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1.  I n t r o d u c t i o n  

I n  t h i s  d i scuss ion  of impact  problems the  wave mechanics concepts o f  

bo th  cont inuous and d i s c r e t e  p i l e  models a r e  i l l u s t r a t e d .  The equat ions  

which w i l l  be d e r i v e d  shou ld  be h e l p f u l  i n  t h e  understanding o f  t h e  p i l e  ' 

d r i v i n g  process, t h e  Case Method, CAPWAP, WEAP, i n t e g r i t y  t e s t i n g  and da ta  

i n t e r p r e t a t i o n .  Examples and some.usefu1 numer ica l  va lues w i l l  be g iven .  

Always a u n i f o r m  p i l e  w i t h  l i n e a r  p r o p e r t i e s  w i l l  be assumed excep t  where 

o the rw i se  noted.  A lso,  when a  l e n g t h  AL i s  cons idered  i t  should be under- 

s tood  t h a t  AL i s  a  s h o r t  d i s t ance ;  a t  i s  cons idered  a  s h o r t  t ime  increment .  

2. L i n e a r  Wave Mechanics 

2.1 P r o p o r t i o n a l  i t y  

When a  r o d  i s  s t r u c k  a t  t h e  end by a  mass a  smal l  zone of  m a t e r i a l  i s  

f i r s t  compressed ( F i g u r e  1 ) .  T h i s  compression causes a  s t r a i n  E and t he re -  

f o r e  a  f o r c e  F  = E A E (A i s  t he  c ross  s e c t i o n a l  area and E i s  Young's 
?9 

Modulus o f  t he  r o d ) .  F  then  compresses a  ne ighbo r i ng  p a r t i c l e .  However, / 

s i nce  m a t e r i a l  i s  compressed a  mot ion  o f  t h e  p a r t i c l e s  i s  a l s o  necessary. 

We speak o f  a  p a r t i c l e  v e l o c i t y ,  v,  i n  t h e  rod .  Whenever a  v e l o c i t y  i s  

g i ven  t o  a  p a r t i c l e  of  mass, m, w i t h i n  a  t ime  p e r i o d  a t  t h e  p a r t i c l e  has t o  

be acce le ra ted  caus ing an i n e r t i a  fo rce  (v /a t )m.  T h i s  i n e r t i a  fo rce  i s  i n  

ba lance w i t h  t h e  s t r a i n  fo rce  and because i t  takes t ime  t o  a c c e l e r a t e  t h e  

p a r t i c l e s  t he  s t r a i n  w i l l  be t r a n s f e r r e d  a t  a  c e r t a i n  speed, c ,  c a l l e d  t h e  

wave speed ( i d s  o r  f t l s ) .  

Consider  F igu re  1. The wave has a l r eady  t r a v e l e d  t o  a  ~ o i n t  which i s  

s t i l l  a t  r e s t .  Dur ing  a  t ime  i n t e r v a l  a t  ( sec )  t h e  wave t r a v e l s  a  d i s t a n c e  

A L  = ( 1 t ) c  ( f t )  and s i nce  the  m a t e r i a l  below the  p o i n t  became compressed, 

t h e  p o i n t  moved a  d i s tance  a .  
Th i s  de fo rmat ion  a was caused by a  s t r a i n  E over  a  d i s tance  AL and 

t he re fo re  



E = ~ / A L  

B u t  replacing A L  by (At )c  leads  t o  

- .  a E =  - 
A t  c  

Since the point t raveled a  d i s tance  a during a time A t  i t  had a  ve loc i ty  

and we' f i nd  

Thus, the  s t r a i n  a t  a point  i n  t h e  rod material  i s  proport ional  t o  the  

p a r t i c l e  veloci ty  of the  same point .    he r e l a t i on  can be expanded t o  

cover s t r e s s  

'. 
or fo rce  

' EA The propor t ional i ty  cons tan t  7 i s  o f ten  re fe r red  t o  a s  an impedance 

because i t  i s  t h a t  force with which a  p i l e  oproses a  sudden change of 

veloci ty  by one uni t .  

Example 1  : 

A p i l e  i s  d i r e c t l y  h i t  by a  mass which has a  ve loc i ty  of 10 

f t l s .  What i s  the  maximum force  in  the  p i l e  during impact 

( E  =30000 ksi. 210kN/mm2, A = 15.5 in2 (12HP53) 115cm2, 
c  = 16,800 f t / s  5,12Om/s). 

