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Dynamic response of foctings and structures supported by piles can be predicted if dynamic
stiffness and damping generated by soil-pile interaction can be defined. An approximate
analytical approach based on linear elasticity is presented, which makes it possible to establish
the dimensionless parameters of the problem and to obtain closed-form formulas for pile
stiffness and damping. All components of the motion in a vertical plane are considered; that

is, horizontal as well as vertical translations

and rotation of the pile head. The stiffness and

damping of piles are defined in such a way that the design analysis of footings and structures
resting on piles can be conducted in the same way as is applied in the case of shallow founda-

tions.

Ia réponse dynamigue de semelles et de structures supportées par des pieux peut étre
prédite si ia rigidité dynamique et "amortissement produits par I'interaction sol-pieu peut
étre définie. 'Une méthode analytique approchée, basée sur I'bypothése d'elasticité linéaire,
est présentée, qui permet d’établir les parameétres adimensionels du probléme et d'obtenir des
Tormules condensées pour fa rigidité et I"amortisscment du pieu, Toutes les composantes du
déplacement dans un plan vertical sont considérées, c'est-a-dire les translations verticale et

horizontale et la rotation de
définies de telle fagon que I'an

la téte du pieu. La rigidité et I'amortissement des pieux sont
alyse de semelles et de structures fondées sur pieux puisse étre

conduite de la méme manicre que pour lés fondations superficielles.

JIntroduction

Dynamics of piles has been receiving attention
mainly due to its applications in machinery
foundations and structures exposed to dynamic
loads such as wind or carthquake. However,
the dynamic behavior of piles is far from com-
pletely understood as the soil-pile interaction
is very complex. There are no readily applicable
methods available that would include this
interaction and as a result of this, it is not
uncommon to ignore the soil entirely and to
attribute all the foundation stiffness to the
stiffness of the piles. On the other hand, some
approaches are used in which the horizontal and
rotational stiffness of piles are ignored and all
the dynamic stiffness is attributed to the soil.
Damping derived from piles is in practice only
guessed, :

More rigorous approaches were applicd by
Taiimi 1966, who used a lincar clastic medium
model, and by Penzien 1970 who assumed a
lumped mass model which made it possible to
incorporate soil nonlinearity: These sophisticated
solutions deal with earthquake excitation and
their  complexity makes them  accessible to
researchers rather than to practicing engineers,

The objective of this papet is to examine an
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[Traduit par fa Revue]

alternative approach which would approxi-
mately account for soil-pile interaction in a
relatively simple manner. Such an approach can
be based on the same assumption as that quite
successfully applied to embedded footings
(Baranov 1967; Novak and Beredugo 1972;
Novak and Sachs 1973; Novak 1974); it is
assumed that the soil is composed of a set of
independent infinitesimally thin horizontal layers
that extend to infinity.! This model can be
viewed as a generalized Winkler's medium which
possesses inertia and the capability to dissipate
energy. It is further assumed that the piles are
vertical, do not affect each other, and that the
motion of the pile is harmonic and limited to a -
vertical plane. Then, both the dynamic soil
reactions per unit length of the pile and the
solution of the pile response can be described by

closed form formulas,

Though the derivation of the approach
requires a certain amount of theoretical analysis,
the practical application of it can be very
simple. The reader interested in design analysis
need only refer to the chapter on response of pile
foundations. "

'For snme mathematical features of this model see
Novak and Sachs 1973.
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Horizontal Translation and Rotation
in the Vertical Plane

Consider first the cases in which the pile is

ited by horizontal translation of its head

Aower end and by rotation of its head in the
vertical plane (Fig. 1). Only lateral displacement
of pile elements is considered. The effect of the
static axial force is not accounted for in the
first part of the paper but is considered separately
jater.

When a pile element dz undergoes a complex
horizontal displacement u(z, r) at height z, it will
mee¢t @ horizontal soil reaction which with the
above assumptions is equal to

(1] G(S,1 + iSuo)u(z, t)dz

in which G = shear modulus of soil and
i= «/—1. Parameters S,; and S, are functions
of dimensionless frequency a, = row./p/G,
depend on Poisson’s ratio v, and are the real
and imaginary parts of the complex function

[2] Su(GO’ V) G[Sul(001 V) + iSuZ(aOs V)]
27TGao

i

.

I

1 ’ .
ﬁHz(z)(ao)Hx(z)(Xo) + Hl(z)(xo)Hl(z)(ao)
Ho(z)(ao)Hz(z)(xo') + Ho(z)(xo)Hz(z)(ao)

where ro = pile radius, w = frequency, and
p = mass density of soil.

X

}
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Displacements and reactions of piles.

InEq. 2], g = (1 = 2v)/2(1 — ¥), x5 = ag/2
and /1, = Hankel functions of the second
kind of order n. Equation [2] was derived by
Baranov 1967. Parameters S,, and S, were
calculated for several values of Poisson’s ratio
in Beredugo and Novak 1972, in which poly-
nomial approximations to them are also given.
The parameters S are shown in Fig. 2.

With soil reaction given by Eq. [I], the
differential equation of the pile horizontal
damped vibration is ‘

2
I L

(}t + G(Sul -+ isul)

1

dz

o*u(z
X u(z, ty + E,/ u(:ﬁ

in which x = mass of the pile per unit length,
¢ = coeflicient of pile internal damping, and
E,I = bending stifTness of the pile.

Asstme a harmonic motion induced through
the pile ends.

Then a steady-state (particular) solution to
Eq. [3] can be written as

4] u(z, t) = u(z)e'!
where complex émplitudc
[5] u(z) = u,(z) + it)(2)

Substitution of Eq. [4] into Eq. [3] yields an
ordinary differential equation:
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4
[6] E,,Id—a%(fzz + u(z) [11] r = /a*®+ b?, tan ¢ =§-
x [GS,; — pw? + i(cw + GS,;)] =0 Then, parameter A is more conveniently
. . n described as
The general solution to this equation is
[12] A=A+ A,

z

!

