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I)yl~aniic rcsrjunse of footings and strustures supported by piles can be predicted if dynamic 
stilfnc:;~ :111(1 rlampillg generated by soil-pile interaction can be defined. An approximate 
atialqtis:il appr:\.~ch bascd on lincar elasticity is presented, which makes it possible to establish 
the: dinici~sionless parameters of the problem and to obtain closed-form formulas for pile 
slifTncs~ and damping. All con~ponents of  the niotion in a vertical plane are considered; that 
is, horizontal ns \\ell as \el-tical translatioils arid rotation of the pile head. The stiffness and 
damping of piles ;ire defincd in such :I way that the design analysis of footings and structures 
resting 011 piles can be conducted in the same way as is applied in the case ot'shallow founda- 
tions. 

1-a rl:ponse dyriami~~uc dc semelles et de structures supportkes par des pieux peut Ctre 
prCdite si I;I riqi(li tk  dynarnique ct I'aniortissement produits par I'interaction sol-pieu peut 
Clrc dffinic. line ~nbthode analylique approchfc, bas& stir I'h~.pothPse d'ciasticitC IinCaire, 
esc prCsentCe, qui pet-met d'Ctablir les paramPtres adi~ncnsionels du probleme et d'obtenir des 
Tcjrrn~lles coiitlcnsCc pollr In rigiditi: et I'amortissci,ncnt du pieu. Toutes les coniposantes du 
dCplai:sri~cnt clans (In pian vcrtical sont considdrdes. c'cst-a-dire les translations verticale et 
hoi-izont:tlc et la rotation de la t6te du pieu. La ripiditi et I'amortissemcnt des pieux sont 
definics dc tcllc f;~$on cjrlc I'analyse de semellcs et de structures fondCes sur pieux puisse &tre 
co~ld!.~ite dc la n ; h c  manitre que pour les fondations si~perlicielles. 

[Traduit par la Revue] 

Jntroduction alternative approach which would approxi- 

DyIlarnics of has been receiving attention mately aCC0u11t for soil-pile interaction in a 

~ n a i ~ ~ l . ~ ,  due to its applicatiorls i n  n l a c ~ l i n e r y  relatively simple manner. Such an approach can 

foundations and structures exposed to dynamic be based on the same assunl~t ion as that quite 

loads such as wind or cartl~quake. However, ""ces"fully applied to embedded footings 
tlrc dyna~nic  behavior of 1)iIes is fils from corn- ( B " ~ " ~ o v  1967; Novak and ~ e r e d u g o  1972;' 
pletcly understood ; ~ s  tllC soil-pile interaction NOvak and Sachs 1973; Novak 1974); it is 
is very complex. There are no readily applicable ysumed  that the soil is composed of a set of 

methods axailnblc that ,!,auld jncludc this "dependent infinitesinially thin horizontal layers 
irlteraction and :is a result of this, it i s  not  that extend to  infinity.' This model can be 
uIlcornmon to ignore ti le soil entirely and to viewed as a generalized Winkler's medium which 

"[tribute all tiie follndation .tiffncss to  the ~ ~ s s e s s e s i n e r t i a  and the capability to dissipate 
stifrness of the piles. On the other hand, some energy. It is further assumed that the ~ i l e s  are 
approaclles are i~sed i n  which !he ]lorizontal and verfic", d o  not affect each other, and that the 
rotational stiffrlcss of are igllorcd motion of the pile is harmonic ar,d limited to a 
the dg~iarnic stiifness is ;~ttriht~!ed to the soil. vertical plane. Then, both the dynamic soil 
Damping derived from riles is ill pr:ictice o n l y  reactions per unit length of the ~ i l e  and the 
gucsseci. solution of the pile response can be described by 

