,  

1 

a is t h e  a n g l e  t o  the d i r e c t i o n  of b a t t e r  measured c l o c k w i s e  i n  p l a n  
i 

from t h e  U a x i s  and y is t h e  a n g l e  o f  b a t t e r  from t h e  v e r t i c a l  i n  t h e  
1 i 

p l a n e  o f  b a t t e r .  



Appendix 2 

S t i f f n e s s  M a t r i x  f o r  a Pile Segment --- 

R e f e r  t o  F ig .  2 

where ,  T l i  = (C 'S '  - CS)rq 

T2i = (C'S - C S ' ) K ~  
,-+ 

C' = cosh QL 

S '  = s inh  BL 



Figure  1. Coord ina te  System U and Kinematic Degrees of i Freedom A i .  

F i g u r e  2 .  Segment k of P i l e .  Kinematic Degrees of 
Freedom a r e  Loca l .  



N - 2  

Figure 3. Model of Pile of M Finite Segments 
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NOTES ON PILE STIFFNESS 

I .  Axial  

1. H.G.  Poulos:  [ s e e  " M a d - s e t t l e m e n t  P r e d i c t i o n  f o r  P i l e s  

and P i e r s " ,  H . G .  Poulos ,  ASCE J o u r n a l  SM9, Sep t .  72,  

pp.  879-8951. Based on t h e o r y  o f  e l a s t i c i t y ,  fo rmula t ion  

a s  a  r i g i d  body i n  a  s e m i - i n f i n i t e  mass, extended f o r  cgm- 

p r e s s i b l e  p i l e ,  l a t e r  f o r  nonhomogeneous s o i l .  Used t o  

p r e d i c t  l oad - se t t l emen t '  c u r v e  t o  f a i l u r e  

Es = modulus of  e l a s t i c i t y  o f  s o i l  

d  = p i l e  d i ame te r  

I = p i l e  s e t t t t l e m e n t  i n f l u e n c e  f a c t o r  

= IIRliRh% where each  v a r i a b l e  is  o b t a i n e d  from a  

p repa red  cu rve .  

I n  a  l a t e r  paper  [ " S e t t l e m e n t  of  P i l e  Founda t ions , "  by H .  

G .  Poulos  Numerical Methods i n  Geotechnica l  Engineer ing ,  ed. 

C.S. Desai  & J. T.  C h r i s t i a n ,  McGraw-Hill, 1977,  pp. 326-3631, 

Poulos  g i v e s  bj3 i n  a d i f f e r e n t  form 

where L i s  p i l e  l e n g t h ,  ES t h e  s o i l  modulus, and I an 
P 

i n f l u e n c e  s e t t l e m e n t  f a c t o r .  See Fig .  10.6 o f  paper  ( p .  3 4 7 )  

f o r  c h a r t  t o  de t e rmine  I (Kt L/D f o r  a f l o a t i n g  p i l e .  
P  

There a r e  o t h e r  c h a r t s  f o r  c o r r e c t i o n s  f o r  end b e a r i n g ,  

group a c t i o n ,  e t c .  

2. M .  Novak: [ s e e  "Dynamic S t i f f n e s s  and Damping o f  P i l e s "  

M .  Novak, Can. Geotech.  J . ,  Vol.  11, 1 9 7 4 ,  pp. 574-5981, 

Based on a  model which assumes s o i l  t o  be composed of 



Notes on P i l e  S t i f f n e s s  

independent  i n f i n i t e s i m a l l y  t h i n  h o r i z o n t a l  l a y e r s  t h a t  @-? 
. - 

extend  t o  i n f i n i t y ,  a g e n e r a l i z e d  beam-on-spring-foundation 

model. P i l e  may be s h o r t  b u t  i s  assumed hinged a t  t i p ,  

i . e . ,  t i p  does  n o t  move v e r t i c a l l y  

where E = modulus of e l a s t i c i t y  of  p i l e  
P  
A .  = a r e a  o f  p i l e  

r = r a d i u s  of  p i l e  
0 

- 
' 1 8 , l  - ' 18 , l  ( V ~ / V ~ '  

i/r ) a r e  g iven  i n  F i g .  9 of  paper  
0 

Vs =I/$= s h e a r  wave v e l o c i t y  o f  s o i l  

G = s h e a r  modulus of  e l a s t i c i t y  o f  s o i l  - 
p = - -  - mass d e n s i t y  of  s o i l  ( e .g . ,  lb-sec '  

g it4 

vc =-I- = l o n g i t u d i n a l  wave v e l o c i t y  i n  p i l e  
P  P  

P = mass d e n s i t y  o f  p i l e  
P  

F18 ( A )  = A c o t a n  A = F18 ( A ) l  f i F18 ( A ) 2 f  a 

complex f u n c t i o n  F ( A ) l  i s  t h e  real  p a r t  
18 

i n  which w = e x c i t a t i o n  f requency 

u = m a s s  of  p i l e  p e r  u n i t  l e n g t h  

c = c o e f . ,  of  p i l e  i n t e r n a l  damping . 