Answer: 

During the  f i r s t  i n s t a n t  of impact the  p a r t i c l e  ve loc i ty  of 

the p i l e  top i s  a l s o  10 f t / s  

T h u s :  F = 10 3oooo . ( 1 5 ' 5 )  = 277 kips (1.26M~) 
16800 



r 
2.2 Wave Speed 

Le t  us now cons ider  ( F i g u r e  2) t h e  balance between the  f o r c e  

- .  . - 
a c t i n g  a t  a cross s e c t i o n  and t h e  r e s u l t i n g  a c c e l e r a t i o n  

of a  p iece  o f  r o d  o f  mass d e n s i t y  p and l e n g t h  AL. According t o  Newton's 

second law 

which becomes (s ince  m = APAL) 

CAE = - ApdL 
A t .  

b u t  v  = CE and = c  and t h e r e f o r e  
A t  

and the  wave speed becomes: 

Example 2 : 

Compute the  wave speeds f o r  s t e e l  (E - 30,000 k s i ,  y = 492 1bs/ 
3  3 f t  ) ,  concre te  ( E  = 5000, y = 150 l b s / f t  ) ,  t imber  (E = 2000 

3  3 k s i ,  y = 50 l b s / f t  ) and water  (E = 295 k s i ,  y = 62.4 l b s / f t  ). 

y i s  the  s p e c i f i c  we igh t  o f  t h e  p i l e  m a t e r i a l .  

Answer: 



C = (2152) s tee l  .= 

'concrete =m (2152) 
150 

= (2152) 'timber 

= (2152) 'water 6m - - 4,680 f t  sec 
(1430 m/s) 

Another relat ion i s  sometimes helpful . using c = one can 
E A express the quantity,  in terms of the basic material properties:  

This expression c lear ly  indicates that  equal changes of E or Q have 
identical e f fec ts  on the impedance. 

3. Non-Uniform Piles 

1 
, .  Suppose tha t  a p i l e  has a sp l i ce  a t  midlength and tha t  i t s  properties 

change below t h i s  sp l ice  (Figure 3 ) .  The top and bottom sections may have 
impedances I  and Ibot, 

top 
respectively.  When the s t r e s s  wave (vimpact  1 

ar r ives  a t  the sp l ice  a re f lec t ion  ( F u p ,  vUp) will  be generated such tha t  

forces and veloci t ies  a r e  in balance jkt  above (subscript  top) and below 

(subscript  bot) the sp l ice .  
Because of the re f lec t ion  we have 

v - - + v  = v  
top 'impact up  bot (cont inui ty)  

- - 
Ftop 'top "impact - 'top "up ' 'bot "bot (equi 1 i  bri urn) 

Solving simultaneously 

v - - I t0  
bot 'impact I  + Y top 



and t h e r e f o r e  

= v  ' top 'bo t  Fbot  impact Itop + Ibot 

= F  I b o t  Fbot  impact Itop + Ibot 

Example 3: 

A  nonuni form p i l e  cons i s t s  o f  two s t e e l  sec t i ons .  The lower 

s e c t i o n  has a  cross s e c t i o n a l  area which i s  o n l y  one h a l f  

t h a t  o f  t he  t o p  s e c t i o n  p o r t i o n .  What a r e  f o r c e  and p a r t i -  

c l e  v e l o c i t y  i n  the lower s e c t i o n  as a func t i on  o f  t h e  

impact q u a n t i t i e s  i n  the upper s e c t i o n ?  

Answer : 

= v  I t 0  - - "hot impact Ibot + ! 2= 5 
t o p  

1/2 + 1  3 "impact 

- - 2 1 b o t  = 2 (1 /2 )  - 2 F  
Fbot  Firnpact Ibot + 1 

t o  P 
1 / 2 + 1  3 impact 

As i t  w i l l  be shown l a t e r ,  the  wave f o r c e  i n  a  p i l e  i s  e s s e n t i a l  

f o r  overcoming s o i l  r e s i s t a n c e  forces.  Thus, a  r e d u c t i o n  i n  c ross  sec- 

t i o n a l  area l i k e  i n  Example 3 can e s s e n t i a l l y  i n f l u e n c e  t h e  p i l e ' s  d r i v i n g  

behavior .  