bforc  rigorous nppro;~cilc.; \\.eI.c by cloxcJ i.orm formulas. 
T-inli IO(,G. \\I,,.) u\cd :I lipcar cl;lstic mcdiuIll Though the derivation of the approach 
model, and by I'cn7ien 1970 \v l lo  ;,ssulllcd a requires a certain amount of theoretical analysis, 

lumped mass n~ocicl \vhicl~ rlladr i t  possible lo the practical application of it can be very 

irlcorrnrntc soil Ilonlincnrlt!. 7')lcsc soilllisticatcd ~illlple. '1-he reader interested in design analysis 

snluiicsns dcal \ \ i t \ )  e:lrthqu;lhc cxcitntion ; ~ ~ d  need only refer to the chapter on response of ~ i l e  
. . 

tlleir cornj~lcxity nl;ihcs thcrll n.ccessible to f ~ ) ~ " d i l t i o n ~ .  . - - - 
researchers rather than to practicing engineers. IFor some mathenlatical of this model see 

The objective of this paper is to examine an  ~ o v z k  and Sachs 1973. 
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of soil). This can be seen from Fig. 4 in whict. 
furictions F, ,(A), and Fl ,(A),/a, are shown fo: 
a few vah.les of the wave velocity ratio, al. 

The approach presented is approximate ir 
in which its basic assun~ption and therefore a comparisor 

with a more 'rigorous' approach is important 

2 sin11 A sin A Such a comparison is made in Fig. 5 where thc 
,I- . .- T .  = approximate solution for the most importan; 

cosh X s ~ n  A - sinh A cos A function F,, is shown together with the result! 

, + , ,  obtained by T. Nogami and the author using a 
more rigorous theory. The latter theory assumes 
a homogeneous stratum overlying a rigid 

sinh h + s i n  X 
. . - - -- -. . - . . - - - bedrock and the results are obtained by meall: 

cosii (1 sin A - sin11 A cos A of niodal analysis. In this approach the theory. 

FS(A), + I F ~ ( X ) ~  used first by Tajinii 1966, was modified a n d  
extended. (The Inore rigorous solution is not 
q~ l i t c  exact because the boundary condition.; 

cosh /\ sir1 X + sinh X cos A 
~ 

- - on the soil surface are not completely satisfied 
cosli (1 sin h - sinh A cos  h anil the convergence of the results is slow.) 

F9(A)1 + iF9(,l)2 The differences between the two solutic-)ns 
appear acceptable and diminish with increasing 
frequency. The approximate solution does not 

cosh X + cos X - . - . - ),icld the peaks caused by soil layer resonancec. 
cosh X sir: X - -  sin11 X cos X The sharpness of the peaks strongly depends 

011 soil viscos'ity and the peaks can ac t~~a l ly  
+ vanish wiih higher viscosity. There are n o  

experiments known to the author which woultf 
2 c n s l ~  X cos X - prove the existence of such peaks in pile stiffnes\ 

. - 
cosh x sin x - sinh A cos A and damping parameters. The rigorous sokutio~l 

yields slightly larger stiffness and hence, t h e  
F ( A )  + i F )  approxiniate solution is on the safe side becaiijt: 

there is no perfect bond between the pile and 

111 the :tbove equations. reactions R, functions the as the theory 
F,(X) and .displnceiiicnts u anti (1, are complex; FcOuld  be used as they are defined. 
functions F,(X), ,, are real. I-lowever. it will be seen later that the resultz 

For a set of iypic:il tlimensionless parameters, Can be presented i n  a f"rnl 
f u n c t i o n s  I: rcliiting to  p i l e  hcnd. m o t i o n s  arc eliminates the need for their ,calculation in 
shown in Fig. 3. 'The notatiori is abbreviated as 'most  practical 
itidicatcd. Subscript I ilcnotcs the part of F 
relating to dynamic stiffnes<; subscript 2 denotes Vertical Vibrations 
the part rel:~ting to tianlping. Thc damping is 

