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- .  
by GEORGE E. RAMEY* and ALAN P. H U D G l N S 5  . I' 

DYNAMIC WAVE EQUATION pro- 
a means of evaluating pile capacity 
is mathematically well-foundedG, and 

+ably qrovides the most realistic mathe- 
-'!'Ca ""':I available for depicting 
ictual behavlob. of the hammer-pile-soil 
!,stem. Numerical '.teoration of this equa- 
$r,, .with ti le aid of . digital compiller, 

12pmrs 10 be t r l e  most t,7ional arraivl;cal 
??sns of evaluating pile ~ . , , ~ ~ i ~ ~ ,  -rl,is 
.s been accomplished by  sev,,l inves- 
 a at or^'.^.^."." and excellent corre.,.,ions 
Idween predicted and measured failwe 
:5ds have been observed. 

A computer program solution of the 
,-ye osuation was utilised in the investi- 1. .. 
?ion b e i r l ~  n',-qed to  adjudge ( j )  tile 
insitivity of proorart, -JPrleiated P-n 
:lrtes t o  the program input so11 1\2r2. 

-,Hers, and ( i i )  the a c c ~ ~ r o - y  of the pro- 
;am in predictino r,ile capacity. 

iave equation-computer 

Cevelopment of the pile wave equation 
rulted from a consideration of the inler- 

' r l  forces and motion of a segment of a 
:sly suspended prismatic bar that was 
-l!ect t o  an impact at one end. For the 

" .!ss of a pile, the equation was modified 
(cons~der external resistance to the seg- 

..:IT motion offered by  the soil. Smith'; 

.:averted the resulting partial differential 
'iudiion to  a finite difference equation 
-id outlined a numerical procedure for 
3 solution. His procedure accomplished 
lepproximate solution of the real system 
? determining the displacement of each 

63ment of the idealised system over a 
';t time interval (e.g , 1/4 000 second). i :, ? algor~tlim begins at the impact of the 

j'7mer and the time ,is incremented in 
intervals until the pile tip stops 1 !vine. The invcrre of rhe d i s p l z c e n m ~  

of thc pile tip due to  one hammer blow 
is the number of blows per foot that 
would be required during driving to  
develop the assumed pile static capacity. 
The interested reader is referred t o  
Smith's article for .a detailed description 
of his solution procedure. 

fiesearchers at Texas A R. M Universitys 
c je~t : lu f~ed a cornl~ute: program which 

a numerical solui!url of th t  wave 
equation as outlined by  Smith. Their pro- 
gram increments t ime ( in  steps of At) 
until all movement of the pile t ip due to 
the simulated single hammer b low has 
ceased and prints the resultin ppr~- '~ - " " "~  

set of thi: pilo tip. Ttlr r,.JQa" repeats 
i ts series of calcul.,:~ns :or as many input ,,,, ;, -.,-.,. ,tes as desired, and hence 
can bu uscJ to generate pile P-n curves. 
l l lcsc cltrves, in turn, can be used t o  
predict p ~ l c  capaciiy f u ~  ony given blow 
count value. Fig. 1 provides a generalised 
pictorial summary of the fundamentals o f  
the computer progrsmme. This programme 
was slightly modified by  the authors to  
facilitate I/O, and used in this investiga- 
tion. Since the description of the computer 
program is wel l  documentedf its dis- 
cussio~i here wi l l  be brief and limited t o  
thosc items specifically considered in this 
invcstirjntion. 

Proc~rani input data fall into the general 
categories of: 
1. P ~ l e  characteristics and pile capacity 

desired, 
2. Hammer characteristics, and 
3. Soil properties and pile soil interactions. 
Items (I) and (2) can normally be readily 

'determined from the pile properties and 
hammcr manufacturers' literature. How- 
ever, the input data required for item 
(3 ) ,  are not so readily determined. The 
specific information required for this is: 
(a )  Dislribution of static capacity between 

p ~ i n ;  t.l%?rinc rnr; sitir f r ic t~pn 
i t ? j  ~ - ~ i ~ t t ? ~ n ! - ,  o: :ads- :rtc:~qfi ~ l c ~ r ~ c  pvle 

( d )  Poini snd side soii damping coeffi- 
cients. 

