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PREFACE 

The report presented herein documents five soil-structure interac- 

tion finite difference computer programs obtained from the University of 

Texas (UT), Austin, Texas. The computer programs are designed to analyze 

a wide variety of problems involving laterally and axially loaded single 

::*: piles, group pile foundations, and complex beam-column structural members. 
. . Professors L. C. Reese and H. Matlock, Civil Engineering Depart- 
: <;, 
(:+ ment, UT, are gratefully acknowledged for giving permission to use these 
1; 
I "; 
I % 

computer programs developed under their guidance. Special thanks also 

1 .;$ go to the Center for Highway Research at UT for permission to use their 

.. .. 
. ,:.:; 

1 reports referred to extensively in this documentation. 
2 
: Funds for this work were authorized by the Lower Mississippi Val- 
. .. 
.\, 

.. : 3 ley Division (LMVD), Corps of Engineers, as part of the analysis support 

, , i 8 ~. ... provided by the U. S. Army Engineer Waterways Experiment Station (WES) 
:: 

Automatic Data Processing Center (ADPC). Mr. D. R. Dressier, Technical 
<.' 
,& Engineering Branch, N D ,  was the contact engineer and also reviewed the 
i" 

1 q content and format of this report. 

18 The assistance given by several people in the Computer Analysis 

+#y:b't::.;l 2 Branch (CAB), ADPC, is greatly appreciated. These include: Mr. D. W. 
, >  !" 

I .$ 
; ,, 

Walters for converting the programs from the CDC 6600 computer to the 
G-440 system; Messrs. II. W. Jones and R. L. Hall for their help in docu- 

*: menting the codes; and Miss A. M. Wade for her help in converting the 

.t.. programs from the G-440 to the G-635 system. 

..'i , ..! 
, ... The work was accomplished during the period July 1972 through April 

i 
, .$i 1974 under the immediate supervision of Messrs. J. B. Cheek, Jr., Chief 

of CAB, and H. H. Ulery, Chief of the Pavement Design Division, Soils 

and Pavements Laboratory (S&PL) . General supervision was provided by 

Messrs. D. L. Neumann, Chief of ADPC, and J. P. Sale, Chief, S&PL. The 

report was prepared by Drs. N. Radhakrishnan, CAB, and F. Parker, Jr., 

Pavement Design Division, S&PL. 

BG E. D. Peixotto, CE, and COL G. H. Hilt, CE, were Directors of 
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CONVERSION FACTORS, U. S. CUSTOMARY TO METRIC (SI) 
UNITS OF ME'ASURFMENT 

U. S. customary units of measurement used in this report can be con- 

verted to metric (SI) units as follows: 

Multiply 

inches 

feet 

kips (mass) 

pounds per cubic inch 

pounds (force) 

pounds per inch 

pounds per square inch 

pounds per square foot 

inch-pounds 

inch-kips 

inch-pounds/inch 

degrees 

To Obtain 

centimeters 

meters 

kilograms 

kilograms per cubic meter 

newtons 

newtons per meter 

pascals 

pascals 

newton-meters 

newton-meters 

newton-metersjmeter 

radians 



BACKGROUND THEORY AND DOCUMENTATION OF FIVE 

UNIVERSITY OF TEXAS SOIL-STiilUCTURE 

INTERACTION COMPUTER PROGRAMS 

PART I: INTRODUCTION 

Need f o r  P i l e  Analysis 

1. P i l e  foundations a r e  frequently used f o r  s t r u c t u r e s  when t h e  

s o i l  immediately below t h e  base w i l l  not provide adequate bearing capac- 

i t y .  The purpose of t h e  p i l e s  i s  t o  t r a n s f e r  t h e  load from t h e  struc-  

t u r e  t o  s o i l  s t r a t a  which can sus ta in  t h e  applied loads.  The Lower 

Mississippi  Valley Division is i n t e r e s t e d  i n  t h e  ana lys i s  and design of 

p i l e  foundations f o r  a v a r i e t y  of s t ruc tu res .  

Group P i l e  Behavior 

2. I f  t h e  s t ruc tu re  i s  supported on v e r t i c a l  p i l e s  and if a l l  

loads from t h e  s t ruc tu re  a r e  a l s o  v e r t i c a l ,  then t h e  loads  t ransmit ted  

t o  t h e  p i l e s  w i l l  a l l  be p r inc ipa l ly  a x i a l .  If some hor izon ta l  compo- 

nent of load is  present ,  a l a t e r a l  fo rce  w i l l  a l s o  be t ransmit ted  t o  t h e  

p i l e s .  I f  some of t h e  p i l e s  a r e  ba t t e red ,  an a x i a l  and l a t e r a l  force 

w i l l  be t ransmit ted  t o  t h e  p i l e s  regardless  of t h e  d i r e c t i o n  of  t h e  

applied load.  For most s t ruc tu res  both hor izonta l  and v e r t i c a l  com- 

ponents of load a r e  present.  In  some ins tances ,  the  hor izonta l  compo- 

nent may be small and can be neglected. However, f o r  many s t ruc tu res ,  

such a s  offshore  d r i l l i n g  platforms, t a l l  bridge bents ,  o r  hydraulic 

s t r u c t u r e s ,  wind and wave ac t ion  w i l l  produce s i g n i f i c a n t  hor izonta l  

forces .  Therefore, f o r  a complete ana lys i s  of a p i l e  foundation, t h e  

behavior of  t h e  p i l e s  must be analyzed f o r  both l a t e r a l  and a x i a l  loads.  

