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Estimating the flexibility of offshore pile groups 

M. F. RANDOLPH (Engineering Department, University of Cambridge, UK) and 

H. G. POULOS (School of Civil Engineering, University of Sydney, Australia) 

1 INTRODUCTION 

The overriding criterion in designing piles to support offshore 

structures is usually the required axial capacity of the pile. The number 

of piles, and frequently the diameter of'each pile, may be fixed at an 

early stage of the design, while the final length of each pile is only 

settled after detailed site investigation and the application of a variety 

of design procedures for estimating the profile of ultimate skin friction. 

Tne stiffness of the final foundation must also be estimated accurately 

C 
in order that the dynamic performance of the structure may be assessed. 

Modern methods of calculating the stiffness of a piled foundation involve 
-1 

first estimating the axial and lateral stiffness of a single, isolated, 

pile, and then using appropriate interaction factors and frame analysis 

techniques to arrive at a stiffness matrix for the complete pile group. 

For a group of vertical piles, the final stiffness or flexibility 

matrix is a 6x6, sparsely populated matrix, relating the 6 degrees of 

freedom (3 orthogonal deflections, and 3 rotations) to the 6 applied 

forces and moments. A flexibility matrix F may be defined by 

or - 6 = F P (see Fig. 1). - 

For linear response, the matrix will be symmetric, so that F = Fz3 and 
3 2 



F i g u r e  1: Appl ied l o a d s  w i t h  F i g u r e  2: T y p i c a l  c o n f i g u r a t i o n  of 
c o r r e s p o n d i n g  deformat ions  p i l e s  i n  an o f f s h o r e  group 

F54 + F45'  
The s t r a i g h t f o r w a r d  c o n f i g u r a t i o n  of most o f f s h o r e  p i l e  groups  

- where t h e  p i l e s  a r e  approx imate ly  e v e n l y  spaced  akound a  un i fo rm p i t c h  

c i r c l e  ( s e e  F i g .  2) - e n a b l e s  s i m p l e  and r e a s o n a b l y  a c c u r a t e  e s t i m a t e s  t o  

be  made o f  t h e  terms i n  t h e  f l e x i b i l i t y  m a t r i x  F ,  w i t h o u t  e x c e s s i v e  com- 

p u t a t i o n .  To a  f i r s t  approx imat ion ,  t h e  b e h a v i o u r  i n  any h o r i z o n t a l  

d i r e c t i o n  w i l l  b e  s i m i l a r ,  s o  t h a t  F 4 4 y  
F45 

and F55 may b e  t a k e n  a s  e q u a l  

t o F  F23 a n d F 3 3 r e s p e c t i v e l y .  Th is  l e a v e s  o n l y 5  unknown terms t o b e  
22 ' 

e v a l u a t e d .  The f o l l o w i n g  s e c t i o n  o u t l i n e s  how t h i s  e v a l u a t i o n  may b e  

a c h i e v e d ,  b a s e d  on f l e x i b i l i t y  c o e f f i c i e n t s  f o r  a  s i n g l e  i s o l a t e d  p i l e ,  

and a p p r o p r i a t e  i n t e r a c t i o n  f a c t o r s  f o r  a x i a l  and f o r  l a t e r a l  l o a d i n g .  

2  ANALYSIS 

The s t a r t i n g  p o i n t  f o r  t h e  a n a l y s i s  i s  t h e  f l e x i b i l i t y  c o e f f i c i e n t s  

f o r  a  s i n g l e ,  i s o l a t e d ,  p i l e ;  t h e s e  w i l l  be deno ted  by f  w i t h  a p p r o p r i a t e  

s u b s c r i p t s .  Thus, f o r  a x i a l  ( v e r t i c a l )  l o a d i n g ,  

w h i l e  f o r  l a t e r a l  ( h o r i z o n t a l )  l o a d i n g  

From symmetry, - 
UM 

- f g H  and t h e  l a t t e r  c o e f f i c i e n t  w i l l  be  used f o r  b o t h  



c- q u a n t i t i e s .  I n  a d d i t i o n ,  f o r  l a t e r a l  loading ,  i t  i s  u se fu l  t o  r e f e r  t o  a  

- - ' f ixed-head'  mode of deformation,  where the  p i l e  head i s  r e s t r a i n e d  from 

ro ta- t ion .  The- r e l e v a n t  f l e x i b i l  i ty coef l ' i c i en t  w i l l  be w r i t t e n  f . Crom 
uf ' 

equat ion  ( 3 ) ,  i t  may be  shown t h a t  

The f a c t  t h a t  t he  s t i f f n e s s  of a  p i l e  group i s  l e s s  than  t h e  corn-' 

bined s t i f f n e s s  of a l l  t h e  i n d i v i d u a l  p i l e s ,  i s  cus tomar i ly  q u a n t i f i e d  by 

the  use of i n t e r a c t i o n  f a c t o r s  a . ( P o u l o s ,  1971).  The i n t e r a c t i o n  f a c t o r  

g ives  t he  f r a c t i o n a l  i n c r e a s e  i n  deformation of a  p i l e  due t o  t he  presence 

of a  s i m i l a r l y  loaded neighbouring p i l e .  Thus, f o r  two p i l e s  each w i t h  a 

load  V a p p l i e d ,  the  v e r t i c a l  deformation of each p i l e  i s  

For l a t e r a l  loading ,  i f  a  load  H i s  app l i ed  t o  each p i l e ,  then  the  def lec-  

t i o n  u ,  i s  given by 

( o r  u = f  ( l + a u f ) H  
u  f f o r  fixed-head p i l e s ) .  