-
L

[7] u(z) = C, cosh A ;

+ C, sinh A

-
“

!

z

+ C, sin)\l

+ Cycos A

in which complex frequency parameter

[8] x=

~ GS,, — i(cw + GS,;)]

Note

v g7 ,uu)z I"G
Ay = I =

0] © r Ep/ ) L EPI

a=A LS.,

[10] |

' b= —L(cw 5-{- S.2)

and

in which real and imaginary parts of A are
4 ’ PR
Ay = /7 sin Y

4
[13] A, = \/Fcosz,
For a pile of circular cross section the param-
eters given by Eq. [9] are also

. 4 2 4
g L=t O (1) ot (L)(L
mE,\ry T, \ U To
and
- I 4/ p, G —
P e 2 =
[15] g e 4PE,,\/GO
L2k e
To [

in which V, = (/G/p = shear wave velocity of
soil and v, = JE,/p, = longitudinal wave ve-
locity in the pile. The dimensionless parameters



( ne problem cbviously are slenderness ratio
Vit
Integration constants C are given by boundary

conditions for whose application the displace-
ment derivatives are also needed:

dufz) A _ z
= (CI sinh A2 7+ C, cosh ,\-—1—
.oz z
— Cy sin A—l—-i- C, cos /\T)
dlu(z) A?

+ C, sinh )\%—

4z = IT(Cx cosh /\%

[16]

— C5cos 2 E C, sin /\»7—)

[

d3u(z )\.3 ) z . z
dz(3 ) =77 (C1 sinh )\T-i— C, cosh /\—l
+ C; sin ,\El—— C, cos /\3}—)

With these derivatives the bending moments
are as usual

- 1 M= —F Id u(z)
! _ dz?
anu'the shear forces
, ;&)
sy T = ~E,l%55

The dynamic stiffness of the pile can be
determined as the end force producing a unit
displacement of the pile head (or tip). This unit
displacement and the other end conditions
represent the boundary conditions from which
the integration constants C can be established.

Equations [7] and [16] do not formally differ
" from those of ordinary prismatic bars and
therefore, the integration constants that are
actually functions of A, are the same as with
such bars. The effects of soil enter the problem
only .hrough the parameter A.

To solve the response of footings and struc-
wres supported by piles it is necessary to
know the relution between the pile reactions at
the level of the pile head and the motions of the
pile upper and ,lower ends® (Fig. 1). With the
integration constants being formally the same
as in absence of the soil, the end reactions are

2The motion of the pile lower end would come into
play when considering earthquake excitation.
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readily obtained from Eqs. [17] and [18]. Using
the notation after Kolousek 1973, the horizontal
pile head reaction R, and the end moment re-
action Ry, are for both ends fixed:?

(191 R0 = ~ S FOhuy0)

- 5 r o - B P
[20] R0) = = S5 Fyuy(n)

= S0 — Z a0

Here, u,, .= the pile head translation and
rotation, respectively, u, = horizontal transla-
tion of the pile lower end and functions

Fz(’\) =
_ycosh Asin A — sinh A cos A
cosh A cos A =1 =
Fy(M)y + iF,(0),
’ — _y2 CoshA—cosx
F() = coshAcos A — 1
F3(A); + 1F5(0),
, . sinh Asin A _
[21] Fal®) = A coshdcos A — 1
Fa(A)y + iF4(A);
< oy 43 sinh A+ sin A
Fs(h) = A coshAcos A — 1
FS(/\)I + IFS(A)Z
‘6(’\) =
_p¢ cosh Asin A + sinh A cos A

cosh Acos A — 1
Fe(A) + iF¢(X),

Subscripts | and 2 indicate the real and
imaginary parts of functions F.
With the lower end pinned:

. CET )
[22] R, = - '“l"s—l"n(/\)“h(’)

E 7

= “ELEM0) ~ S8 F o0

3The pile is rigidly connected to the footing (i.e.
moments are transmitted) but translations and rotations -
of the ends are possible.
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(23] R0 = — 28l o)

- 57:11 Fo(Ny (1) — El%fF s(Mug()

in which
Fi(d) =

- 2 sinh Asin A _
“cosh Asin X Zsinh Acos &

Fa(N)y + iF2(0),
E voo o sithd4sind
" cosh Asin A = sinh Acos A

‘FS('\)I -+ IIFB(/\)Z

Fo(A) =
i 2 cosh Asin A + sinh Acos A _
[241¢ =2 cosh Asin A — sinh Acos X _
Fo(A)y + ig(V),
Fio(A) =
3 cosh A + cosd
cosh Asin A — sinh Acos A
Fio(A)y + 1F0(2),
Fii(A) =
3 2cosh Acos A

cosh Asin A — sinh Acos A

Fl'l(’\)l + iFu()‘)z

In the above equations, reactions R, functions
Fy(A) and displacements u and ¢ are complex;
functions F;(A), , are real.

For a set of typical dimensionless parameters,
functions F relating 1o pile head' motions are
shown in Fig. 3. The notation is abbreviated as
indicated. Subscript | denotes the part of F
relating to dynamic stiffness; subscript 2 denotes
the -part relating to damping. The damping is
caused by energy radiation from the pile into
the soil. Internal damping of the pile was
neglected (e = 0) in all numerical data ghven in
this paper because it is much smaller than that
of soil. The damping parts of F are shown in a
reduced form as F,/a, for reasons made apparent
later herein.

With a particular pile, functions F strongly
depend on the wave velocity ratio ¥, /c, (stilTness
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of soil). This can be seen from Fig. 4 in whict
functions Fy((X), and F,,(}),/a, are shown fo:
a few values of the wave vélocity ratio, al
other parameters remaining the same as ir
Fig. 3.