Thc dynamic reactions of the pile pertinent cnl~scct by cnergy ratliation from the pile into 
lo ~'crticnl tilotion of thc pile head can bc tlic soil. I~r~tcr'ri;il d:~ri:piiig 0 1 '  the pilc \\';1s 
ahtrlincd using .the same assumptions for soil ncglcctc~l ( c  = 0) ill :ill n~init.ric.:~l ~ l ; ~ l ; i  s i \ cn  in 
ns in the previous case. r\ssume further [hilt this 1~1pt.1. \ ~ C C : I L I ~ ~  i t  ii ni11c11 s~ii:~llcr t l i ; ~ n  tliiit 

rc t l~~ccd f.c)rni :is f.,ir~,, t'or reasons mncie apparent 
latcr herein. 

Novak and Beredugo 1972): M'itli a pariiculilr pile, f1inctions F strongly . . . . 
depend on the ivavc velocity ratio J'Jc, (stilTness [ZS]  G(S,,,, + iSw2)t~.(z, t)(Jz 





- APPROXIMATE 

---- RIGOROUS 

I'IG. 5. ('011iparis(~11 of rcs~llts obtained by approxiinate solution and by  more rigorous solution, 
( l i r ,  = 18.5; L'slrl, = 0.044, = 0.625, v = 0.4). 
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beam alone, Kolousek 1973. Thc elrects of soil 

Stiffness and Danipirlg Constants of Piles 

:)te further 

d21r(t) E I -1 r and + are obtained from Eqs. [ l l ]  and ~ 4 3 1  ,,, + c L 

d t2  l 3  meter A is 

A = A, + iA2 x [F,.,(X), + IF ,  ,(X),]lr(t) = Q exp (iwt) 

liich where the sumniation extends over a.ll the piles, 

.~nlplitude of the axial force is If the body vibrates in  he vertical direction 
under the effect of a vertical force P esp  (iwt) the 

action given by Eq. [41] 

gration constants C, and C, are obtained x [F, ,(A), + iF ,  ,(A), J \ v ( t )  = P exp ( i o ~ t )  
, i  the end conditions. Due to complex 
1ca1 motions of pile head l~,,(t) (Fig. 1) Similar equations can be written for coupled 
pile lower end ~ . , ( t ) ,  the vertical react.ion of . motions. 

1'1le R , ( r )  at the level of the pile head is The solution of the response froni the equa- 
tions of motion foliows standard procedures. E A 

1 R,(t) = - -+- F~dA)w, ( t )  'To facilitate the procedure ant1 to make it  
actiially identical to that applied with any other E A + ( ) ( )  type of foundatiori, it is advilntigeous to define 
the equivalent pile stiffnesses and damping. 

, hich 'These can be established by con~paring Eqs. [43] 
and [44] etc. with the corresponding standard f', ,(A) = A cotan A = 
equations of footings. 

( ) I  + 2 The ccluivaIcnt stifl'ness constant k '  and 
damping constant c' of one pile are for: 
Vcrticnl translation 

t s  of the functions. An example of F,,(A),,, where . . 

ho~bn in Fig. 3. 
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and piqned tip when the slenderness ratio I / r ,  
is larger than about 25 (Fig. 6).'The influence o: 
the end condition a t  the tip appears less than is 
the case with static loads (Poulos 1973). 

Hy means of the above formulas, the stiffncqs 
and damping constants of piles can be readill 

J/ori;oniol tr;irislation ilnd the lower end pinned established. The calculation be 
simplified if advantage is taken of two favorable 
circunistances that are evident when usin: 
stiffness and damping parameters f instead of the 
original frequency functions F. 

Parameters f, , ,  and f,,, are somewhat moditied 
functions F and are proportiorial to F,,, and 
Fi,2/ao.  The advantages of parameters f are 
that (1) they change only modestly with fre- 
quency and (2) most of them are often in-  
dependent of the slenderness ratio that is of 
the pile length. 