' ../ The r o t a t i o n  8 i s  given by 

S i m i l a r  i n t e r a c t i o n  f a c t o r s  a and a may be de f ined  f o r  two p i l e s  loaded 
UM 8 M 

by a  moment M a t  t he  ground s u r f a c e .  Again, from symmetry, a  = a 
uM 6 H Y  and 

t h e  l a t t e r  term w i l l  be used f o r  bo th  q u a n t i t i e s .  

The use of i n t e r a c t i o n  f a c t o r s  may be  extended t o  ca ses  where the  

loads vary  from p i l e  t o  p i l e .  A load  P. on t h e  j th  p i l e  i s  t hen  seen a s  
td c o n t r i b u t i n g  a  deformation 6 .  t o  t h e i  p i l e ,  where 

1 

This  r u l e  may be gene ra l i s ed  t o  inc lude  t h e  case  i = j ,  by d e f i n i n g a  = l .  
j  j  

L t  i s  now p o s s i b l e  t o  deduce t h e  f i r s t  term i n  the  f l e x i b i l i t y  

ma t r ix  F .  For v e r t i c a l  l oad ing ,  t h e  symmetry of t he  o f f s h o r e  p i l e  group 

e n t a i l s  t h a t  each p i l e  w i l l  be  s i m i l a r l y  loaded. Thus, f o r  an o v e r a l l  

load V ,  each p i l e  w i l l  c a r r y  a  load V/n ( f o r  n p i l e s  i n  t he  group) and the  

t deformation of each p i l e  w i l l  be 

C n  
-g = I f  
i n v  (9) 

j=1  



Thus Fll i s  given by 

- .  - - 
For convenience, t he  summation l i m i t s  and i n d i c e s  w i l l  be  omi t ted  i n  t he  

express ions  below. 

The response of t h e  p i l e  groups t o  l a t e r a l  load  i s  complicated by 

t he  a x i a l  loads induced i n  t h e  p i l e s  due t o  r o t a t i o n  of the  group. A 

simple approach (Randolph, 1977) i s  t o  cons ide r  f i r s t  the  ' f ixed-head '  

mode of d e f l e c t i o n ,  where no r o t a t i o n  of t he  p i l e  head occurs .  Under an 

o v e r a l l  h o r i z o n t a l  load H, i t  may be assumed t h a t  each p i l e  c a r r i e s  a  

uniform load of H/n (Matlock e t  a 1  (1980) have found t h a t  t h e  v a r i a t i o n  

of h o r i z o n t a l  load around t y p i c a l  o f f s h o r e  p i l e  groups is  very  s m a l l ) .  

Thus the  f i x e d  head d e f l e c t i o n  i s  

The f i x i n g  moment Mf necessary  a t  t he  head of each p i l e  i n  o r d e r  t o  

r e s t r a i n  r o t a t i o n  may be  c a l c u l a t e d  from 

Thus Mf 
H £ 9 ~  u e ~  = - -  
n 

f t 3 ~  I '6, 

The o v e r a l l  moment a p p l i e d  t o  t he  group is now M ( t h e  a c t u a l  moment) - 
nMf ( t o  coun te rac t  t he  f i x i n g  moments). 

The app l i ed  moment w i l l  be  shared  between the  'push-pul l '  mode, 

where a x i a l  loads  a r e  induced i n  t h e  o u t e r  p i l e s  a s  t h e  group r o t a t e s ,  

and moments a t  t h e  head of each p i l e ,  i n  such a  way t h a t  t h e  r o t a t i o n  of 

each p i l e  matches t h a t  of t he  group. The push-pull mode of r o t a t i o n  

induces a x i a l  loads i n  t he  p i l e s  which may be assumed t o  vary  a s  V '  cos$ 

($ being  the  angle  of any p a r t i c u l a r  p i l e  from t h e  x a x i s  and V '  b e i n g t h e  

a x i a l  load  induced i n  p i l e  1 - s e e  F ig .  2 ) .  Thus the  a x i a l  d e f l e c t i o n  of 

p i l e  1 i s  

The group r o t a t i o n  i s  8 '  = v l / R  (where R i s  t h e  p i t c h  c i r c l e  r ad ius )  and 

the  moment absorbed i s  CV1cos+ x Rcos+ = R V ' C C O S ~ $ .  Thus the  push-pull 0 
s t i f f n e s s  i s  



R2 1 cos2+ 
S = 

PP 
(15) 

f v  1 aVCosa 

For a'moment M1-a t  t he  head of each p i l e ,  t he  r o t a t i o n  i s  given by 

8 '  = M' f g M  1 a B M  . (16) 