The approach presented is approximate ir
its basic assumption and therefore a comparisor
with a more ‘rigorous’ approach is important
Such a comparison is made in Fig. 5 where the
approximate solution for the most importani
function Fy, is shown together with the result:
obtained by T. Nogami and the author using a
more rigorous theory. The latter theory assumies
a homogeneous stratum overlying a rigid
bedrock and the results are obtained by means
of modal analysis. In this approach the theory.
used first by Tajimi 1966, was modified and
extended. (The more. rigorous solution is not
quite exact because the boundary conditions
on the soil surface are not completely satisfied
and the convergence of the results is slow.)

The differences between the two solutions
appear acceptable and diminish with increasing
frequency. The approximate solution does not
yield the peaks caused by soil layer resonances.
The sharpness of the peaks strongly depends
on soil viscosity and the peaks can actually
vanish with higher viscosity. There are rio
experiments known to the author which would
prove the existence of such peaks in pile stiffness
and damping parameters. The rigorous sotution
yields slightly larger stiffness and hence, the
approximate solution is on the safe side because
there is no perfect bond between the pile and
the soil as the theory assumes.

Functions F could be used as they are defined.
However, it will be seen later that the results
can be presented in a modified form that
eliminates the need for their calculation in

-most practical applications.

Vertical Vibrations

The dynamic reactions of the pile pertinent
to vertical motion_ of the pile head can be
obtained using .the same assumptions for soil
as in the previous case. Assume further that
the lower end of the pile is fixed;

Then, the vertical soil reaction acting  at
height = on pile element dz is (Baranov 1967
Novak and Beredugo 1972):

[25] G(Suy + IS, (z, 1)dz
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3r ~ = F = F
So Fll,l FH(X)I Fu,z Fll()‘)z elc.
\\\
PN
F T~
| 1,2 x1073 TN~
Qo ““"'"“——

7

STIFFNESS

=== DAMPING

PARAMETERS F(X), , AND F,g(A)

L 1 L J

( ’ ) % l o’.5

1O ' 1.5

0o = roWwv/p/G

s, 3.

in which :
Ji(aglo(ag) + Y,(ag) Yo(ay)

- — 9 1\fo M o\do 1\707 J0NT0)

[-()_-] Swl =l JOZ(GO) + vYOZ(aO)

4

b S B
7] Suz = Joz(.ao) + Yoz(ao)
Herein Jy(a,), J,(ag) = Bessel functions of the
first kind of order zero and one, respectively,
ind Yolag), Y,(ag) = Bessel functions of the
weond kind of order zero and one. Functions
S.1and S, are shown in Fig. 2. _
With the soil reactions defined by Eq. [23],

he differential equation of damped axial
- bration wi(z, 1) of the pile is:

Pz, 1)

cw(z, 1)
d 8z?

dt

28] L‘;iz Dy — E,A

+ G(S,, + iS,)w(z, ) =0

n which 4 = area of the pile cross section.

Functions F for dynamic stiffness and geometric damping of piles for a typical set of
dimensionless parameters, (//ro = 40, V,/v. = 0.003, p/p, = 0.7, v = 0.4)

With a harmonic motion {induced through
boundary conditions) displacement
291 w(z, t) = w(z)e'*
and Eq. [28] yields an ordinary differential
equation
[30] W[ —pw® + icwr + G(Su, + iS,)]

2 N7
- E A (—j?‘;(fl =0

The solution to this equation is '
[317 w2 = C.cos A 1 + C, sin /\f}

in which the complex frequency parameter is in
this case

[32] A=

P y .
11/1;’”}1 rw” = GS, — i(cw + GS,y)]

s g

o
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-h is for a pile of circular cross section
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beam alone, Kolousek 1973. The effects of soil

K=g7 = =

I’G again enter the problem only through parameter

The agreement with the more rigorous solu-
tion is again quite good. Wilh increasing

Ao = z /ﬁg G an = ! I—/iao frequency ‘the two solutions asymptotically
o 1 p E o Uc _ approach.
I 1p (V! )2 ‘ Stifiness and Damping Constants of Piles
;E_<M) . ;; ({,: ,TO_/ With the above reactions, the motion of the

ote further

1 r and ¢ are obtained from Egs. [11] and [43]' " El‘z_“(_f) + ZE%L

meter A is

A=A1+1A2

hich

/\l = \/;coszzs—,

1mphtude of the ax1al force is

pile supported body can be predicted.

. If, for example, only the horizontal motion is

= Ag? — KS,,, b = —K(Cw 1 +5 2) possible, the differential equation of motion is,
wld G w

with respect to Eq. [22]

x [F (M) + 1F (1), ]u(t) = Q exp (iwt)

where the summation extends over all the piles,
_ \/7 sinfé m = mass of the body, u(t) = the horizontal
2 displacement of the body, and Q exp (iwt) =
p > y P {

horizontal excitation.

If the body vibrates in the vertical direction

\ dw(z) under the effect of a vertical force P exp (iwt) the
TR N(z) = “dz equatxon of motion w(¢) is, with the pnle re-
. from Eq. [31] action given by Eq. [41]
dw(: ALz Az 2
| ):i(:“) = —(5—1— sin A—I + C(,ITcos A~[ [44] m dﬁ_‘,‘@ +

gration constants Cs and Cg are obtained

1 the end conditions. Due to complex

ical motions of pile head wy(r) (Fig. 1) Similar equations can be written for coupled
pile lower end w (), the vertical reaction of . motions.

pile R,(¢) at the level of the pile head is

| R0 = = =5

vhich

F g(A) = Acotan A =

Fio(A)

weripts 1 and 2 denote the real and imaginary

E A
1

A cosec A

X [Fg(A) + iF g(A)w(t) = Pexp (iwf)

The solution of the response from the equa-

tions of motion follows standard procedures.

To facilitate the procedure and to make it
actually identical to that applied with any other

1 IB(A)Wh(t)
+ —LI A w1 t)pe Of f()u“datl n, 1t 18 ad antageous to d(iflllC
l 19( ) g( ) o 5 v =

the equivalent pile stiffnesses and damping.

These can be established by comparing Eqs. [43]

equations of footings.