The variation with frequency of parameters 
Rotcltiorr of the pile !lead in the vertical plane f c a n  be seen from Figs. 3, 4, 5, and 7. In most 

real situations, the din~e~lsionless frequency no 
is smaller than about 0.5 and for practical 
purposes, it seems possible to consider the 
stiffness and damping parameters f as constants 
independent of frequency. 

Variations of frequency functions F with 
slenderness ratio i/ro are very strong, but thesc 
variations are much less with parameters f ah 
can be seen from Figs. 6 and 8. 

where In Fig. 7, parameters f,, are shown for a rangL 
of frequencies and for four values of the slender- 
ness ratio. Figure 8 shows all the parameters 

Cross-st[fliic,~s and cross-O(ir:lpit~g coeflicicnts pertinent to horizontal translation and rotatior1 
of the pile head versus the slenderness ratio. 
The values shown are accurate for a, = 0.3. 
It can be seen that these parameters arc 
practically independent of pile length for all 
slenderness ratios larger than about 20 with 
wave velocity ratios equal or  greater than 0.03. 
With very soft soils featuring a wave velocity 
ratio of 0.01 this liniit rises to about 30. These 
limits are quite low and make it possible to use 
stif'ness and damping parameters independent 
nf pile I c n ~ t h .  Such constant parameters are 
given in Table 1 for a fe\\. values of \ \a \e  
velocity ratios C',/r.,, two values of mass ratio 

1 In  this approach, k,+' = k+;' and c,+' = c,, . pip, and two values of Poisson's ratio I . .  The 
With the I(~\\'cs end fiuecl. corresponding mass ratios are representative of reinforced 

f u n c t i o i ~ ~  are si~bstituted into the above equa- concrete and wouJell piles$ respecti\ely. 
tinns, i.e. I;;, in pliicc of F', ,, I.; in place of  F,, The stiffness and damping parameters fc7r 

and f, in place of F,. I-lo\vever, the pariinictric the vertical motion of the pile head depend qoitc 
study offunctiol~s I;slio\vs that tlic pile stin'nesses strongly on pile length as can be seen from Figs. 
and damping are aloiost the same for fixed tip 9a and b, where parameters f,,,, and f,.,, are 





*, 
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PILE SLENDERNESS l/r, 

FIG. 8. Variations of stiKness and damping parameters of horizontal response with pile slender- 
) ness i / ro  for two stiffi~esses of soil, (pip, = 0.7, exact for a,  = 0.3). f ' ,  

can be obtained fro111 formulae developed by 
C z z  = 1 cZz1 Beredr~go and Nnvak 1972 and Novak and 

1 
Beredugo 1972 and summarized by Novak 1974 
(Eqs. [I]-[6]). I n  those formulae all C and T 

I as 7~1.0 ,  G = G, and p = p, to. 
properties of the backfill and 

(C4g1 + c ~ ~ ~ x ~ ~  + c ~ ~ ~ = ~ ~  - 21..,*'~~) equ i~a len t  radius r ,  must rcprcsent the footing 
not the piles. Full soil reaction in the base can, 

- . .  . .., "- 

must be taken 
describe the 

1 01 course, oe consluerea w ~ t n  equal ease I I  ,..+-% $%-* ,, 
= c S + r  = (cXI1 - C x x  LC) : i r,8>$&,,Fi+F$!;;:,, 

r required. . g$$ , .z.~:F, 

The suniniation is taken over all the piles. Response of I'ile Foi~ridations 

L{$kct oj' Footing Dnbecitnetzt With the stirness and danlping constants 
The pile-supported footing is often partially defined by Eqs. [61 ] and [62], the response of 

frnbeddcd as shown in I=ig. 1 1 .  As a result of it, footings t,, dynamic loads can be readily 
:here are ;ilso soi! reactions acting on tfie ~crt iCal predicted from formulae valid for sliallo\v 
\ides of the footing. (The soil reactions ncting fc)undnlions. 
,*n the base area n e d  not be cc.nsidel.cd as the The kertic'cll r 'cponse to sinusoidal loads can 
.ontact there may be lost due to soil scttlenient.) be obtained by means of Eqs. [15]-1181 in 