Another example o f  a  "non u n i f o r m i t y "  i s  a  f ree  end o f  a  p i l e .  Th is  

means Ibot = 0. Therefore 

and of course 

Fbot  = 0 (as r e q u i r e d  f o r  a  f ree  end) 



The e f f e c t  o f  " f i x i n g "  t h e  p i l e  bot tom can be s t u d i e d  i n  a  s i m i l a r  f ash ion .  

S ince t h i s  means t h a t  Ibot becomes i n f i n i t e l y  l a r g e  

v  bo t = 0 

and . - 

- 
Fbo t  

- 
Fimpact  

4.  Extens ion  of  R e f l e c t i o n  Theory t o  a  General' S i t u a t i o n  

Suppose we i n v e s t i g a t e  forces and v e l o c i t i e s  a t  a  p i l e  p o i n t ,  k, which 

i s  l o c a t e d  between two sec t i ons ,  t o p  and b o t  th rough  which t h e  wave t r a v e l  

t ime,  d t i  = ~ L / c . i s  equal .  A r e s i s t a n c e  Rk may a c t  a t  k .  I n  a d d i t i o n ,  we 
I t 

know a t  t ime  tl t h e  forces i n  t h e  waves t h a t  t r a v e l  downward, Fd,top, t h e  upper 

s e c t i o n  and upwards, Fu,bot;the l owe r  s e c t i o n .  The two waves meet a t  k  a t  

t ime t2 = tl + *ti. If we use aga in  t h e  c o n d i t i o n s  o f  e q u i l i b r i u m  and con- 

t i n u i t y  we f i n d  

Fd,bot ( t2 )  = Fd,tOp ( t l )  (2zbOt) 

+ Fu,bot ( t l )  ( ' top - 'bot)  

- Rk ( ~ b o t )  

Fu, t op  ( t 2 )  = Fu,bot ( t l )  (2ztop) 

z  1 
+ Fd,top ('hot - t o p  

+ Rk (ztop). 

The va r i ous  terms a r e  shown i n  F i g u r e  4 a t  p o i n t  k .  The waves generate a  

fo rce  

and v e l o c i t y  
- 

'k - (Fd  , top (tl) - Fu,top ( t 2 )  ) / I t o p  
I n t e g r a t i n g  t h i s  v e l o c i t y  and express ing  Rk as a  f u n c t i o n  o f  v e l o c i t y  and 

d isp lacement  leads  t o  a  wave equa t i on  approach a f t e r  F i s h e r .  A s o i l  model 

l i k e  t h e  one proposed by Smith (see a l s o  Sec t ions  5 and 7 )  may be used. 

(i 



5 .  Soi  1  Res is tance  Forces 
- .  

1 
The s o i l  opposes t h e  p i l e  p e n e t r a t i o n  b o t h  t h rough  f r i c t i o n  a t  t h e  s h a f t  

and th rough p o i n t  r e s i s t a n c e .  I n  o r d e r  t o  ach ieve  a  permanent p i l e  s e t  a  

shear f a i l u r e  has t o  be induced  b o t h  a t  t h e  p i l e  - s o i l  i n t e r f a c e  and a t  

t h e  p i l e  bottom. I n  a d d i t i o n  t h e  s o i l  must be d i s p l a c e d  a t  t h e  bottom. 

Experience has shown t h a t  t h e  s t a t i c  l o a d  b e a r i n g  c a p a c i t y  i s  r e l a t e d  

t o  t h e  d r i v i n g  r e s i s t a n c e .  However, a d d i t i o n a l  c o n s i d e r a t i o n s  must be taken  

i n  t h e  dynamic case: 

( a )  The s t a t i c  c a p a c i t y  may v a r y  s l o w l y  a f t e r  t h e  d r i v i n g  process 

i f  f i n i s h e d .  I t  may i n c r e a s e  ( f r e e z e )  o r  decrease ( r e l a x a t i o n ) .  

Reasons f o r  these  changes a r e  pore  wa te r  p ressure  changes, s o i l  

remold ing,  s t r e s s  r e d i s t r i b u t i o n s  i n  t h e  s o i l  and o t h e r s .  