Fig(A)y + iF5(A); The equivalent stlﬂncss constant k' and
damping constant ¢! of one pile are for:

Verrical translation
Flo(A) + 0iF g(A);

ts of the functions. An example of Fyg(A), , where
hown in Fig. 3.

and [44] etc. with the corresponding standard

) E,A
[45] ko' =—’{““le,1
o]
: : _ Fie(A),
‘o' ‘on [41] is formally equal to that of the [46] Jisa = Ire

¢

{

A

¥

g

!
i
of
'y
i
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[47j el = ﬁp:iflg , and pinned tip when the s]enc_lernes.s ratio //r,
- Vs : is larger than about 25 (Fig. 6). The influence o;
where the end condition at the tip appears less than is
(48] ' P s Fig(A); the case with static loads (Poulos 1973).
‘ 2 o, By means of the above formulas, the stiffness

Horizontal translation and the lower end pinned

‘ Lol
[49] /(.rxl = ;éTfn,l
where .
' = Fu,
[50] fll,l - (1/’. )
F /
[5]J Cxx1 = :'1.1/]112
where
_ A)
52 — __l l( 2
L ] f11,2 aO(’/’O)
Rotation of the pile head in the vertical plane
E I
(53] : kwl = ‘;i—“fml'
where
Fa(M),
[54] Fra= "k
E T
[55] Cuy' = -7;’5—‘f7,z
where
Fa(N),
[56] _f7,, aol/ro

Cross-stiffness and cross-damping coeflicients

= : EI
[5/] ’ kx\llI = 7.67f9,1
where
Fo(N)y
[58:] .f9,l ([/rO)Z
E /
[59] wa - V f9 2
“where
Fo(\),
CO 9 1y = A t'v"
[:’ J ./‘),._ 00(1/},0)-
In this approach, k' = k' and ¢, = ¢,,".

With the lower end fixed, corresponding
functions are substituted into the above equa-
tions, i.e. F in place of F,,, F, in place of F,,
and F, in place of F,. However, the parametric
study of functions F shows that the pile stiffnesses
and damping are almost the same for fixed tip

and damping constants of piles can be readils
established. The calculation ean be greath
simplified if advantage is taken of two favorable
circumstances that are evident when using
stiffness and damping parameters finstead of the
original frequency functions F.

Parameters f; ; and f; , are somewhat modified
functions F and are proportional to F;, and

Fialas. The advantages of parameters f are
that (1) they change only modestly with fre-
quency and (2) most of them are often in-
dependent of the slenderness ratio that is of
the pile length.

The variation with frequency of parameters
Jcan be seen from Figs. 3, 4, 5, and 7. In most
real situations, the dlmensnonless frequency a,
is smaller than about 0.5 and for practical
purposes, it seems possible to consider the
stiffness and damping parameters / as constants
independent of frequency.

Variations of frequency functions F with
slenderness ratio //r, are very strong, but thesc
variations are much less with parameters / as
can be seen from Figs. 6 and 8.

In Fig. 7, parameters /7, are shown for a range
of frequencies and for four values of the slender-
ness ratio. Figure 8 shows all the parameters
pertinent to horizontal translation and rotation
of the pile head versus the slenderness ratio.
The values shown are accurate for a, = 0.3.
It can be seen that these parameters arc
practically independent of pile length for all
slenderness ratios larger than about 20 with
wave velocity ratios equal or greater than 0.03.
With very soft soils featuring a wave velocity
ratio of 0.01 this limit rises to about 30. These
limits are quite low and make it possible to use
stiffness and damping parameters independent
of pile length. Such constant parameters are
given in Table I for a few values of wave
velocity ratios V,/r., two values of mass ratio
p/p,Y and two values of Poisson’s ratio . The
mass ratios are representative of reinforced
concrete and wooden piles, respectively.

The stiffness and damping parameters for
the vertical motion of the pile head depend quite
strongly on pile length as can be seen from Figs.
9a and b, where parameters S1s,1 and fg , are
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nen for the same input parameters as Table .
arameters fi, are independent of Poisson’s
atio and can be read from Fig. 9 for a large
ange of slenderness and wave velocity ratios.
Table 1 and Fig. 9 make it easy to estimate the
snamic stiffness of piles and the geometric
amping resulting from energy radiation.

Both stiffness and damping may be somewhat
flected by pile grouping. Suvme considerations
i this effect can be found in Barkan 1962 and
oulos 1971. No damping is, of course, ob-
aned from a static solution (Poulos 1971).

-tiffness and Damping Constants of the Footing

Fhe above formulas for stiffness and damping
matunts pertinent to the individual displace-
ents of the pile head can be used to obtain
1 the stiffness and damping constants including
¢ coupled ones needed to solve the coupled
wponse of footings and structures supported
+ piles.

For example, the stiffness constant for footing
ik;"u is composed of components produced by

head rotation, vertical translation—and if the
reference point lies above the pile heads, also
by head horizontal translation (Fig. 10).

With rigid bodies such as footings, it is
advantageous to choose the centroid for the
reference point. Then the stiffness and damping
constants are defined as forces that must act
at the centroid to produce a sole unit displace-
ment or unit velocity at the reference point.
From this definition, the stiffness constants of
the footing are

kzz = Zk:z‘
kxx = Z k.\'xl
[61714 kyy =

E (’r‘.'v\yl + /{z:l'\’r:Z + kxxx:cz - 2!".\:‘#12(‘)
kxw = /‘—\[1..\' == Z (kxq;l - kx.xlzc)

The damping constants of the footing are
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TABLE 1. Stiffness and damping parameters f3, fo, f,; for concrete and wooden piles with I/ry > 25

Stiffness parameters Damping parameters
p oW '