Thus the  r o t a t i o n a l  s t i f f n e s s  ( f o r  n  p i l e s )  i s  

The o v e r a l l  moment w i l l  be  shared  between the  push-pull mode and r o t a t i o n a l  

mode i n  p ropor t ion  t o  t he  r e s p e c t i v e  s t i f f n e s s e s .  Thus t h e  moment a t  e a c i  

p i l e  head,  M ' ,  may be  c a l c u l a t e d  a s  

1 = - . ( M  - 
n  nMf) /X 

where x = 1 + S ISr.  
P  P  

The r o t a t i o n  of t he  group i s  given by 

and the  a d d i t i o n a l  d e f l e c t i o n  by 

The f i n a l  form of loading  t o  be cons idered ,  i s  t h a t  of t o r s i o n a l  

loading .  Analysis  of p i l e  groups under genera l  loading  us ing  computer 

programs such a s  PIGLET (Poulos and Randolph, 1982),  i n d i c a t e s  t h a t  t h e  

t o r s i o n a l  s t i f f n e s s  of t he  i n d i v i d u a l  p i l e s  i s  n e g l i g i b l e  (% 5%) compared 

wi th  t h e  s t i f f n e s s  of t he  combined groups due t o  t h e  enforced l a t e r a l  

movement of p i l e s  away from the  a x i s  of t w i s t .  An app l i ed  torque  of T  

may thus be assumed t o  impart  a h o r i z o n t a l  load of H '  = T/nR t o  each p i l e  

i n  an o f f sho re  group. The component of H '  which i s  p a r a l l e l  t o  p i l e  1 

i s  H1cos+,  and thus  t h e  (fixed-head) d e f l e c t i o n  of each p i l e  i s  

T u' = - 
nR 'uf 1 aufcos' (21) 

g iv ing  a  r o t a t i o n  of t h e  group of 

I n  summary, express ions  f o r  t h e  c o e f f i c i e n t s  i n  the  f l e x i b i l i t y  



mat r ix  F  may now be w r i t t e n  down a s  

8~ 
R~ (raeM) (rcos2$)  

where x = 1 + S ISr = 1 + 
PP n  f y  1 a, COS+ 

3 ESTIMATION OF FLEXIBILITY COEFFICIENTS AND INTERACTION FACTORS 

I n  o r d e r  t o  c a l c u l a t e  va lues  f o r  t he  components of F ,  some e s t ima te  

must be made of t he  f l e x i b i l i t y  c o e f f i c i e n t s  f  and t h e  i n t e r a c t i o n  rn 
f a c t o r s  a .  Since the  main purpose of t h i s  s i m p l i f i e d  approach i s  a s  a  i 

pre l iminary  des ign  a i d  i t  i s  l o g i c a l  t o  t u r n  t o  e l a s t i c  theory  f o r  t hese  

c o e f f i c i e n t s .  Numerical methods such a s  t h e  i n t e g r a l  equa t ion  (o r  

boundary element) method have been used t o  c a l c u l a t e  t he  f l e x i b i l i t y  of 

s i n g l e  p i l e s  under va r ious  loading  cond i t i ons .  Charts  of va lues  over  a 

wide range of p i l e  s t i f f n e s s e s  and geometry have been publ i shed  by Poulos 

and Davis (1980). As an a l t e r n a t i v e ,  c losed  form express ions  have been 

publ i shed  by Randolph and Wroth (1978) f o r  a x i a l  loading;  and by Randolph 

(1981) f o r  l a t e r a l  loading .  The l a t t e r  express ions  a r e  p a r t i c u l a r l y  

s imple t o  use a s  they a r e  c a s t  i n  a  form which i s  independent of t he  p i l e  

l eng th .  (The l a t e r a l  response of p i l e s  i s  r a r e l y  a f f e c t e d  by the  o v e r a l l  

l eng th  of t h e  p i l e . )  

Poulos and Davis (1980) a l s o  g ive  c h a r t s  showing i n t e r a c t i o n  f a c t o r s  

f o r  a x i a l  and f o r  l a t e r a l  l oad ing .  I t  i s  worthwhile making a  few obser-  

va t ions  concerning these  i n t e r a c t i o n  f a c t o r s ,  and the  manner i n  which 

they may be  expected t o  vary  wi th  the  p i l e  spac ing .  F igure  3 shows 

va lues  of a taken from Poulos (1979a) f o r  l eng th  t o  diameter  r a t i o s  
v  ' 

(L/d) of 10 ,  25 and 50. Values a r e  p l o t t e d  f o r  t h r e e  va lues  of t he  



(I- parameter p ,  d e f ined  as  t he  r a t i o  of t h e  average shear  modulus, Gave. t o  

d the  va lue  a t  t he  l e v e l  of t he  p i l e  b a s e ,  GZ,R (Randolph and Wroth, 1978) 

a n d - f o r  s t i f f n e s s  r a t i o s ,  X = E p i ~ e / G z = e  ' of 3 x lo2  and 3 x l o 3 .  The . 