( b )  Dur ing  d r i v i n g  t h e  p i l e  v e l o c i t y  changes r a p i d l y .  Thus t h e  s o i l  

d isp lacement  around t h e  t i p  c r e a t e s  mass forces ( a c c e l e r a t i o n  

r e l a t e d  f o r ces ) .  

( c )  The d r i v i n g  process causes r e s i s t a n c e  f o r c e s  a t  b o t h  t h e  p i l e  

s k i n  and t h e  bo t tom wh ich  a r e  s u b s t a n t i a l l y  i nc reased  because of 

a  h i g h  r a t e  o f  shear .  

The usual  approach t o  model s o i l  r e s i s t a n c e  fo rces  i s  

( a )  To p r e d i c t  f r e e z e  o r  r e l a x a t i o n  f r om e i t h e r  s o i l  mechanica l  

c o n s i d e r a t i o n s  o r  f r o m  exper ience  o r  by  r e d r i v i n g  t h e  p i l e  a f t e r  

a  w a i t i n g  p e r i o d  and obse rv i ng  t h e  d i f f e r e n c e  i n  d r i v i n g  be- 

hav i  o r .  

( b )  The mass r e l a t e d  s o i l  r e s i s t a n c e  f o r c e s  a r e  neg lec ted .  

( c )  The v e l o c i t y  dependent i nc rease  o f  t h e  shear  r e s i s t a n c e  f o r c e s  a r e  

modeled by a  l i n e a r  dashpot .  A c t u a l l y ,  these  dashpots a r e  used 



in p i l e  dynamics to  account fo r  a l l  energy losses in the so i l  tha t  
a re  otherwise neglected ( l i k e  the ine r t i a  forces of ( b ) ) .  

f 
\ 

The s t a t i c  resis tance which i s  thought to  be present both during driving 

and during the l a t e r  s t a t i c  loading i s  modeled e las to-p las t ica l ly .  This 

approach i s  cer ta in ly  jus t i f ied  in 1 ight  of the uncertainties in the dynamic 

resis tance forces. 

Figure 5 shows actual ly  measured s o i l  resis tance forces as they occurred 

under the toe plate  during both driving and a s t a t i c  load t e s t  of ( a )  a . 
3 inch p i le  in sand and ( b )  fo r  a 12 inch p i l e  in s i l t  and clay. The d i f -  
ference between the s t a t i c  and the dynamic curves i s  due to  dynamic 

e f fec t s .  For the case of sand the difference i s  very well accounted fo r  

by the 1 inear dashpot. Case ( b ) ,  however, presents large errors  w i t h  t h i s  

model. 
The soi l  resistance force,  R y  which i s  the sum of the e las to-p las t ic  

s t a t i c  portion, S ,  and the dashpot force,. D ,  can be written as 

where J v  i s  a damping parameter [kips/f t /sec] ,  and v i s  the p i l e  velocity 

[ f t / sec]  a t  the point where R ac t s .  S can be written as 

r k s  ( d )  fo r  d - < q 

= [ s U  f o r  d - > q 

as long as unloading ( veloci t v  v ~ i j  does not occur. Su i s  the 
ultimate s t a t i c  resistance a t  a point,  ks i s  the so i l  s t i f f n e s s ,  d the 

p i l e  displacement, q i s  the so-called quake, i . e .  t ha t  p i l e  displacement 

a t  which the so i l  becomes p las t ic .  
Damping parameters are often used in a s l igh t ly  d i f fe rent  form. While 

Jv  i s  a viscous damping fac tor ,  the usual approach in p i l e  dynamics i s  to  

use 

with J being the so-called Smith damping factor  ( thus,  J = J v  and has dimen- 
-T 

sions s e c / f t ) .  Another way to formulate a damping constant 1s by dividing 

i t  by the p i l e ' s  impedance. Then 



-- '1 
Note t h a t  Jc i s  t r u l y  d imens ion less .  I t  i s  r e f e r r e d  t o  as t h e  Case damping 

cons ta i i t .  

An impo r tan t  advantage o f  Case damping i s  t h a t  i t  a l l o w s  a  damping f o r ce  

t o  be modeled where no  s t a t i c  r e s i s t a n c e  f o r c e  e x i s t s  as i n  s o f t  s o i l s .  

A lso  f o r  analyses of chang ing  s t a t i c  r e s i s t a n c e  va lues  t h e  damping parameters 

a r e  k e p t  cons tan t .  