__.ﬁ_‘_,,ﬁ.;':._, . B .ii.:: A f7.1 f9,1 .fll,l f7.2 /;,2 /‘11.27
0.01 0.202 —0.0194 0.0036 0.139 l «0.0280 0.0084
0.02 0.285 —0.0388 0.0100 0.200 —0.0566 - 0.,0238
0.7 0.03 0.349 —-0.0582 0.0185 0.243 —0.0848 0.0438
(Concrete) 0.04 (0.403 —0.0776 0.0284 0.281 —0.1130 0.0674
0.05 0.450 —-0.0970 0.0397 0.314 —0.1410 0.0942
0.01 0.265 -0.0336 0.0082 0.176 —0.0466 0.0183
‘ 0.02 0.374 —0.0673 0.0231 0.249 ~0.0932 0.0516
2.0 0.03 0.459 —-0.1010 0.0425 0.305 —0.1400 0.0949
(Wood) 0.04 0.529 —0.1350 0.0654 0.352 —0.1860 0.1460
0.05 0.592 —-0.1680 0.0914 0.394 —-0.2230 0.2040
Q.01 0.195 ~0.0181 . 0.0032 0.135 —0.0262 0.0076
0.02 0.275 —0.0362 0.00%0 0.192 —0.0529 0.0215
0.7 0.03 0.337 —0.0543 0.0166 0.235 —0.0793 0.0395
(Concrete) 0.04 0.389 —0.0724 0.0256 0.272 —0.1057 0.0608
0.05 0.435 —0.0905 0.0358 0.304 —-0.1321 0.0850
0.01 0.256 —0.0315 0.0074 0.169 -0.0434 0.0165
0.02 0.362 —~0.0630 0.0209 0.240  ~0.0868 0.0465
2.0 0.03 0.444 —0.0%45 - 0.0385 0.293 —0.1301 0.0854
(Wood) 0.04 0.512 —0.1260 0.0593 0.339 -0.1735 0.1315

0.05 . 0.573 —0.1575 0.0828 0.379 —0.2168 0.1838
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Cay = Cﬂ-'x = Z (Cx\vl - Cx‘xlzc)

The summation is taken over all the piles.

Lfiect of Footing Embedment

The pile-supported footing is often partially
embedded as shown in Fig. 11. As a result of it,
there are also soil reactions acting on the vertical
ddes of the footing. (The soil reactions acting
«n the base area need not be considered as the
.ontact there may be lost due to soil settlement.)

The side reactions result in additional stiflness
.ind. damping constants to be added to those
Jderived from piles and given by Egs. {61] and
[62]. The additional stiffness and damping
constants of piled footings due to embedment

can be obtained from formulae developed by
Beredugo and Novak 1972 and Novak and
Beredugo 1972 and summarized by Novak 1974
(Egs. .[1]-]6]). In those formulae all C and C
must be taken as zero, G = G, and p = p, to
describe the propertics of the backfill and
equivalent radius r, must represent the footing
not the piles. Full soil reaction in the base can,
of course, be considered with equal ease if
required.

Response of Pile Foundations

With the stiffness and damping constants
defined by Eqs. [61] and [62], the response of
footings to dynamic loads can be readily
predicted from Jormulae valid for shallow
foundations. )

The vertical response to sinusoidal loads can
be obtained by means of Eqs. [15]-[I18] in
Novak and Beredugo 1972.

The response of footings to horizontal
excitation and to moments in a vertical plane is
always coupled and is characterized by two
components, 7.e. horizontal translation, and

e g
B A
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rotation in the vertical plane (rocking). The
amplitudes of the two components uy and i,
follow from Eq. [17] in Beredugo and Novak
1972, With variable frequency of excitation,
complete response curves can be obtained.

An alternative approach is to solve the coupled
response by means of modal analysis. This
approach is cutlined in Appendix 11 where all
the formulae necded are given together with the
formulae for the natural frequencies and the
modal damping pertinent to the two vibration
modes of the coupled motion.

Example

The above theory is applied to predict the
dynamic respounse of the machine foundation
shown in Fig. 1. The footing is supported by
end bearing piles. For comparison, the response
is also predicted assuming that the footing
rests directly on soil. The effect of a possible
embedment is also examined. The following
input data are assumed.

The Machine
Total weight = 20 000 1b
Exciting forces due to rotor unbalances act in
vertical as well as horizontal directions and
are

P(r) = miew? cos wt, Q1) = mew? sin wr,

where m, = the mass of the rotor, e = rotor
eccentricity, and o = frequency of rotation.
(The true values of m,e are not chosen as the
results will be given in a dimensionless form.)
The height of the horizontal cxcitation = 12 ft
which is also the height of the machine centroid.

The Footing
concrete,  density = 150 Ib/ft3,
dimensions as shown in Fig. 11.
Embedment depth /, = 2 fi

The Soil*
Bulk density = 100 th/fi? (p =311 slugs/ﬂ")_
Shear wave velocity 1, = 220 ft’s (s = JG/p)
Poisson’s ratio » = 0,25

The Back#ill
Mas< density p, = 0.75p
Shear modulus G, = 0.5G

*Dynamic properties of soil can be established experi-
mentally or estimated by means of published data (see

c.g. Richart e al. 1970, Vibrations of soil and founda-
tions, Prentice-Hall Inc., Eaglewood Clifls, N.Jy.

- 588 » CAN. GEOTECH. J. VOL. 11, 1974

The Piles:’
& soft wood piles .
Density = 48 Ib/ft* (p, = 1.49 slugs/ft3)
Pile length / = 351t
Effective radius ro = 5in. (4 = 78.54in.2, J -
490.9 in.%)
Young's modulus E, = 1.2 x 1Q° p.s.i. (1.728 »
10® 1b/ft?) _
Hence, longitudinal wave
\/F,;]p,, = 10769 ft/s
Pile eccentricity x, = 4 ft.