i n t e r a c t i o n  f a c t o r s  a r e  p l o t t e d  on a  l oga r i thmic  s c a l e  of spacing-to- 

diameter ,  s / d ,  and i t  i s  immediately ev iden t  t h a t  t h e r e  i s  an 

approximately l i n e a r  r e l a t i o n s h i p  between av-and  . log(B/d).  Values 

of the  i n t e r a c t i o n  f a c t o r s  tend t o  decrease  a s  p decreases  and a l s o  a s  X 

decreases  (and thus the  p i l e  becomes more compress ib le ) .  The most s t r i k -  

i n g  f e a t u r e  of t he  s t r a i g h t  l i n e  'approximation i s  t h a t  they a l l  pass  

through the  p o i n t  Q = 0 f o r  s / d  = R/d, r e g a r d l e s s  of t he  va lues  of p and v 
A .  For t he  range of s t i f f n e s s  r a t i o s  commonly encountered o f f s h o r e ,  where 

X % 500, a  reasonable  e s t i m a t e  of a  i s  given by v 

f o r  s  5 R 

This  exp res s ion  g ives  reasonably good agreement w i th  t h e  curve deduced 

from experimental  measurements by Cooke e t  a 1  (1980)'  a l though tending  t o  

g ive  h ighe r  va lues  of a  a t  p i l e  spacings approaching the  l eng th  of t h e  v 
p i l e s .  

. / 
For l a t e r a l  loading ,  Randolph (1981) has suggested s imple r e l a t i o n -  

s h i p s ,  where the  i n t e r a c t i o n  f a c t o r s  a r e  i n v e r s e l y  p ropor t ion  t o  t h e  p i l e  

spac ing .  Such r e l a t i o n s h i p s  g ive  good agreement wi th  va lues  publ i shed  by 

Poulos (1971). Defining Gc a s  t h e  average va lue  of shea r  modulus of t he  

s o i l  over  t h e  c r i t i c a l  l eng th ,  R c ,  of t he  p i l e  ( i . e .  t h a t  p a r t  t h a t  

deforms apprec iab ly  under l a t e r a l  loading)  and p a s  t he  r a t i o  of G 
C z=Rc/4 

t o  G c ,  then  t h e  c r i t i c a l  l e n g t h  may be  es t imated  as '  

where r i s  t h e  r a d i u s  of t he  p i l e  ( s ee  Randolph, 1981).  The i n t e r a c t i o n  
0 

f a c t o r s  may be es t imated  as  

Q = a2 
0 H U H '  

and a  = a 3  
8M uH' 

C 
J 

where B i s  t he  angle  between t h e  d i r e c t i o n  of loading  and the  l i n e  between 
'w' t he  p i l e  cen t r e s  ( see  F ig .  4 ) .  I n  o r d e r  t o  avoid problems a t  very c lose  



Figure  3 :  I n t e r a c t i o n  f a c t o r s  f o r  v e r t i c a l l y  loaded p i l e s  

- . - - - - - - 
Definit~on of s and 

p ; o e  x 
equat~on 1 25 l Poulos (1971 

I 1 I I I I I I I I I I - 
0 2 L 6 8 10 12 1 C 16 18 

p ~ l e  spacing 2 

Figure  4 :  I n t e r a c t i o n  f a c t o r s  f o r  h o r i z o n t a l l y  loaded fixed-headed p i l e s  



spacings (where s  -+ 0  would imply a -+ a), a  t r ans fo rma t ion  may be  i n t r o -  

duced such t h a t ,  where an i n t e r a c t i o n  f a c t o r  i s  c a l c u l a t e d  t o  be g r e a t e r  

than 'I3, then-  t he  va lue  i s  rep laced  by 

This has  t he  e f f e c t  of smoothly t ransforming  the  hyperbola i n t o  a  parabola  

f o r  va lues  of a g r e a t e r  than (Note t h a t  equat ion  (26) impl ies  a +'1 

Figure  4 shows computed va lues  of a compared w i t h  va lues  pub- 
uf ' 

l i s h e d  by Poulos (1971).  The agreement i s  g e n e r a l l y  good, f o r  bo th  

extreme va lues  of B = 0"  and B = 90". From equa t ions  (25) ,  i t  should be  

noted  t h a t  i n t e r a c t i o n  f a c t o r s  f o r  i n t e rmed ia t e  va lues  of B may be  calcu- 

l a t e d  from t h e  extreme va lues  by 

The form of v a r i a t i o n  of i n t e r a c t i o n  f a c t o r  w i th  p i l e  spac ing  given 

by equat ion  (23) and by equa t ions  (25) r e f l e c t s  t he  manner i n  which t h e  

t 
d e f l e c t i o n s  decrease  away from t h e  p i l e  - i . e .  l o g a r i t h m i c a l l y  i n  t he  

case  of a x i a l  l oad ing ,  and i n v e r s e l y  i n  t h e  case  of l a t e r a l  loading .  The 

c o e f f i c i e n t s  have been chosen t o  g ive  abso lu t e  va lues  which a r e  c o n s i s t e n t  

w i th  publ i shed  va lues  based on e l a s t i c  s o l u t i o n s .  Where a p p r o p r i a t e ,  f o r .  

example, i f  a  zone of p l a s t i c  y i e l d  has occurred c losed  t o  t h e  p i l e ,  t he  

a b s o l u t e  va lues  may be  decreased by adopting sma l l e r  c o e f f i c i e n t s ,  thus 

p re se rv ing  the  form of t h e  v a r i a t i o n  of a wi th  t h e  spac ing  between the  

p i l e s .  