The side reactions result in adcljtional stifl'ness Novak 2nd Uercdugo 1972. [ 
~ n d  damping constants to be added to those The response of footings to horizontal 
,ieri\ed from piles and given by Ecls. [61] and excitation and to moments in a vertical plane is 
1621. The additional stiffness and damping always coupled and is characterized by two . . 
:onstants of piled footings due to enibednient components, i.e. horizontal translation, and 
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rotation in tlic \,crtic.;~l pl:~lic (rocking). The T l ~ e  Piles:' 
;~rnplitudcc 01' tlic t\vo coliii~onerits Ir, and {I, 8 soft wood piles 
fo l lo \~  .from Eq.  ( I ? ]  in l j c ~  cdugo and Novak Density = 48 lb/Tt3 ( p p  = 1.49 slugs/ftJ) 
1972. U'itli variable frcqucncy of excitation, Pile length I = 35 ft  
coriiplctc response cu:\.es can be obtaiiicd. Eflective radius r ,  = 5 in. ( A  = 78.54 in.', I = 

An alternati\,c approach is to solve the coupled 490.9 in.4) 
response by mcniis of niodnl analysis. This Young's modulus E,, = 1.2 x lq6 p.s.i. (1.728 1 

approach is cwtlincd in Appendix 11 where all lo8 Ib/ft2) 
tlie formulae necJccl arc gi\'cn together with the Hence, longitudinal wave velocity r,  - 
forlnl~lae for the natural frequencies and the \mP]F= 10 769 ft/s 
moti;~l damping pcrtiriei~t to the two vibration Pile eceerltricity x, = 4 ft. 
nioder of the coupled motion. With the weights of the footing and t h t  

machine, the height of the centroid of t t i c  
Ii:s:tmple system z ,  = 4.75 ft, total mass n~ = 6583.9 ~ I L I S C  

Thc above theory i s  applicd to predict the and the total mass moment of inertia nitkt 
dynaliiie respollse of tlic nlachine foundation respect the ' J ,  = l 7  490.8 'lugs f t 2  

sho\+n i n  Fig. 11. nc foo(illg is supported by The "lave vs/cc = 0.02. 

end bearing piles. For comparison, the response slenderness ratio l/r, =. 84 is much larger than 

is also predicted assuming that the footing 2s. the pile parameters f 
rests tlirec?lh orl soi l ,  of a I,ossible read from Table I for the given Poisson's ratio. 

embedment is also examineti. The fo l lo \v i~~g material (pip, = 2) and the wave velocity 

input datii are assun~cd. ratio, with the exception of parameters f , ,  
that are obtained from Fig. 9b  as f,,,, = 0.0266 

7hr hincsllille and,f,, , ,  -: 0.037. 
Total \$,eight = 20 000 Ib The constants of one pile are calculated froni 
Esciting Sorccs tluc to rotor utih;ilanccs act in E ~ ~ ,  [351 througl, [60] and with them, ,ht. 
vertical as we11 as horizontal directions and stiffness and dalnping constants follow frclrl1 
are Eqs. [6 1 1 and [62 j. 