With the weights of the footing and the
machine, the height of the centroid of the
system z, = 4.75 fi, total mass m = 6583.9 slugs
and the total mass moment of inertia with
respect to the centroid 7, = 117 490.8 slugs ft2

The wave velocity ratio Vv, = 0.02. Tle
slenderness ratio //r, = 84 is much larger than
25. Therefore all the pile parameters f can bc
read from Table | for the given Poisson’s ratio.
material (p/p, >~ 2) and the wave velocity
ratio, with the ‘exception of parameters fq
that are obtained from Fig. 9b as fig,, = 0.0266
and fi5 5, = 0.037. '

The constants of one pile are calculated from
Eqgs. [45] through [60] and with them, the
stiffness and damping constants follow from
Egs. [61] and [62].

Then, the response curves are calculated fion.
the formulae given in the references and referred
to above. The displacements obtained are those
of the centroid.

The response curves of the pile foundation are
shown in a dimensionless form in Figs. 12-14
as case A. The crosses (+) indicate approximate
resonant amplitudes established by means of
simplified modal analysis (Eq. [87], Appendix
I1). The natural frequencies (Eq. [75]) and modal
damping ratios (Eq. [81]) are given in Table 2.
Subscript zero denotes the vertical response.
subscripts 1 and 2 denote the first and second

velocity ¢, =

~modes of the coupled response involving

horizontal translation and rocking.

Also shown are results calculated for piles
and embedment (case B). direct foundation on
the soil surface {case C) and for an embedded
footing without piles (case D).

When considering the effect of embedment or
of soil, the equivalent radii of a circular footing
must be used. These can be established from the

*Properties of wood piles can be found in Timber
Piles, Canadian Institute of Timber Construction, 1962.
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Vertical response of (A) pile foundation, (B) embedded pile foundation, (C) shallow

100 120 140 1860

foundation, and (D) embedded shallow foundation. (8, = m/pR,®> = 5.81).

equality of the base areas for constants relating
to translations (i.e. R, = 7.14 {t). For constants
relating to rocking, the equivalent radius
fallows from the equality of the moment of
inertia of the base area (i.e. R, = 6.42 ).

Several observations can be made from Figs.
12--14 and from Table 2.

The vibration pattern of pile foundations can
considerably differ from that of shallow founda-
tions. The difference is particularly marked in
the natural frequencies, resonant amplitudes,
and the rocking component of the second mode.

The foundation on piles is more rigid and less
damped than that on soil. The resonant ampli-
tudes of the pile foundation can be higher than
those of the foundation resting on soil; however,
there are frequency regions where the shallow
foundation can yield higher amplitudes. The
offect of embedment can be very beneficial.
Though the piles usually provide the required
hearing capacity and reduce permanent settle-
ments, they cannot exclude vibrations.

Fficct of Static Axial Load

There is one more aspect which should be
considered.

With heavy pile loading and very soft soils,
the pile stiffness and damping related to hori-
zontal excitation can be affected by the static
load M, the pile carries. This effect brings
another parameter into the problem and can be
examined as follows: :

With soil reaction given by Eq. [1] and the
static compressive force N, > 0, the dif-
ferential equation of the pile lateral motion
u(z, t) is

tu(z, 1y . du(z. 1)
LT s e T PN
ct” cf
+ G(S,; + iS,)ulz, )

ru(z. t
+ Ny, —’;(”—2) + E, I

[03]

~4
ctu(z, 1)
RIS S

dz

in which p = mass of the pile per unit length,
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Horizontal component of coupled footing response to horizontal load. (A) pile founda-

tion, (B) embedded pile foundation, (C) shallow foundation, and (D) embedded shallow foundation,

(B, = mfpR,*

¢ = coeflicient of pile interhal damping, E [ =
bending stiffness of the pile and: N, = static
axial force (load of the pile).

Assume a harmenic motion (induced through
the boundary conditions)

[64] u(z, t) = u(z)e'*

in which complex amplitude

[65] ) = () + fu(z)

 Substitution of Eq. [65] into Lg. [63] yields an

=35.81,B, = 1y/pRy* = 3.46; (+) = modal analysis).

ordinary differential equation

66 £, 542 N, 1
+ u(2)[GS,; — po* + i(cw + GS,;)] = 0
The complete integral of this equation is
[67] u(z) = C, cosh A:; + C, sinh A?’,—
+ C;cos/—\%+ C, sinXil

where

2

AMA=—"_)— [Vn + /thr .
! «'z{ N, (W‘;

4E 1 1z
N [0S = + itew + 65,11}
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md
2
'69] Ng =LZIE_LI
Note
I*G 4/ nw?
L=_— Ay =1
E, 1 0 E, I
77'4 Nst 3 4
G—T(NE) +/\0 _LSul
01 b= —L(Cwé—*— Suz)
r=Ja’ + b tan¢=—b—
a
_— é _ N, o
a= \/;cos§+ N;E—

n the last equation, as well as in Eq. [68], the

minus sign applies for A and the plus sign
belongs to A, If further

[71] 5=\/;sing, F=./da*+ b?

b
tan ¢ = =
then more conveniently
[72] MA = A +iA,
in which
e0s "
[73] A =/ coss, Ay = \/7’51115

The application of the boundary conditions
to the calculation of the integration constants C
and pile end reactions is almost the same as in
the previous case. The differences are only due
to the two parameters A and A appearing in the
solution in place of a single one. Therefore,
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TaBLe 2. Natural frequencies and damping ratios of footing with various types of foundation

Natural frequency

(rad/s)* Damping percentage*
] Type of : - -

Case foundatlon wg wy w, " Do D, D,
A Pllcq 85.5 30.9 100.3 - 11.2 5.9 . 15.0
B Piles and 85.9 31.8 101.5 14.7 14.0 21.0

: embcdmcnt
C Soil 29.1 19.8 48.7 45.4 13.3 30.5-
D Soil and 30.2 21.0 51.1 54.0 20.3 43.1
embedmert. ' :

'Subxcnp! zero dcnotcs vcmcal vxbratxon subscripts 1 and 2 denote the first and second modes of the coupled

response,

the pile end forces and moments are again
described by Eqs. [19], [20], [22], and [23],
in which the functions of argument A are

replaced by somewhat modified functions of

two arguments A and X. These modified functions
do not differ from those for a bare beam
(Kolousek 1973) because the effect of soil is
conlined to the two arguments A and X, For
the pile having the lower end pinned and the
upper end fixed, the following functions apply:

FolA, 1) = (;.I-(Az + 72) sinh A sin % =
Fo(A, %), + iF,(3, %),
Fo( ) = /)i AX(Asinh A + Tsin ) =
. Py

Fg(A X)), + iFg(A, X),

(74| D = ;]’,,\X(X cosh A sin &

+ Asinh Acos A) = Fo(\, V), + iFg(, D),

FioW ) = —;—1 AX(A? cosh A
: t
+ X cosA) = Fio(\, X), + iFo(0 M),

Frih ) = -(%:/\X_(/\z + 3?) cosh A cos ¥ =

Fid X, + iFy (A, R),

in which
¢y = Acosh AsinX — A sinh Acos X

Similar functions can be found for the other
boundary conditions.

Stiffness and damping coefficients of piles
are obtained by the substitution of the real
and imaginary parts of functions F(A, A) in

Egs. [49]-[60] in place of functions F(A) having
the same subscripts.

An example of the static load effect is shown
in Fig. 15. It can be seen that the general effect
of the static load is to reduce the stiffness and
dampmg parameters with the exception of f; ,
that increases and f, and itz that remain
almost independent of N,

The magnitude of the variations due to N,
depends primarily on soil stiffness (wave
velocity ratio) and on the slenderness ratio.
With increasing soil stiffness, the effect of the
static load diminishes; it is negligible for wave
velocity ratio = 0.03 and with all the other
parameters remaining the same as in Fig. 15.

The effect of a certain N, should also diminish
with decreasing slenderness For slenderness
ratios greater than 30, the parameter variations
with a certain N,, should be about the same as
for I/r, = 30 because any further increase in
pile length changes the stiffness and damping
parameters only very slightly. In most practical
cases the effect of N, will be negligible. (N,
is very large in the shown case.) ‘

. Summary and Conclusions

The dynamic stiffness and geometric damping
of piles depend on soil-pile interaction and are -
governed by the following dimensionless param-
eters: specific mass of the soil over specific
mass of the pile (mass ratio), shear wave velocity

Jin the soil over longitudinal wave velocity in

the pile (wave velocity ratio), length of the pile
(thickness of the soil layer) over pile radius
(slenderness ratio), pile static load over Euler's
buckling load (load ratio), and the dimensionless
frequency. B

The most important parameters are the
wave velocity ratio and the slenderness ratio.
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olpy = 0.7, v = 04, ay = 0.3).

Both pile stiffness and damping increase
vith increasing wave velocity ratio and with
“~qntal excitation are very sensitive to the
r gth for a slenderness //r, smaller than
tbout 25 and practically independent of the
ile length for I/r, greater than this limit.
\bove the same limit, the influence of the end
ondition at the pile tip vanishes; this means
hat there is no appreciable difference between
. pinned tip and a fixed tip and that further
icrease in pile length does not affect the
'ynamic stiffness and the damping. The lirnit
) the effect of the pile length is somewhat
ependent on the stiffness of the soil. The
Alatively low limit to the effect of the pile
'ngth makes it possible to present numerical
ilues of stiffness and damping parameters
alid for most practical situations. -
In-the vertical direction, the effect of pile
ngth does not diminish within the practical
nge of slendernesses because the stiffness of
ic pile alone .compares more favourably with
it of soil than is the case with horizontal
witation. However, the stifiness and damping
wameters for the vertical direction are given in
graphical form to cover most practical applica-
Jns. .
The effect of the static load can be significant
ly with extremely poor soils. The static

arameters with static load, (/fro = 30, V,/v, = 0.01,

load reduces most stiffness and damping
parameters, but increases damping due to
rotation. :

For all possible displacements the pile stiffness
and geometric damping can be readily
established; hence, the response of footings
or structures supported by piles can be obtained
by the same procedure as is applied with
shallow foundations.

Pile foundations can have higher natural
frequencies, smaller damping and larger res-
onant amplitudes than footings founded directly
on soil.

The piles can eliminate or reduce permanent
settlements; however, they cannot eliminate
vibrations: Dynamic analysis is just as im-
portant with pile foundations as it is with shallow
foundations.

The approach presentéd is approximate and
yields somewhat lower stiffnesses and damping
than the more rigorous elastic model. This may
be considercd on the safe side as the bond
between the pile and the soil is not perfect as is
assumed in the dynamic elastic solution.

The approximate analytical solution may help
to-specify the dimensionless parameters and to
indicate appropriate ranges for more rigorous

approaches where much higher computing costs

will be involved.
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Experiments are needed to verify the theory
and to estimate the cflect of pile grouping and
other components of damping acting Jomtly
with the geometric damping considered in this
paper.
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Appendix I — Notation
The following symbals are used in this paper:

A = arca of pile cross section

A; = dimensionless amplitude of footing in
direction i

a = parameter

ay = row./p/G = dimensionless frequency

b = parameter

C; = integration constant
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= damping ratio of footing

= coeflicient

of pile internal viscous

damping

= damping constant of footing

= damping constant of one pile
= Young’s modulus of pile

= frequency functions

= eccentricity of unbalanced mass

stiffhess parameters of pile

= damping parameters of pile
= shear modulus of soil
= moment of inertia of pile cross section

mass moment of inertia of footing
V=1 = imaginary unit
dimensionless parameter

stiffness constant of footing
stiffness constant of one pile

= dimensionless parameter

length. of pile, thickness of soil layer
foundation embedment

bending moment of pile

mass of footing

= unbalanced mass

= axial (normal) force in pile

= Euler’s buckling load

= static load of the pile

= pile reaction in direction i

= equivalent footing radius for directions

it

I

f

]