S,l & S,2 a r e  Besse l  f u n c t i o n s  
-A 

For  s t a t i c  c o n d i t i o n s  w = 0 l e a d s  t o  A = 
Y 
4. - 

' 18 , l  
- - O A c o t h  A 

L 
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3 .  A . S .  ~ e s i d  [ s e e  "Design o f  P i l e  Founda t in s " ,  A . S .  v e s i 6 ,  

TRB S y n t h e s i s  # 4 2 ,  1977 (pp.  2 2 - 4 3  f o r  m a t e r i a l  of  i n t e r e s t  

h e r e )  1 .  

x 3 = w  + w  + W  
5 PP PS 

where 

qPB c Q p i l e  p o i n t  s e t t l e m e n t  due t o  
w -  =-Is2 p o i n t  l o a d  

PP - IPP Bqo 

- 
f~ CsOs p i l e  p o i n t  s e t t l e m e n t  clue t o  " =S 1 = -  

Ps Es* Ps Dqo 
s h e a r  

Q~ 

= p o i n t  l o a d  = BQt 

Qs = s h e a r  l o a d  = ( 1 - B ) Q t  

Q +Qs = Qt = a x i a l  l o a d  on p i l e  
P  

as = a (diam.,  d i s t r i b u t i o n  o f  s k i n  f r i c t i o n )  
S 

1 
A a < 2 / 3  (approx . )  u s e  a = 1/2 f o r  uniform s k i n  
1 0  s S 

f r i c t i o n  & p r i s m a t i c  p i l e .  

L,ApfEp = p i l e  p r o p e r t i e s  

I & I  a r e  i n f l u e n c e  c o e f s .  from t h e o r y  o f  e l a s t i c i t y  
PP PS 

( s e e  Poulos)  . 
B = diam. o f  p i l e  

D = embedded l e n g t h  o f  p i l e  

2 
~ ; = Z ~ / ( l - v  ) = p lane  s t r a i n  modulus o f  e l a s t i c t y  o f  s o i l ,  

S 

v  = P o i s s o n ' s  r a t i o  
S 

q~ 
= n e t  p r e s s u r e  on p i l e  p o i n t  

. . 
7 = ave rage  s h e a r  on p i l e  s u r f a c e  ( s k i n  f r i c t i o n )  s 

Cp6Cs a r e  e m p i r i c a l  c o e f f i c i e n t s  
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C ,  where C comes from Table  6 and 
P 

90 = u l t i m a t e  p o i n t  r e s i s t a n c e .  

The re fo re ,  

4 .  M . F .  Randolph & C.P.  Wroth: [ s e e  "Analysis  of Deformation 

o f  V e r t i c a l l y  Loaded P i l e s , "  M.F. Randolph & C . P .  Wroth, 

ASCE Jrl. GT12, Dec. 1 9 7 8 ,  pp. 1465-14871. An approximate  

a n a l y t i c  e x p r e s s i o n .  

where 

5 = l n ( r m / r o )  = Ln [ 2 . 5 ( ! Z / r o ) p ( l - v ) ]  

p e  = ~ G j ' ( e / r o )  

p = G(R/2)/G(R) ( r a t i o  o f  G a t  midheight  t o  G a t  t i p )  

G = s o i l  modulus 

r = p i l e  r a d i u s  
0 

V = P o i s s o n ' s  r a t i o  o f  s o i l  

A = E /Gs 
P 

9. = p i l e  l e n g t h ,  E = p i l e  modulus 
P 
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5 .  E x a m p l e s :  

Given: P i l e ;  S o l i d  c y l i n d e r ,  concrete, E = 3 0 0 0  k s i ,  L  = 2 5  f t ,  
P 

D = 1 f t .  s o i l ;  l o o s e  s a n d ,  Es = 3 . 5  k s i ,  v =  0 . 4 ;  

y = 1 1 0  p c f ,  u n i f o r m .  

( a )  P o u l o s .  

L/d = 25  F i g . . l  =+- 11= 0 . 0 7 5  

E 
K = - E R  = -  

Es A 
3000  (1) 3 . 5  . 

S o l i d  P i l e ,  RA = 1 

. 
= 860  F i g .  3  3 Rk = 1 . 2  

Rh = 1 f o r  p i l e  i n  a s e m i - i n f i n i t e  mass 

Rb = 1 f o r  a u n i f o r m  s o i l  

.: I = IIRkR,% = 0 . 0 7 5  ( 1 . 2 )  (1) (1) = 0 .09  

R a t i o  o f  load carr ied b y  b a s e  1 n o t  n e e d e d  
here, u s e d  

6 = B C C  = 0 . 0 5 7 ( 0 . 9 2 )  (1) = 0 . 0 5 2 5  
l k b  later 

6 + F i g .  2  , Ck F i g .  4 1 

d o r ,  u s i n g  F i g .  10-6  of  2  p a p e r :  - EsL-3.  5 x 2 5 ~ 1 2  - 
b33 - - - 

I 2 . 2  
P  

(b) Novak.  