6 .  A P i l e  Wi th  Res i s tance  a t  t h e  P o i n t  On ly  

Suppose, an impac t  wave w i t h  v e l o c i t y  vimpact and f o r c e  Fimpact - - 

I " impact 
reaches a  f r e e  p i l e  end. I t  was p r e v i o u s l y  found t h a t  a  r e f l e c -  

t i o n  wave would be genera ted  such t h a t  vtoe = ' impact . If t h e  p i l e  end 
moved through s o i l  i t  wou ld  a c t i v a t e  a r e s i s t a n c e  f o r c e  

I Since R i s  suddenly  a p p l i e d  i t  causes an a d d i t i o n a l  ( b u t  compression) wave 

t o  t r a v e l  upwards t h rough  t h e  p i  1  e hav ing  p a r t i  c l  e  v e l  o c i  t y  (upwards ) : ../' 

VR = I R  

Thus, t h e  r e s u l t i n g  p i l e  t o e  v e l o c i t y  i s  

v  - - 
t o e  ' impact - IR 

S u b s t i t u t i n g  f o r  R one o b t a i n s  

- - 
' toe ' impact - I (Jv  vtoe + S) 

i n  t h e  case o f  v i scous  damping. S o l v i n g  f o r  vtoe one o b t a i n s  

- " impact  - S/I 
- 

t o e  
+ %/I 



(For  Smith damping: vtoe - - " impact  -"I , f o r  Case damping; 
1  + J S / I  

v  t o e  = 
'impact - S/I 

1  + J- 
L - .  . - 

Thus vtoe becomes zero  when 

I n  o t h e r  words t h e  l a r g e s t  s t a t i c  r e s i s t a n c e  f o r ce  t h a t  t h e  impact  wave 

can overcome i s  t w i c e  t h e  impact  fo rce .  

T h i s  fo rmu la  does n o t  t e l l  how .much a  p i l e  would move g i v e n  vimpact, 

I and S ( t h i s  i s  dependent on t h e  hammer mass), however, i t  c l e a r l y  

g i v e s  an upper l i m i t  f o r  S and emphasizes t h e  impor tance o f  t h e  impedance 

I .  The h i g h e r  t h e  p i l e  impedance t h e  l a r g e r  t h e  r e s i s t a n c e  f o r c e s  t h a t  

can be overcome. 

2 2 
A c a s t  i n  p l a c e  p i l e  (1 .5  diam., i . e .  A = 1 . 7 7 ~  , E = 40kN/mm , 
C = 4080m/s) i s  s t r u c k  by a  mass such t h a t  a  1.5m/s p i l e  p a r t i c l e  

r e s u l t s .  What maximum r e s i s t a n c e  can be overcome? 

Answer: 

S*ax 
106 = 52,000kN 

(4,700 t ons )  

I n  r e a l i t y ,  however, t h e  maximum r e s i s t a n c e  a c t i v a t e d  by t h e  wave w i l l  n o t  be 

much g r e a t e r  than  1.2 t imes (31,200kN) t h e  impact  fo rce .  

Another  p o i n t  may be of i n t e r e s t .  We have seen t h a t  t h e  Case damping 

approach leads  t o  a  bot tom v e l o c i t y  

C 
v  - - 

t o e  'impact 1  4- Jc 

S u b s t i t u t i n g  S = 0  (no s t a t i c  r e s i s t a n c e )  and Jc = 1  one o b t a i n s  



In e f f ec t  t h i s  means tha t  no ref lect ion wave i s  generated i f  a damper Fs\ 

with constant J c  = 1 o r  J V  = I i s  used. I n  other  words, the behavior 

of a n  i n f in i t e ly  long, uniform p i l e  i s  l i ke  t h a t  of a dashpot having a. 
-3 

damping constant equal to  the p i l e  impedance (of course, a 1 inear dash- 

pot i s  by defini t ion a device whose resis tance force i s  proportional 

to  the veloci ty) .  