P ( t )  = /?i,ew2 ccos w t ,  Q ( t )  = ~ ) l ~ e w ~  sin wt ,  Then, the respoiise curves ore calculated f ~ o ~ i l  
the formulae given in the references and referred 

h'llcre III,  = the l l laSS of the rotor, t? = rotor to above. TIle displacements obtained are thost. 
eccentricity, and UJ = frequency of rotation. tile centroid. 
(The true values 0s I?I,E 3l.C i l 0 t  ch0sen as the The response curves of the p i l e  foundation a1.e 
results \*.ill be givcn in n ciinicnsionless form.) sho,vn i n  a dimensionless form i n  ~ i ~ ~ .  12- 1-1 
The height of  the ! l O r i ~ ~ l l ~ ~ ~  cxcitat i~tl  = 12 ft as case A.  The crosses (+) indicate apprc ,xinla tc  
which is also the height of the nlachine centroid. rcsonnnt amplitudes established by means of  

The Fbnlkg simplified modal analysis (Eq. [87], Append~x 
Rcir;Sorced concrete, tiensity = 150 ]b/ft3, 11). The natural frequencies (Eq. [75]) and niod:iI 
ciimcnsions as shown in Fig. I I .  damping ratios (Eq. [81]) are given in Table 2 .  
Enibcdrnent depth 1, = 2 ft Subscript zero denotes the vertical response. 

Thr  ~ i l i l '  subscripts I arid 2 denote the first and second 
riiodes of the coupled response involving Bulk density == 100 Ib,'ft3 ( p  -5 3.1 1 s l ~ \ g s / f t ~ )  -- horizontal translation and rocking. 

Slie;lr \vavc \.elcrcit\i I J S  == 210 Stis ( 1 ,  = .:Gfp) 
Poi<sc)n's ratio I .  = 0.25 rllso sho\vn are results calculated for pile.> 

a~i i i  eri111cdment (tax B). direct f~>unJation iln 
71:t. B ~ ~ ~ ~ X r i l l  tlic $oil surface (case C) arid ior an cmbcdded 

h las \  density p, = 0 .75  p footing \vitIiout piles (case 0). 
Siicar riiodulus G, = 0.5G When consideri.ng the effcct of embedment or 
---. ~ - of soil, the equivalent radii of a circular footing 

'L>!ii~n:ic rlropcrrics c f  soil C J I I  hc csrnblished esperi- must be used. These can be established fror~l the 
rncnt.~lly or estirii:~ted by 11ic;lns of ~.ublisIied data (see . . . . 
c . , ~ .  i l i c h a ~ t  c.t r ? / .  1')70. Vilvations of soil and  founds- 'I'ropcrties of wood piles can be found in Tinlbcr 
lions, I'rentice-Hall I~ic. ,  Eaglenood C'lifl's, N.J). Piles, Canadian Institute of Timber Construction, 1962. 
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a 

J 
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FREQUENCY w ( RAU/S ) 

Effect of Static Axial Load 
10 translations (i.e. R, = 7.14 ft). For  constants ~i~~~~ is one aspect should be 
relating to rocking, the equivalent radius co,lsidered. . 
bl!li)\is from the equality of the moment of w i l h  heavy pile loading and very soft soils, 
i~lertta of the base area (i.e. R, = 6.42 ftj. the pilc stifTness and damping related to hori- 

Several observations can be made from Figs. zontal exc i t a t i on  can be by the static 
12--14 and from Table 2. load i?i,, the pile carries. This effect brings 

The vibration pattern of pile foundalions can another parameter i n t o  [he pFobleln and can be 
considerably differ from that of shallow fc~uuda- exalllined as follows: 
lions. The difference is particularly marked i n  w i t h  soil by E ~ .  1 and the 
the natural frequencies, resonant amplitudes, stat;c coll,pressive force N,, , 0, the dif- 
and the rocking component of the second node .  lerenlial of the pile lateral inotion 

The foundation on  piles is more rigid anti less u(z, t )  is 
rlan~ped thnn that on soil. The resonant ampli- 
[udes of the pile foundation can be higher than  [O3] ! L  I - ?I- .--- t A/(=, t )  