This infomazion is inpu: in ~ h t i  pro- 
gram under the follow in^. variable nemes 
(and def in i r io~s) .  
PERCNT -Toe .percenraoe of pile capac- 

i ty  that IS developed by  point 
beerinq, 

QPOIIdT - OUP..~ Or u ~ r r r n z ~ e  sfratn of 
rrie - sori ar -me - oiie tip, 

QSI.DE -Quake or himace  strain of 
cne soil a tma me sides, 

JPOINT - Gemnino cocr;lc!i.n? of the soil 
a: ;F5e piie TIC. e& 

JS1DE - Damping coeiftcienr of the soil 
aiong .!f.e sician. . 

' Because of the potenrialiy - iaroe varia- 
tion of .the values o i  ihese pararne:ers, 
an abbreviated study we5 performed to  
adjudge ihe sensitivity of tne program 
these parameiers. 

Sensit ivity and evaluation of wave . 
equation piie-soii interaction 
parameters 

Use was made of previous publ~shed 
r e ~ v i g s - . ~  which ind~cates linear relation- 
ships between QSlDE and QPOINT and 
between JSlDE and JPOINT, or more 
speciiically, 

QSlDE = QPOINT ... ( 7 )  
JSIDE = 1 / 3 *  JPOINT , 

These relationships were assumed to  be 
valid and Thereby reduced  he investiga- 
t ion of evaluating the sensitivity of the 
program generated P-n curves to  the 
parameters, PERCNT, QPOINT, and 
JPOINT. 

A n  abbreviated investigation was per- 
formed whereby each parameter was 
varied over .its full realistic range while 
holding the other t w o  parametem constant. 
Since the ,purpose of the study was t o  
adjudoe  he sensirivifv of the proormi 

. sn Iu~~c io  10 i i ' e  pilc-sc.il .inierarxion nara- 
. - .  ..: > ,..... . " %  L , , , '  1 , , < ,  ,,,..,.!.,,> ,., , , I ,  .,; 
: L l i . . a , l .  L I . ~ ~ ~ ~ - , ,  [ : 5 r  r 3 $ ; . ' , - ? . ,  r:if- ;>~. . ; I?- !J I? .  r.,;le ( ; ~ x P  cort~toered 

(,-'I tt;:,., ; - I ,  - ? r i l l .  r , .  l , , ,  :n,! ;-: I t , ?  pot,>: . . . % r r , o , r , - + , .  , A , ~ . > I - V  E i r ~ i r ~ ~  C L .  : \ . l I~ l~ l~- . ,  v . . ~  t ) o ~  ci,*rqat;.~ crtrc~al. Tnr cnsc of ; 
'. k l ibh", ,  6 : i r .  i.;vrt!, rtie slnc:. (C~rr;.ic! 15.24m srcel U6p 2% x 254 x 63nglm 

- -. . - - - 
-7 

driven 73.72m inro a relatively uniform 
sand wi th  2 Vulcan 05 hammer was utilised 
for the investigation. 

Separate P-n curves were generated 
for each of the .three parameter variations 
and ~ h e s e  are shown in Figs. 2, 3 and 4. 
In ,each case, large variations ,in the soil 
parameters caused much smaller variations 
in predicted pile capacities, indicating the 
dampened effect of the soil parameters. 
This is desirable and means that errors 
-in estimating these parameters w i l l  lead 
to  errors . o f  much smaller magn~tude in 
predicted pi le capacity. For example, look- 
ing at Fig. 2, one can see that a 200% 
error in estimating PERCNT leads to  only 
a 13% error in  the predicted pile capacity 
for a b low count of 30. 

Results from several representative field 
_ ' I .  A .-. . . - 
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TABLE I. VALUES OF W A V E  EQUATION 
' PELGRAM SOlL PARAMETERS FOR 

I t  c o A " . ~ y ~ s a ~  C F  WAVE EQUATION AND D y ~  
TWO COI\~lMON ALABAMA SOlL -- ---.. . )\:'ON !'QEDICTED CAPACITIES-. - 

. .- ---- 
SETTINGS Pile Soil b l ~ , ~ s t ~ r + ~ j  ,,:?,,+ 

- -- type t./ps$ ~ 3 p . 2 c , t \ ,  , , , CN MEN t .  . HIC 
S tra tihad sand . - . . -. -. . . - S Parameter Sand and clay wi th  . QS s 17 