7. Effects of the Harmer t o  Pi le  Mass Ratio 

The discussion of pil ing behavior should not be ended without 

touching on the subject of hammer mass e f f ec t s .  So f a r  indications 

were that  only the impact velocity was of importance in driving a p i l e ,  
however, nothing was said about how much penetration was achieved by a 

hammer blow. 
S t .  Venant, the fa ther  of the Wave Equation, had studied these e f f ec t s  

and had come u p  with a plot  (Figure 6 )  showing the p i l e  top force behavior 

for  various hammer t o  p i l e  mass r a t io s .  These plots  were made f o r  a 

fixed end condition. They were extended t o  a l so  show the p i l e  bottom 

force. O f  course, as shown above, i n i t i a l l y  the p i l e  bottom force becomes 
rg 

\ 
\ 

twice the impact force. L/c i s  the time tha t  i t  takes a s t r e s s  wave to  ,' 

travel along a rod of length and i s  therefore tha t  time a t  which the impact 

i s  f e l t  a t  the bottom. 
Two important resu l t s  should be observed 

( a )  The forces decay f a s t e r  fo r  smaller hammer masses. 

( b )  Upon wave ref lect ion the p i le  forces increase to  values 

higher than the impact force i f  the hammer mass was 
suf f ic ien t ly  large.  

The penetration of a p i l e  depends on the difference between the toe 
force (fixed case) and twice the s t a t i c  resistance force.  The larger 
the remaining area the greater the penetration under a blow. Figure 6 

shows that heavy rams can overcome a resistance force a f t e r  time 3L/c 
even i f  the impact force was less  than Smax. Such a s i tuat ion does not 

often occur i n  r ea l i ty .  



8. The Lumped Mass Wave Equation Model 

8.1 T r a n s i t i o n  from Continuous t o  D i s c r e t e  Systems 

I n  d e r i v i n g  the expression c  = m, Newton's Second Law was used 

which ' s t a t e s  t h a t  mass t imes a c c e l e r a t i o n  equal s fo rce .  We have considered 

very  smal l  masses ALPA and very s h o r t  t ime increments, at,for t h i s  dynamic 

ba l  ance . 
I t  i s  poss ib le  t o  use f i n i t e  masses and f i n i t e  t ime increments together  

w i t h  Newton's Second Law t o  compute the  p i l e  forces and displacements a t  a  

d i s c r e t e  number o f  p o i n t s .  S i m i l a y l y ,  a  ram can be d i v i d e d  i n t o  several  

masses. Correspondingly,  t he  e l a s t i c i t y  o f  t he  p i l e  can be modeled us ing  a  

f i n i t e  number o f  spr ings .  The e r r o r s  i nvo l ved  a re  smal l  i f  we consider  

phenomena t h a t  change s low ly  w i t h  respec t  t o  t h e  wave t r a v e l  t ime i n  one 

element. 

From measurements i t  was found t h a t  the  forces and v e l o c i t i e s  i n  the  

p i l e  u s u a l l y  r i s e  t o  t h e i r  peak value i n  more than one m i l l i s e c o n d .  For  

such r i s e  t imes a  segment l e n g t h  o f  f i v e  f e e t  i s  s u f f i c i e n t l y  sho r t .  On 

the o the r  hand, d iese l  hammer rams which impact d i r e c t l y  aga ins t  a  s t e e l  

a n v i l  e x h i b i t  s h o r t e r  r i s e  t imes and a s h o r t e r  segment l e n g t h  i s  recom- 

mended. 

8.2 The P i l e I S o i l  Model 

The p i l e  i s  modeled by a  s e r i e s  of masses which a re  connected by 

spr ings  and dashpots. Each mass i s  a l s o  supported ( o r  i t s  mot ion i s  r e -  

s i s t e d )  by an e l a s t o - p l a s t i c  s p r i n g  and a  dashpot which together  represents 

the  s o i  1  a c t i o n  (F igure  7 ) .  

Spr ing constants,  k ,  f o r  the  p i l e  (and s i m i l a r l y  f o r  hammer components) 

a re  computed us ing  t h e  r e l a t i o n  

where 3L i s  the l eng th  of a  segment ( o r  th ickness of a  cushion) .  ' 

The masses are der ived from 



Two i m p o r t a n t  r e l a t i o n s  shou ld  be d iscussed  

Thus, t h e  impedance of a  p i l e  segment can be determined from t h e  square r o o t  

of t h e  p roduc t  o f  mass and s t i f f n e s s .  T h i s  f a c t  makes i t  easy t o  compute 

t h e  v i scous  damping f a c t o r  f r om  Case damping cons tan t  g i v e n  mass and s t i f f -  

ness o f  a  segment. 