4  COMPARISONS OF SIMPLIFIED ANALYSIS WITH RIGOROUS ANALYSIS AND WITH 

EXPERIMENTAL RESULTS 

I n  o rde r  t o  i l l u s t r a t e  t he  degree of accuracy t o  be  expected from 

the  a n a l y s i s  o u t l i n e d  i n  s e c t i o n  2 ,  two example ana lyses  w i l l  be discussed. 

The f i r s t  example concerns a  t y p i c a l ,  11 p i l e  o f f s h o r e  group t h a t  has been 

used p rev ious ly  be  Poulos (1979b) a s  an example. The p i l e s  were of 

l eng th  72 m,  d iameter  1 .37  m and were arranged around a  p i t c h  c i r c l e  of 

r a d i u s  5 .4  m (g iv ing  a  spac ing  t o  diameter  r a t i o  of 2.2 f o r  neighbouring 

p i l e s ) .  The w a l l  t h i ckness  of 50 mm g ives  an equ iva l en t  Young's modulus 

f o r  a  s o l i d  p i l e  of % 30,000 M N / ~ '  and the  s o i l  s t i f f n e s s  has  been 

assumed t o  vary  from 18 M N / ~ ~  a t  t h e  ground s u r f a c e  up t o  30 M N / ~ '  a t  the  



l e v e l  of t he  p i l e  bases  (corresponding t o  G s 150 cu - s e e  Poulos (1979b)). 

Analysis  of a s i n g l e  p i l e  i n  t hese  s o i l  cond i t i ons  g ives  e s t ima te s  

of t he  f l e x i b i l i t y  c o e f f i c i e n t s  of 

The s i m p l i f i e d  a n a l y s i s  l eads  t o  a f l e x i b i l i t y  ma t r ix  f o r  t h e  groups of . 

For comparison, a f u l l  a n a l y s i s  of t he  group conducted us ing  t h e  program 

PIGLET y i e l d s  a f l e x i b i l i t y  ma t r ix  of 

x 10-4 o o o 
0 1.08 x 10'~ 1.57 x 0 

0 1.57 x 6.39 x 0 

0 0 0 1.56 x 

Apart from the  term Fll t h e r e  i s  very good agreement between the  two 

ma t r i ce s .  The d i f f e r e n c e  i n  F i s  % 20% and r e f l e c t s  t he  d i f f e r e n t  11 
approach i n  e s t i m a t i n g  the  i n t e r a c t i o n  between p i l e s  under a x i a l  loading  

used i n  t he  program PIGLET. For comparison, a n a l y s i s  us ing  t h e  program 

DEFPIG (Poulos,  1979b) y i e l d s  a va lue  f o r  Fll of 3.27 x ~ o - \ / M N .  

The second example i s  taken  from a s e r i e s  of model t e s t s  conducted 

a t  t he  Un ive r s i t y  of Sydney by Ferguson and Laur i e  (1980). Tes t s  were 

conducted on groups of s o l i d  b r a s s  p i l e s  (E = 86,000 PlP?/m2) of diameter  
P 

6.5 mm and l eng th  164 xmn embedded i n  k a o l i n  c l a y .  The k a o l i n  was pre- 

pared i n  s l u r r y  form, placed i n  a p re s su re  v e s s e l  600 xmn i n  diameter  and 

2.45 m deep, and conso l ida t ed  t o  an overburden p re s su re  of 210 k N / m 2 .  

D e t a i l s  of t h e  appara tus  a r e  given by Wiesner and Brown (1980). A f t e r  

completion of c o n s o l i d a t i o n ,  t h e  p re s su re  was removed and t h e  p i l e s  were 

jacked i n t o  the  c l a y .  The p i l e s  were arranged i n  groups of 8 and 12 p i l e s  

around a p i t c h  c i r c l e  of r a d i u s  38.5 rum. The p i l e s  were b u i l t - i n  t o  r i g i d  

p i l e  caps and loaded v e r t i c a l l y  and h o r i z o n t a l l y .  I n  each c a s e ,  v e r t i c a l  

and h o r i z o n t a l  load  t e s t s  were a l s o  conducted on s i n g l e  p i l e s  i n  o r d e r  6 
.- 

t o  o b t a i n  f l e x i b i l i t y  c o e f f i c i e n t s  f o r  a s i n g l e ,  i s o l a t e d  p i l e .  



The load deformation response  of t h e  p i l e s  was non- l inear  and,  i n  

t h e  comparison below, t h e  f l e x i b i l i t y  of t h e  group i s  t h a t  measured a t  a  

load - .  f a c t o r  o f - 2 . 5  a g a i n s t  f a i l u r e .  F l e x i b i l i t y  c o e f f i c i e n t s  f o r  t h e  

s i n g l e  p i l e  have been ob ta ined  f o r  t h e  same load  p e r  p i l e .  