<* 
tip in sand -- 4 : 

S 34 ;* 
i 'OINT 0.1 0.1 S 4s 

S -w 
5s <Q QSlDE 0.1 0.1 SS 5s 

: 5  
JPOINT 0.1 5-73.3 0.24.3- S S 53  

SS 
c==: 

JSlDE 0.05-0.1 0.067-0.1 27 44 
1 s 61 PERCNT 50-75 60-75 S 

x 
-1 39 - 

" W  SS .v 
118 

W 
SS 

%Q 
b- 7 07 '12 ::I -ach case. tnase parameters W + T O  ad- v, - S S  2.19 1 a5 7 6 . . . .  :r; . -. : 1 10 , - 5 

, . , i c~ j  to 2 0 ~ 3 t n  3 yi30d rir'0r :7? ,;eflct .i::?<J > .  * .!I) .;s :i1 5 177 7% A *  , #  - 
I r ., - 5 

: , s ~ , s  :., ac ; .~a l  2t le rai:*,!< :,I.,, + J ~ I ~ I ~ ~ Y .  SS :i I i 57 -, 95 63 I;; :,.- ,. , . S S  
. . \  

. . 
: 4 1 1 e ~  ur Q S l D E  a r id  JS l i ) i  s u l r c :  c d ~ + i t  SS 136 i 5 l  103 - , 72. . . -', 6'1 :' .,- - r r , ;  -.,I '3 SS 

122 162 
;. v ?:.: . , 

.i i~!cr~cared in  iq. ( 1 ) .  A l l  of rha p ~ l e  SS 2w 266 89 .. .... -' 83.~:~;'.+&;~'$ SS 
i j i lure data ware i rom Alabama soil set- s s :! r 

9 8 202 1 1  4 , 63 .:,- . n r : ,,.: -.;if S 5 
tlngs and- the curve fitt ing procedures S S 7 127 80 59 SS t55 
described on the preceding page were S SS 122 21 1 41 , : 97 : ' SS 67 ,_.' ,. r 

accomplished for the two soil settings S 110 162 , - 117-1 ,  : .m.' . l- l . . te ; - .  ' SS 69 7 LU 
*,$; , 

indicated in  Table I. The resulting para- -- 148 . 328 . ,144 . : 1 2 1 : : ~ . ; . ' ~ j ~ ~ + + .  ss 
meter evaluations are surnmarised in that S 65 .&?A,+;:& s --- I-_. 

same table. These w e r e t h e  piie-soil inter- $ S 26 1 
c* 

67 
110 6 2 .  : s 

action parameter values utitised in  subse- G S 
534 

43 192 81 ' ' . 5 .  , , s 
4- 

. . .. . 
qu5nt evaluation of ,pila capacities by the S 50 172 

93 . 67. - I  :, - . 67 .:L-:?z;.C& *$. ..++.-- 

6 I 
3) 167 100 . , 77 : ' , , ' S 

viave equation, Program parameter values 0 SS .%3 354 197 . ..,. , '  : - 91 .....;: s 
utilised to depict pile and hammer charac- SS 

-- 
82 & ,  303 . 154 94 ; .. -' , a ;.,3:,c:&.+~i ', s _ _ - tsristics were determined from the field YYiamic equat ion  C J , , d S '  '%,.*.*.,&:+ :+: 

tes: records and manufacturers' literature. 5s - Sand; i s  - ~ t . . ~ j ~ ~ ~ ~  'A,Y--) .,iav ,-- :,p i n  
, , 

.-"- *c+ uqrmate capaci t ies in tons (metric)..: . .  . I;i.:k.; .:%, <::{::; ,, 
. S  

t M o d ~ h e d  Er!gin+zr pde*s: : . ,. . ~ . : .. - ., " ...,+ : , I V .*. . SS 
. . .  .. . , . , : -:. . . .. ., ,. :. ;-,5,:- T:,,. . . ss 

Comparison &f w a v e  equation and . ' . . .; ;!:!:;. i-L- ;:* - - "-- 
oztual pile failure ioads shown in Fig. 5. E J ~ ~  , . .  :- 

I\ 3 -  construction aids as 'pan or 0 Gu'-li*X ,, 
After evaluating the soil, pile, and ham-xposed of piles of =,-:, , -.. 1c~-ts5 for research project and thoir drtr*fc*bp$.? 