. L 
. G  = s - - - -  3 * 5  - 1 . 2 5  ksi 2 ( 1 + P )  2 . 8  
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. F i g .  9 f18,1 = . 0 2 5  

o r ,  A -  I,jlir E A = 25x12-/ 1 . 2 5 ( 4 r ) 6  1 = 5,  A c o t h  A = 5.00045 
P 3 0 0 0  (n) 6 

f r o m  p 5 B = 0 . 0 5 2 5 ;  f r o m  E q .  1 5  R a n d o l p h  & Wroth 

t h u s ,  0 . 0 5  < B < 0 . 0 8  , w i l l  use B = 0 . 0 8  

- qo  - cNc + qvN, = O ( N C )  + . 1 1 ( 2 5 )  ( 2 0 )  N est. @ 20 
9 

= 5 5  k / f t 2  = . 382  k / i n  2 

T a b l e  6 .3 C " 0 . 0 4  
P a s  

fo r  sand = 2/3  

( d )  R a n d o l p h  & Wroth  
v 

5 = 4 . 3 2  ( see  above) = ' >  = = 2400 
Go 1 . 2 5  



Uotes o n  P i l e  S t i f f n e s s  

tanh ( u p )  = 0 . 6 0 1 0  

( e l  Summary  

hie-t h o d  b 3 3  - k~ 

P o u l o s  4 6 7 - 4 7 7  k / i n .  0 . 4 1 - 0 . 4 2  

Novak  * 1 4 1 4 - 5 6 5 4  1 . 2 5 - 5 . 0 0  

V e s i c  5 3 6  0 . 4 7  

Ran  & W r  5 0 3  0 . 4 4  

t -  S a u l  ( 6 8 )  * 1 1 3 1  1 . 0 0  

* B o t h  i n  e r ror ,  a s s u m e s  no p i l e  t i p  d i s p l a c e m e n t .  

11. T o r s i o n  

1. M.W. O ' N e i l l :  [ s e e  D i s c u s s i o n  i n  ASCE ST2 F e b .  1 9 6 9 1  

w g e r e  r = p i l e  r a d i u s  

Gs = S o i l  shear m o d u l u s  of e l a s t i c i t y  

G  = P i l e  " It l a  )I 

P 

J = t o r s i o n a l  c o n s t a n t  o f  p i l e  

Derived f r o m  s t r e n g t h  of m a t e r i a l s  approach a s s u m i n g  e l a s t i c  

p i l e  & s o i l .  . . 

2 .  H . G . P o u l o s :  [ R e f .  " T o r s i o n a l  R e s p o n s e  of P i l e s , "  H.G. 

P o u l o s ,  ASCX J r l . ,  GT10,  O c t .  75 ,  pp. 1 0 1 9 - 1 0 3 5 1  Used 

i n t e g r a t i o n  of e q u a t i o n s  based on theory of e l a s t i c i t y  
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where G = s o i l  modulus 
S 

d = p i l e  d i ame te r  

I = I (K ,L/d) = i n f l u e n c e  c o e f f i c i e n t  4 T  

L = p i l e  l e n g t h  

J 7 p i l e  t o r s i o n a l  c o n s t a n t  
P  

G = p i l e  s h e a r  modulus of e l a s t i c i t y  
P 

0.CF c1.0 
Q, s o i l  s l i p  f a c t o r  

3 .  M. Novak & J . F .  Howell: [Ref.  "Tor s iona l  V i b r a t i o n  of 

P i l e  Founda t ions , "  Novak & Howell, ASCE Jrl., GT4, Apr. 7 7 ,  

pp. 271-2851. D e r i v a t i o n  s i m i l a r  t o  12.  

G J  
f i x e d  t i p  bs6 = f  see Fig. 5 

ro r . 1  

pinned t i p  s u b s t i t u t e  F r (A) l  f o r  FT(A) l l  

G J  
May be w r i t t e n  b 6 6  = 2- wL c o t h  wL , w = L 

4 .  To r s ion  examples 

See S e c t i o n  I p a r t  5 of  t h e s e  n o t e s  f o r  d a t a .  

4 
J = -  'd ( p o l a r  moment o f  i n e r t i a  f o r  c i r c l e ) .  32 

a )  O ' N e i l l  

E - 3000 
Gp = 2 h  - 2(1+ .25 )  '= 1200 k s i  

4 
J = ' ( I2 )  = 2036 i n .  4 

3 2  
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