For t h e  t e s t s  on t h e  e i g h t  p i l e  group; t h e  measured f l e x i b i l i t y  of 

t h e  s i n g l e  p i l e  was 2.88 mm/kN a x i a l l y  ( t h i s  va lue  was v i r t u a l l y  c o n s t a n t  

f o r  l oads  up t o  about  60% of u l t i m a t e ) .  Hor izonta l  loads  were a p p l i e d ,  

and d e f l e c t i o n s  measured, a t  a  d i s t a n c e  of 8  ran above t h e  c l a y  s u r f a c e .  

A t  a  load  l e v e l  of 4 0  N (cor responding  t o  1 / ( 8  x 2.5) of t h e  f a i l u r e  load  

of t h e  8  p i l e  group) t h e  measured f l e x i b i l i t y  was 8.03 rmn/kN. Assuming 

homogeneous s o i l  c o n d i t i o n s ,  t h e  a n a l y s i s  of l a t e r a l  l oad ing  desc r ibed  by 

Randolph (1981) may be  used t o  deduce f l e x i b i l i t y  c o e f f i c i e n t s  f o r  loads  

and d e f l e c t i o n s  a t  t h e  c l a y  s u r f a c e ,  which a r e  c o n s i s t e n t  w i t h  t h e  f l e x i -  

b i l i t y  measured a t  8  mm above t h e  c l a y - s u r f a c e .  The r e s u l t i n g  c o e f f i -  

c i e n t s  a r e  f  = 5.91  mm/kN, f g H  = 0.110 rad/kN and f g M  = 0.00496 rad/kNm. 
uH 

These c o e f f i c i e n t s  may be used i n  t h e  a n a l y s i s  of s e c t i o n  2  t o  y i e l d  an 

o v e r a l l  f l e x i b i l i t y  ma t r ix  f o r  t h e  group of 

w i t h  u n i t s  of tam, kN and r a d i a n s .  (The s t e p s  i n  e v a l u a t i n g  t h e  terms i n  

F a r e  g iven  i n  d e t a i l  i n  an  Appendix t o  t h i s  paper . )  Terms i n  t h i s  m a t r i x  

may be  compared w i t h  measured v a l u e s  of F  = 0.888' m / k ~  and F = 1.31 11 2  2 
mm/kN. Both of t h e s e  v a l u e s  a r e  w i t h i n  10% of t h e  p r e d i c t e d  v a l u e s .  

The corresponding t e s t s  on t h e  12 p i l e  group gave f l e x i b i l i t i e s  of 

t h e  s i n g l e  p i l e  of 2.88 m / k N  a x i a l l y ,  and 6.64 mm/kN l a t e r a l l y  ( a t  a  

load l e v e l  of 3 0  N a p p l i e d  8 mm above t h e  c l a y  s u r f a c e ) .  The f l e x i b i l i t y  

c o e f f i c i e n t s  may be  c a l c u l a t e d  a s  f = 2.88 mm/kN, f U H  = 4.78 mm/kN, v  

OH = 0.0959 rad/kN and f  = 0.00462 rad/kNm. The r e s u l t i n g  f l e x i b i l i t y  
0 M 

m a t r i x  f o r  t h e  group i s  



with  u n i t s  of mm, kN and r a d i a n s .  The measured v e r t i c a l  and h o r i z o n t a l  

f l e x i b i l i t i e s  of t h e  12 p i l e  group were Fll = 0.761 m/kN and Fz2 = 0.95 

m/kN r e s p e c t i v e l y .  Again, t h e  p red ic t ed  and measured f l e x i b i l i t i e s  agree  

t o  w i t h i n  10%. -Table  1 summarizes t h e  comparisons between t h e  measured . 

and p red ic t ed  va lues  of 31 and F22, and a l s o  g ives  va lues  c a l c u l a t e d  from 

the  programs DEFPIG and PIGLET which a r e  i n  good agreement w i th  those  from 

the  s i m p l i f i e d  method presented  h e r e .  

Table 1: Measured and p red ic t ed  f l e x i b i l i t y  c o e f f i c i e n t s  f o r  model 
t e s t s  of Ferguson and Laur i e  (1980) . 

Addi t iona l  h o r i z o n t a l  load  t e s t s  were a l s o  conducted on 8  and 12 

p i l e  groups wi th  t h e  p i l e s  i n c l i n e d  ( p a r a l l e l )  a t  7 . 5 '  t o  t h e  v e r t i c a l  - 
s imu la t ing  the  t y p i c a l  arrangement f o r  an o f f s h o r e  p i l e  group. The 

f l e x i b i l i t y  ma t r ix  F  may be modified t o  a l low f o r  b a t t e r  of t h e  complete 

p i l e  group, by pre- and pos t -mul t ip ly ing  by t h e  app ropr i a t e  transforma- 

t i o n  ma t r ix ,  assuming t h a t  the  a x i a l  and l a t e r a l  response of the  group 

remains una l t e r ed  by small  amounts of b a t t e r .  Thus, f o r  an ang le  of 

b a t t e r  02 p, t h e  new f l e x i b i l i t y  m a t r i x  i s  

Measured 
(mm/kN) 

0.888 

1 .31  

0.761 

0.95 

* 

8  p i l e  
group 

12 p i l e  
group 

P red ic t ed  (mm/kN) 