TA I 
~nz:  parameters as indicated above, the various combinations 25 . . . ,  ; not the of this articla ., -I .+ . ;* .  . (1( -ram wan ornployed To generate soil type, and ( i i ; )  blr,-c;,. 

:yy. .  ->eSe ~ w e n t y - o n e  steel H .and G ~-t.;.?->.,~i-.- 
2s of P-n curves such or ;he one P-n curves were genei-T+2 .* cjeis, 3od 30.5cm precast concrete p.* e* ,*cl:.. .v,. 

, ,- . ... ., ;.:, 
-- - . .* .& .. -.-- 

I - .-. .. . t P E R C N T = N  7 -%. 

' J'd r 40 

8 
-. . - 'Lv . - - 
2 . .: . . . ... - 

QPOINT= 0.10 - - - - 
. . - ,  

: -- . . . ,  - - =  JPOIHT = 0.15 - - - - 
I 

I. - -  
I 

23  29 31 w l  33 lW 120 . -  
3: 40 60 80 ' . :. .. 

f, iSLOnS PER F W T  130.5 cmil 
(BLOWS PER FOOT 130.5m))) . , 

Fig. 2. Smsi i iv i ty  o i  ?-n curves ro prosram input parameter -. - . p'bcrd pred 

, / ' ~ : ~ ~ ~ T  
. -  5: -? , ,, ..-, ..,cy of p-" curves to  program input P"?"' ; :::: *t 1- , b ,  .-,=. 3 .J - . - L' 

. . 
:, ':- .10 act,,. 

7 - uY '=+. rnak, ,  
JPOINT=al , ''I? .." **\ . . , .. 

PERCNT = S O  

tJ ini: 
4 - 

I 20 40 60 80 100 1 2 3  % --. I . .- . I 

' ZP 40 60 

F (BLOWS PER FOOT 120.5 cmll 

i g  4, Sensitivitv of P-n rr,rc/or r- -------- ' -  ~ 

- 



TABLE Ill. COMPAHISON OF WAVE EQCI.-ION 
AND D Y N A M l ~  

- Pl,red<c,ed/Pf,aIurc TICIS 
. . . . .  

1 

............... 

HILEY CfkT-ES DANISH 
....... . . . . . . . .  .... -. ...... - . 

HaBILE,AL . 
1.50; . 1.19 

STEEL H.PILE ; 

SS SOIL 

1 21 ' . . 3 -  .. 
7 . 1 2  I ~ ~ & - E Z : ~ J K  ,c,,,, 

Fis.5. Typical  load resr F - 2  curve 
1 .?6 
1.12 
0,58 wri : ,n~ piIe-drii,in= ~95ci i icat ions, in  inter-. 

. . 
O,Oi ~ ~ ~ ~ : t r , ,  u+riA.~en a ~ d  extrspolating beyond 

2.43 1oa.l ?a; results. etc. The authors belie*? 

2.07 t h t t h e  most rztions! and accurate analy- 

2.20 ticzi zoprosch in preci~cring pile capeci;y 
is ihrough use of :as wave equation. 

2.01 For the fa~iure res: results of this i1lvi2;- 
1.66 tigerion. wave eqjation. analyses cons+ 
2.42 tently gave better pile capacity predictioz 
2.40 results than did the dynamic impact equa- 

4.38 . 2.44 1.46 1.12 ' 2.24 tions considered. hdditionally, the accur- 
1.90 acy of wave equation predicted capacity 

was very good in all but  a few case;; 
Table IV indicates higher correlation co- .  

%fficients. PPrcdi ,.,,. d/P,silurr ratios closer 
. t o  unily. and lower standard deviatioils 

-... . . -- .- -- - -- -- -. -. . 
Standard 

for the wbve equation relative to  rtla 
Prediction Number Averagc? 