-1- c - - - -  - 
Sf tbl>se of the foundation resting on soil: ho\te~.er,  

li;:r,e are freq~;:ncy regions \there the shallo\~-, + C;(S,, 4- rS,, ,)u(z,  r )  fou~ldation can yield higher amplitudes. The 
i.lJect of embednicnt can be \,erj. bene1ici:il. 
Thcugh the piles usually provide the required 
har ing capacity and reduce permanent settle- 
ments, they cannot exclude vibrations. in which 11. = mass of thc pile per unit length, 

. . . . . . . . . . .  
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TABLE 2. Natural frequencies and damping ratios of footing with various types of foundation 
- - -  -- - - - --- -- - -  - - . ~ _ - . . - .- - - ~ 

Natural frequency , 

(rad/s)* Darnping percentage* 
-- 

Case foundation (* o c* 1 w2 Do 
-. - - -. . -. . . . .- . .. - . - Dl D2 

-. - - -  - - . - 

A Pilcs 8 5 . 5  30.9 100.3 11.2 5 . 9  15.0 
I3 I'ilcs and 85.9 31.8 101.5 14.7 14.0 , ' 21.0 

enibcdn~en t 

-- . - - . . - . . - - . . - .. . . --- -- 
'Subscript zcro denotes vcrtical vibration, subsc~ipts 1 and 2 denote the first and second modes of the coupled 

response. 

the pile end forces and monicnts are again Eqs. [49]-[60] in place of functions F(h) having 
descriLed by Eqs. [19 ] ,  [20], [22], and [23], the same subscripts. 
in which the functLons of argument A are An example of the static load effect is shown 
replaccd by sonie\vhat modified functions of in Fig. 15. It can be seen that the general effect 
two argunlents X nnc1 X. These modified functions of the static load is to reduce the stiffness and 

F8(A. I), i- iF8(X, X), with decreasing slenderness. For slenderness 
ratios greater than 30, the parameter variations 
with a certain N,, should be about the same as 
for l /r ,  = 30 because any further increase in 

+ A ' j n h  A cosJ)  = F9(A3J)1 + iF9(X, pile length changes the stiffness and damping 
parameters only very slightly. In most practical 
cascs the effect of N,, will be negligible. ( N ,  
is very large in the shown case.) 

+ X2 cos 7 )  = Flo(A, A), + iF,,(A, I ) ,  Summary and Conclusions 

mass of the pile (mass ratio), shear wave velocity 
.in the soil over longitudinal wave velocity in  

= A cosh A sin - 1 sinh A cos X the pile (wave velocity ratio), length of the pile 
(thickness of the soil layer) over pile radius 

Similar functior~s can bc found for the other (slender~iess ratio), pile static load over Euler's 
boundary conditions. buckling load (load ratio), and the dimensionless 

Stiffness and damping coefficients of piles frequency. 
are obtaincd by the substitution of the real The most important parameters are the 
and imaginary parts of functions F(A, X) in wave velocity ratio and the slenderness ratio. 
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Both pile stiffness and damping increase load reduces most st~fTners and damping 
i ~ t h  increasing wave velocity ratio and with parameters, but increases damping due to 

excitation are very sensitive to the rotation. 
gth for a slenderness I/r, smaller than For all possible displacements the pile stiffness 

hout 25 and practically independent of the and geometric damping can be readily 
,ile length for l!r, greater than this limit. established; hence, the response of footings 
\hove the same limit, the influence of the end or structures sunported by piles can be obtained . . . . 
ondition at the pile tip vanishes; this means by the sarnc procedure as is applied with 
hat there is no appreciable difference between shallow I'oundations. 

pinned tip and a fixed tip and that further Pile foundations can have higher natural 
.ic,rease in pile length does not affect the frequencies, snialler damping and larger res- 
,ynamic stiffness and the damping. The lirnit onant amplitudes than footings founded directly 
I the effect of the pile length is somewhat on soil. 
.pendent on the stiffness of the soil. The The piles can eliminate or reduce permanent 
:latively low limit to the effect of the pile settlements; however, they cannot eliminate 
.r!gth makes it possible to present nunrerical vibrations: Dynamic analysis is just as im- 
slues of stiffness and damping parameters portant with pile foundations as it is with shallow . 