T  
F * = T  F T  where T~ i s  t h e  t r anspose  of T  and 

F l e x i b i l i t y  
C o e f f i c i e n t  

F1l 

F22 

F1l 

F22 

PIGLET 

0.956 

1.25 

0.865 

0.94 

ied 
Analysis  

0.810 

1.39 

0.740 

1.04 

DEFPIG 

0.843 

1 .23  

0.785 

0.87 



Under a  h o r i z o n t a l  l o a d  H ,  t h e  h o r i z o n t a l  d e f l e c t i o n  would t h u s  b e  

u  = ( s i n 2 u  F  + cos2u F ~ ~ )  H 
- .  11 

For  u = 7.5', t h e  modi f i ed  h o r i z o n t a l  f l e x i b i l i t y  of t h e  b a t t e r e d  p i l e '  

groups i s  1 . 3 8  f o r  t h e  e i g h t - p i l e  group and 1 . 0 3  f o r  t h e  12 p i l e  group.  

These f i g u r e s  a r e  o n l y  m a r g i n a l l y  s m a l l e r  t h a n  f o r  t h e  c o r r e s p o n d i n g  

v e r t i c a l  p i l e  group.  I n  p r a c t i c e ,  however,  t h e  measured f l e x i b i l i t i e s  

were  more markedly reduced  by  b a t t e r i n g  t h e  p i l e s .  F o r  t h e  e i g h t  p i l e  

group,  t h e  f l e x i b i l i t y  was reduc.ed t o  1 .04 mm/kN (compared w i t h  1 . 3 1  f o r  

t h e  v e r t i c a l  p i l e s ) ,  w h i l e ,  f o r  t h e  twe lve  p i l e  g roup ,  t h e  measured 

f l e x i b i l i t y  was 0 .92  mm/kN (compared w i t h  0 . 9 5 ) .  I t  i s  n o t  c l e a r  why t h e  

measured f l e x i b i l i t y  of t h e  b a t t e r e d  p i l e  g roup ,  p a r t i c u l a r l y  t h e  e i g h t  

p i l e  group,  i s  s o  much l e s s  t h a n  t h a t  o f  t h e  v e r t i c a l  p i l e  g roup ,  a l t h o u g h  

t h i s  tendency h a s  been  n o t e d  p r e v i o u s l y  i n  r e l a t i o n  t o  p i l e  groups  i n  

sand  (Poulos  and Randolph,  1 9 8 2 ) .  F u r t h e r  r e s e a r c h  i n  t h i s  a r e a  would b e  

u s e f u l  i n  o r d e r  t o  i n v e s t i g a t e  whe ther  t h i s  e x p e r i m e n t a l  r e s u l t  i s  due t o  

a chance v a r i a t i o n  i n  t h e  s o i l  p r o p e r t i e s .  

5 CONCLUSIONS 

I t  i s  common p r a c t i c e  f o r  t h e  r e s p o n s e  o f  a  p i l e  group t o  b e  

e s t i m a t e d  by c o n s i d e r i n g  f i r s t  t h e  r e s p o n s e  o f  a  s i n g l e  p i l e  and t h e n  

u s i n g  a p p r o p r i a t e  i n t e r a c t i o n  f a c t o r s  t o  a l l o w  f o r  group e f f e c t s .  T h i s  

approach a l l o w s  d i f f e r e n t  t e c h n i q u e s  t o  b e  used f o r  t h e  d i f f e r e n t  s t a g e s .  

Thus t h e  s i n g l e  p i l e  r e s p o n s e  may b e  e s t i m a t e d  from a  subgrade  r e a c t i o n  

approach ,  u s i n g  n o n - l i n e a r  t - z o r  p  - y  c u r v e s ,  w h i l e  i n t e r a c t i o n  

f a c t o r s  a r e  u s u a l l y  e s t i m a t e d  from e l a s t i c  t h e o r y .  The i n c o n s i s t e n c y  of 

u s i n g  d i f f e r e n t  models o f  s o i l  b e h a v i o u r  i s ,  t o  some e x t e n t ,  b a l a n c e d  by 

t h e  r e s u l t i n g  e a s e  w i t h  which t h e  r e s p o n s e  o f  a complete  p i l e  group may 

t h e n  be  c a l c u l a t e d .  

F o r  c o n f i g u r a t i o n s  o f  p i l e s  which a r i s e  o f f s h o r e ,  c a l c u l a t i o n  o f  

t h e  o v e r a l l  f l e x i b i l i t y  m a t r i x  o f  t h e  group becomes p a r t i c u l a r l y  

s t r a i g h t f o r w a r d .  T h i s  p a p e r  h a s  d e s c r i b e d  t h e  way i n  which terms i n  t h e  

f l e x i b i l i t y  m a t r i x  may b e  deduced from f l e x i b i l i t y  c o e f f i c i e n t s  f o r  a  

s i n g l e ,  i s o l a t e d ,  p i l e  and a p p r o p r i a t e  i n t e r a c t i o n  f a c t o r s .  Wi th in  t h e  

a c c u r a c y  w i t h  which s o i l  s t i f f n e s s  pa ramete rs  may b e  de te rmined ,  i t  i s  

s u f f i c i e n t  t o  e s t i m a t e  i n t e r a c t i o n  f a c t o r s  from s i m p l e  e x p r e s s i o n s  which 

a r e  b a s e d  on s t u d i e s  t r e a t i n g  t h e  s o i l  a s  an  e l a s t i c  continuum. 