Corre'atlon ,impact equations considered. 
coeHic~ent 
-- The abbreviated sensitivity study. con' 
,725 ducted ,in this work indicated a greztlv 
.683 dampened effect of uncertainty of pile- 
,083 soil interaction parameter values on wave 
,259 equation pile capacities. That is, errors in  

GATES 21 1.25 0.58 .I 65 estimating these .parameters lead to  much 
,330 smaller errors in the predicted pile capa- 

cities. 
,929 In using rhe wave equation program 
,906 it is recommended that values of the pile- 
,782 soil interaction parameters as given in 
,600 Table I be used. These values have been 
,904 -evaluated t o  give a good fit of predicted- 
,797 

- - -. - . ...- - .- - - ........ - - -- lo-acrual failure loads for rh'e t w o  C O T ~ -  
. . . - ... 

mon sclil. set i~npc shown. 
._-. -. 
.> , . .;-,;> , L  . pIi.: : p ( i \ ! r <  I , . ? .  f 6 ? 1 1 i ~ ~  r'. l f ~ , ~  i - : b I c .  ( . ? , l i t  { r ( d : i :  n o r  ~ > ~ . ~ w ~ : J ~ c : ~ I  SPIIIII$!. I1 

k c l c r ~ r ~ w i t - d o e r i , ~ r > r s  
II,,I,! "I one (11 ti):. ~~-~- .~ l -? !c . , :  J - , :  .I:, lp!; i n ? :  t f l ~  o r ~ i ? l + - .  h c ~ : l e :  t lxh~t?( \ td  T h ~ s  s ~ u o y  Noas conaucwd unoe- r r  

..; :i. For each of 1ile.z~ cases. a w t v b .  uv rite steel H p~irrs iz oue 10 vilr~ances of of Alabanlj 
,<01f,r(:r A-. <.!ion pred~cted capacity was deter- in  soil a_eological setting rather than i n - ,  ~ ; ~ h ~ ~ ~  neaarrment in co~operallon wiTl; 

..::! .ram the P-r! curve:: and compared eccttrscy of rhe \YZVC equation. 
' the US Department of Transportation, 

Some p o p ~ ~ l a r  dynamic impact equa- Federal Highway Administration. 
tions were also employed for cornpara- . 

ry t o  define pile failure. t ive purposes, and the results of their 
~~f~~~~~~~ 

applications are also shown in Table 11. 1. Agerschov, H. A. (1962): . . A , , ~ ! ~ ~ , ~  ,hc 
Table Ill presents these same data as Engineering News Plle Formula Journal of 

rhe Soil Mechanics and ~ o u n d i t i o n  D iv is~on ,  dimensionless ratios of P ,,.,? ,,IPrli1 ASCE, P1, No, SM5.  pp, 

A comparison of these results indicates 2. Chellrs. R.  0. (1951): P ~ l e  Foundations. h4cGrrw- 
Hi l l .  N e w  York.  ers the superior accuracy of the wave equa- 3. corehand. p ,  w.. & R ~ ~ ~ ~ ,  L. Jr. (196~): 

t ion for the: failure test piles considered Prediction o f  pile capacity b; r h i  wave equa- 

ble the .value used in this study) in  his ir~vestication. . t i o n . "  Journal of I h r  Soil Mrchaqics and 
Foundatton D~v is ton .  CSCE. Vol. 7 0 ,  Nc. Shl i  

Stat~st ical analyses were performed on March .  PP. 1-25. 
the Predicted vs. Actual Failure Load data " Lowery' (19661: L' "Use L.' Jr" of Edward' wave squatton T'C" & Hirsch' to predict  " J .  

sets and zhe results are surnmarised in  so11 resistance on a pile during driving." Texas 
Table IV. I t  can be noted from this table T ~ ~ ~ p ~ ' a ~ O &  I ~ ~ ~ ~ ~ ~ i l ~ ~ e s ~ " , ' , " , " s l ~ e p O r t  33-10' ' 

that the wave equation gave average 5.  Lowery. L. L. .  J r . .  e t  e l .  (1959): Pile d r i v ~ n g  
analysis-Slate of the art." Texas Transporta- 

tion predicted and actual PI,r~,,,,.,,,,/PI.,i,,,., ratios much closer to  tlOn I,S,,I,~, t i e s e e r ~ h  Report 33.10. Texas 
arised in Table II. unlty, higher correlation coefficients, and , $-&, h41_un.iva!sirt..Januar~. 

-I.,.,.:..- ~ -' *L--. , - - J  . 3 '  