]
i

i

i

i

i

X or i respectively

radius of pile, equivalent radius of pile

for noncircular piles

real part of layer reaction in horlzomal

direction

= imaginary part of layer reaction in

horizontal direction

real part of layer reaction in vertical

direction

imaginary part of layer reaction in

vertical direction

shear force in pile

time

horizontal translation. of pile

horizontal translation of pile head

horizontal translation of pile tip

amplitude of horizontal vibration of

footing

real and imaginary parts of u

\/G_{E = shear wave velocity of soil
E,/p, = longitudinal wave velocity in

pile

vertical displacement. of pile

vertical displacement of pile head

vertical displacement. of pile tip
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= amplitude of vertical vibration of footing
= horizontal distance of pile from ref-
erence point
= vertical coordinate
= height of centroid above base
height of excitation. above centroid
frequency parameter for vertical re-
sponse
‘frequency parameter of pile alone
.» = real and imaginary parts of A
= frequency parameter for horizontal ex-
citation ’
real and imaginary parts of A
mass density of soil
mass density of pile
rotation in vertical plane
rotation of pile head in vertical plane
= amplitude of footing rocking
circular excitation frequency
natural frequency of vertical vibration
» = natural frequencies of coupled motion

I

If

[

Il

i

\ppendix II - Solution of Coupled Motion
by Means of Modal Analysis

,lictical predictions of amplitudes of the
pled motion involving sliding « and rocking
nodal analysis is very suitable. The method
lescribed in general by Novak 1974, The
n formulae applicable to footings are
marized below.

“ith stiffnesses given by Egs. [49]-[58],
two natural frequencies follow from the

yula
1 (k koo )
2 = fxx . Muw
2(m+l¢,)

= S g\ kgl
+1/Z(7‘?) T,

the two natural modes (ratios of displace-
I5) are :

a, = E-l—..—_— —kx =
J i kex = moy?
kyy — Lw? . _
+y v2i with i=12
k5,

1 correct values of w; and w, and canstant
“1eters, both equations must give the same
t which is a quick check.)

Assume excitation by harmonic horizontal
force Q(r) and moment M (1) (Fig. 1D

(771 Q(t) = Q, (sin wr)
(78] M(1) = My sin wt = (Qoz, + M.) sin wr

il

The generalized force amplitudes, producing
response in one mode each, (Fig. 16), are

[79] []j = Q()uj + Ajolpj
and the generalized masses
[80] M,

g o=l + IR
in which subscriptj = 1, 2 denotes the mode and
the corresponding frequency. The modal co-
ordinates u; and %, can be chosen in an arbitrary
scale; e.g. ;=1 and thus from Eq. [76],
u; = a.

The two modal damping ratios pertinent to
the vibration modes are from Eq. 21 in Novak
1974 -

[81] D, =

1 5 o
2(Uij (c””j + C'“’l/’jz + ZCWuj:/:j)

in which damping constants ¢ are given by Eqs.

[51]-[60]. Then the footing translation and
rocking are
2
[82] u(t) = ) qu; sin (wr + $;)
i=t
B . 2 .
" [83] W) = ) q;;sin (wr + é,)

1l

Jj=1

in which the amplitudes of the generalized
coordinates

pj
[84] ¢, =

JWj (wj2 — w2)2 + 4(Djij)2

and the phase shifis

(851

ZD-(U-(U

$; = —atan it

With respect to the phase difference between
¢, and ¢, the true amplitudes of translation g,
and rocking ¢, are the vector sum of the two
modal components, i.e.

ug = \/(qlul siné, + q,u, sin $.)* + (q,u;cos g, + 1_12112 coszy

l alogous equation for .
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Fi16. 17.  Sliding component of coupled response computed directly (exactly) and by means of
modal analysis, (for foundation shown in Fig. 11).
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Fra. 18.

Rocking component of coupled Tesponse computed directly (exactly) and by means of

modal analysis, (for foundation shown in Fig. 11).

“quation [86] gives results usually very close
those obtained by direct calculation from

17 in Beredugo and Novak 1972 (Figs. 17
i 18).

» significant simplification can be achieved -

-n calculating the maximum amplitude in the

+ or second resonant peaks of the coupled -

ion (Figs. 17 and 18). When the damping of
resonating mode is not too large and the
wnse curve shows a peak, the contribution
he nonresonant modal component to the
nant amplitude can be neglected in most
« because it is small and the phase difference

ven the two components is close to 90° -

Fig. 16). Then the resonant amplitudes of
supled motion at resonance/(j = 1 or2) are
oximately

=P

u"j - 2DJMJUJJ
R J1

The resonant amplitudes calculated from the
very simple Eqs. [87] are shown as crosses (-+)
in Figs. 13 and 14. The agreement between the
accurate and approximate values s quite good.
The agreement can be further improved by the
vector addition of the nonresonating mode
obtainable from Eq. [84]. With the omission
of damping, possible with respect to large
differences between wy and w,, the amplitudes of
the nonresonating mode % at frequency w ; are

U = D
[88] mk My(w,? — w?)
oy

s = 5
s M(wy? — w,?)

Because the phase shift between the resonating
and nonresonating modes-is close to 90°, the
resonant amplitudes are approximately

= .’7""’;’" mm!ﬁﬂ i
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2, 2

9. = //ybﬁmj:yﬁ&_
PITA T T2
J

[89]

in which k # /.

~The inclusion of the damping in the de-
nominator yields the approximate value of the
maximum resonant amplitude instead .of the
somewhat smaller amplitude at frequency w;.
(The maximum amplitude does not appear
exactly at w;.)
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Equations [89] yield an even better estimatc
of the resonant amplitudes than Egs. [87] alone.
The amplitudes calculated from Egs. [89] are
shown in Figs. 17 and 18 where the complete
response curves, obtained directly and by
means of modal analysis, are also plotted. The
agreement between the two approaches is very
good.

The same modal approach can be used with
shallow foundations. The only difference is in
the stiffness and damping constants which can
be obtained from Beredugo and Novak 1972 or
Novak 1974,