Comparison between the  approximate e s t i m a t e  of t he  group f l e x i b i l i t y  ,r\ 

matr ix  obta ined  by t h i s  approach and a more r igo rous  a n a l y s i s  us ing  pro- ? ,  -. 
grams such as  PIGLET o r  DEFPIG shows reasonably good agreement. When 

a p p l i e d  t o  model t e s t s  of o f f sho re  p i l e  groups,  t h e  use of measured s i n g l e  

p i l e  f l e x i b i l i t i e s ,  t o g e t h e r  w i th  i n t e r a c t i o n  f a c t o r s  given by equat ions  

(23) and (25) ,  y i e l d s  o v e r a l l  f l e x i b i l i t i e s  of t h e  group which a r e  c l o s e  

t o  those a c t u a l l y  measured. 

The s c a l e  of p i l e  foundat ions  f o r  o f f s h o r e  s t r u c t u r e s  warran ts  t h e  

use of s o p h i s t i c a t e d  a n a l y t i c a l  m.ethods i n  o r d e r  t o  a s s e s s  t he  l i k e l y  

response of t h e  foundat ions under working c o n d i t i o n s .  However, t h e r e  i s  

an important  r o l e ,  p a r t i c u l a r l y  i n  t he  e a r l y  s t a g e s  of a  des ign ,  f o r  

s imple methods, where the  s t i f f n e s s  of t he  complete foundat ion may be  

r a p i d l y  e s t ima ted  us ing  minimal computation. 
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APPENDIX 

C a l c u l a t i o n  of t h e  t e r m s  i n  t h e  f l e x i b i l i t y  m a t r i x  F i s  i l l u s t r a t e d  

h e r e  f o r  t h e  model e i g h t  p i l e  group t e s t e d  by Ferguson and L a u r i e  (1980) .  

The p r o p e r t i e s  of t h e  group of p i l e s  a r e :  

R = 164 mm, d = 6 . 5  rmn, R = 38.5  m, n = 8 . 
The s i n g l e  p i l e  f l e x i b i l i t y  c o e f f i c i e n t s  a r e :  

= 0.00496 rad/kNmm, whence - 
£ 9 ~  

f U f  - fU, - f i H / f g M  = 3.47 mmlkN. 

From e q u a t i o n s  (23) and (25) - (26) t a k i n g  p = p c  = 1 and E / G  = 
P c 

2.62 x l o 4  ( c o n s i s t e n t  w i t h  t h e  f l e x i b i l i t y  c o e f f i c i e n t s  f o r  l a t e r a l  

l o a d i n g ) ,  t h e  i n t e r a c t i o n  f a c t o r s  may b e  t a b u l a t e d  f o r  p i l e s  2 t o  8 

( r e l a t i v e  t o  p i l e  1 )  a s  

P i l e  

! 3 4 5 6 7 8 

a uf 1 0.324 0.230 0.217 0.217 0.217 0 .230  0.324 
( l a t e r a l )  1 

 spacing,^ 

C O S ~  

a 
v 

29.5  54.4 71.1  77 .O 71.1  54.4 29.5 

0.707 0 -. 707 - 1 -.707 0 0.707 

0.266 0 .171  0.129 0.117 0.129 0 .171  0.266 

a cos$ / 0 .188  0 -.G92 - . I17 -. (32 0 0 .188 v 

aufcosJl 

( t o r s i o n )  
0 .331  0 - .095 -.lo8 -. 095 0 0 .331  



It should be no ted  t h a t  t h e  i n t e r a c t i o n  f a c t o r  a  between any two 
u  f  

p i l e s  w i l l  be d i f f e r e n t  f o r  l a t e r a l  l oad ing  and f o r  t o r s i o n  loading .  

This  i s  because t h e  ang le  B i s  d i f f e r e n t  f o r  t h e  two forms of load ing .  

It  ma; be  shown- t h a t  B = n /2  - $12 f o r  l a t e r a l  l oad ing ,  whi le  B = $ / 2  

f o r  t o r s i o n  loading .  

The summation needed f o r  t h e  terms i n  F may now be eva lua t ed  

(remembering t h e  c o n t r i b u t i o n  of p i l e  1, where a  = I ) ,  g iv ing :  

1 av  = 2.249, 1 avcos$ = 1.075, 1 auf  ( l a t e r a l )  = 2.759, 

1 aufcos$ ( t o r s i o n )  = 1.364,  1 aeH = 1.205, 1 a,, = 1.037, 

1 cos2q = 4 .  

The parameter  x may be c a l c u l a t e d  a s  x = 2.231, g i v i n g  t h e  p ropor t i on  of 

moment t h a t  i s  t r a n s m i t t e d  t o  t h e  p i l e  heads a s  1 / x  = 0.45. 

F i n a l l y ,  t h e  terms i n  F  may b e  c a l c u l a t e d ,  g iv ing  