did fo'r most practical situations. foundations. 
In the vertical direction, the effect of pile The approach presenttd is approximate and 

ngth does not diminish within the prac1ic;tl yields somewhat lower stiffr~esses and damping 
!nge of slendernesses because the stiffness of than the morc rigol.ous elastic model. This may 
:c pile alone .compares more favourably with he considered on the safe side a s  the bond 
:at of soil than is the case with horizoritsl bet\seen the pile and the soil is not perfect as is 
,citation. H o ~ e v c r ,  the stiffness and damping assumed in thc dynamic elastic solution. 
trarneters for the vertical direction are given in The approximate analytical solution may help 
craphical form to cover most practical applica- to specify the dimensionless parameters and to 
jns. , indicate appropriate ranges for more rigorous 
The effect of the static load can be significant approaches where much higher computing costs. . 

ily with extremely poor soils. The static will be involved. 
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Experiments arc nccdcd to verify the theory D = dampi~lg ratio of footing 
and lo estimate thc cn'ect of pile grouping and c = coefficient of pile illtetnal viscous 
other coriiponcnts o f  damping acting jointly damping 
with the gennictric (tamping considered in this c iS j  = damping constant of footing 
papcr. c i S j 1  = damping constant of one pile 

E, = Young's modulus of pile Ackno~vletlgmcnts Fi = frequency functions 
'This study was supported by a research grant e = eccentricity of unbalanced mass 

from the National 12escarcli Co1.111cil of Canada. f j , ,  = stiffness parameters of pile 
The assistance of T. Nopami is gratefully f i , ,  = damping parameters of pile 

G = shear n~odulus of soil 
I = moment of inertia of pile cross section 
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R r a r l ~ ~ ~ o o ,  1 .  0 ,  and N O \ A K ,  I r l  1972. Coupled Lori- iTJ = dinlensionless parameter 
zontal and ~ .ocki r~g  vibration of embedded footings. 
Can.  Geolecli. 3 .  OiJ ) ,  pp. 477- 497. I = length of pile, thickness of soil, layer 

KOLOUSI-K, V. 1973. Dyriamics iri engineering structures. lr ' foundation embedment 
I-Ialsted Press, a Division of John Wiley and Sons, = bending moment of pile 
New York, N.Y. n? = mass of footing 

NOVAK, Vl., and I?~~r:r>ur,o. Y. 0. 1972. Vcrtical vibm- 
ll,e = unbalanced mass tion of cml-)etldcd footings. J. Soil Mcch. Found.  
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pile 
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h = parameter bv, = vertical displacement of pile head 
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FIG. 18. Rocking component of coupled response computed dirrctly (exactly) and by m a n s  of 
"10dal malysis, (for foundation shown in Fig. I I). 

he nonresonant modal component to the 
nant amplitude can be neglected in most 
; because it is small and the phase difference Un,k = I )kUk 

rvIk(w,2 -,,12) cen the two con~ponents is close to 90' 1881 
Fig. 16). Then tile resonant amplitudes of 
 upl led n~otion at resonancej(j = 1 or 2) are 

Bemuse the phase shift between the resonating 
. . and nonresonsting modes is close to 90°, the 

resonant amplitudes are approximately 

t 
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means of modal analysis, are also plotted. The 
in which k f j. agreement between the two approaches is very 

The inclusion of thc damping in the de- good. 
nominator yields the approximate value of the The same modal approach can be used with 
maxinl~lrn resonant amplitude instead o f  the shallow foundations. The only difference is in 
somewhat s~naller amplitude at frequency w j .  the stiffness and damping constants which can 
(The maximum amplitude does not appear be obtained from Beredugo and Novak 1972 or 
exactly at mi.)  Novak 1974. 

., . . .  