A l so  i m p o r t a n t  i s  t h a t  t h e  r a t i o  aL/c  (which i s  t h e  t i m e  t h a t  i t  takes  

t h e  s t r e s s  wave t o  t r a v e l  th rough  t h e  segment) can be determined f rom mass 

and s t i f f n e s s  va lues.  aL/c  i s  a l s o  c a l l e d  t h e  c r i t i c a l  t ime,  ~t,. Note 
, 

I 
t h a t  t he  computa t iona l  t ime  inc rement  b t  has t o  be s m a l l e r  than  ntc ,  a  f a c t  

t h a t  i s  cons idered  i n  most programs. 
\\ 

Sp r i ng  and mass va lues  a r e  e a s i l y  ob ta i ned  from t h e  equa t ions  s t a t e d .  . i 

The accuracy o f  t h e  va lues  i s  e s s e n t i a l  f o r  a  meaningful  answer. The dash- 

p o t s  w i t h i n  t h e  p i l e  model a r e  o f  l e s s e r  impor tance.  T h e i r  cons tan t s  a r e  

n o t  w e l l  known and are,  as f a r  as WEAP i s  concerned, based on t h e  p i l e ' s  

impedance. C a l l i n g  c  t h e  dashpot cons tan t  between two p i l e  e lements .  
P  

where c  i s  t h e  percentage o f  c r i t i c a l  damping i n  pe rcen t  ( c r i t i c a l  damping 
P  P 

i s  here d e f i n e d  as 2 EA/c = 2 6  f o r  t h e  s p r i n g  n e x t  t o  and mass below 

t he  dashpo t ) .  I t  i s  recommended t o  use va lues  n o t  l a r g e r  than  between one 

and t h r e e  ( 3 )  pe rcen t .  



9. SUMMARY 

The d iscuss ion  of the hammer induced s t r e s s  wave has y i e l d e d  a  number 

of impor tan t  r e l a t i o n s  which are  now summarized. 

Force and v e l o c i t y  i n  a s t ress  

wave a re  p r o p o r t i o n a l .  The pro-  

p o r t i o n a l i t y  cons tant  i s  equal 

t o  the  impedance EA/c. 

The wave speed increases when 

Young's modulus increases and de- 

creases when the  m a t e r i a l  d e n s i t y  

increases.  
I t o p  

= v  3' 'hot impact Ibot + I 
top 

The v e l o c i t y  of t he  impact wave 

increases when the  p i l e  impedance 

decreases. 

L 

5. v  - - v t o p  - W 
toe 1  + Jc  

The f o r c e  o f  t he  impact  wave de- 

creases when t h e  p i l e  impedance 

decreases. 

The v e l o c i t y  o f  t h e  p i l e  bot tom 

can be expressed i n  c losed  form 

i f  no s k i n  f r i c t i o n  i s  p resent .  

The maximum r e s i s t a n c e  fo rce  t h a t  

an impact  wave can overcome i s  

t w i c e  t h e  impact  v e l o c i t y  t imes 

t h e  p i l e  impedance. 

Smi th 's  damping i s  equal t o  the  

v iscous damping cons tant  d i v i d e d  

by the  s t a t i c  s o i l  r es i s tance .  



rl Case damping i s  equal to  the vis- . 
-. 

cous damping constant divided by '\ 

the p i l e  ' s  impedance. 

A spring s t i f fness  i s  calculated 

as Young's Modulus times c ~ o s s  
sectional area divided by the 

segment thickness (or  length) .  

An element mass i s  the product of 

cross sectional area,  mass density 

and element thickness (or length) .  

The p i l e  impedance in the d iscre te  

case i s  equal to  the square root o f  

the product of segment s t i f f n e s s  

and mass. 

The c r i t i c a l  time increment fo r  a  
lumped mass analysis i s  given by 

the square root of the r a t io  of 
element mass to  s t i f fness .  
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Figure 1: Derivation of Velocity - Force Proportionality 
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F o r c e  = (Mass)(Accelerat ion) 

Figure. 2: Derivation o f  Wave Speed c 



WAVES IN A NONUNIFORM PILE 

Figure 3: Derivation of Wave force  and 
p a r t i c l e  ve loc i ty  below a 
change in cross  sect ion 
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Wave Interact ion a t  two sho r t ,  uniform p i l e  elements 
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Figure 6: St. Venant Solution 