3 .  When a p i l e  i s  subjected t o  any load, deformation w i l l  occur. 

For small loads ,  t h e  deformation may be proport ional  t o  t h e  load;  how- 

ever,  t h e  load-deformation re la t ionsh ip  becomes increas ingly  nonlinear 

a s  t h e  load increases.  This nonlinear load-deformation r e l a t i o n s h i p  i s  



pr inc ipa l ly  due t o  t h e  nonlinear load-deformation c h a r a c t e r i s t i c s  of t h e  

s0i:i. 

Methods of Group F i l e  Analysis 

Hrennikoff 's method 

4. One of t h e  most popular methods of ana lys i s  of a  group p i l e  

foundation i s  due t o  ~ r e n n i k o f f  .' Impl ic i t  i n  t h i s  method of ana1ysi.s 

i s  t h e  assumption t h a t  t h e  load-deformation re la t ionsh ips  f o r  s o i l  a r e  

l i n e a r .  I n  o ther  words, t h e  s o i l  i s  represented by a s e r i e s  of  l i n e a r  

spr ings  i n  t h e  ana lys i s .  Since t h e  s o i l  behavior under load. i s  gener- 

a l l y  nonlinear,  t h i s  method of ana lys i s  poses some l imi ta t ions .  An 

excel lent  review and comparison of  various methods of analyses of  group 

p i l e  foundations i s  given by Robertson. 
2 

Universi ty of  Texas (UT)  method 

5. I n  t h e  UT method of group p i l e  ana lys i s ,  nonlinear def lec t ion-  

r eac t ion  curves a r e  used t o  depict  s o i l  behavior. The a x i a l  p i l e - s o i l  

in te rac t ion  i s  obtained from a nonlinear load-deformation curve. The 

l a t e r a l  i n t e r a c t i o n  i s  speci f ied  by a s e t  of nonlinear def lec t ion-  

react ion curves. These curves, r e fe r red  t o  a s  p-y curves, e s t a b l i s h  t h e  

re la t ionsh ip  between t h e  de f lec t ion  of t h e  p i l e  and t h e  reac t ion  exerted 
2 '$?ij?G! 

. .by the  s o i l .  The equilibrium posi t ion  f o r  the  pile-supported s t r u c t u r e  

i s  found by an i t e r a t i v e  process t h a t  ensures t h e  compat ib i l i ty  between 

t h e  behavior of s o i l  and t h e  p i l e s  and between the  p i l e s  and t h e  

s t ruc tu re .  

Advantages of t h e  UT method 

6. The method of Hrennikoff and t h e  UT method a r e  somewhat s i m i -  

l a r  i n  t h e i r  approach. However, t h e  UT method introduces two major 

improvements. Probably t h e  most important of these  i s  t h e  use of  non- 

l i h e a r  p i l e  movement-soil r e s i s t ance  re la t ionsh ips .  The second major 

improvement i s  t h a t  it permits t h e  r o t a t i o n a l  s t i f f n e s s  of t h e  s t r u c t u r e  

or  t h e  pile-head r e s t r a i n t  t o  be included i n  the  ana lys i s  (Hrennikoff 's  

method allows only f o r  completely f ixed o r  hinged condi t ions) .  



Nonlinear In te rac t ion  Curves 

7.  I f  fami l ies  of curves t h a t  w i l l  simulate t h e  nonlinear  i n t e r -  

ac t ion  between t h e  p i l e  and surrounding s o i l  a r e  a v a i l a b l e ,  e x i s t i n g  

procedures f o r  numerical computation can be used t o  p red ic t  t h e  response 

of individual  p i l e s .  The response of individual  p i l e s  may then be 

combined t o  p red ic t  t h e  behavior of a  foundation supported by t h e s e  

p i l e s .  This  i s  t h e  b a s i s  of t h e  UT method of ana lys i s .  A d e t a i l e d  

knowledge of t h e  behavior of t h e  foundation and of t h e  indi.vidua1 p i l e s  

w i l l  a l low a superior  design, which w i l l  usual ly  be more economical than 

i s  poss ib le  with a l e s s  r a t i o n a l  procedure. 

8. The family of curves descr ib ing t h e  behavior of t h e  s o i l  

around an a x i a l l y  loaded p i l e  w i l l  g ive  a x i a l  s o i l  r e a c t i o n  versus  a x i a l  

p i l e  movement f o r  a  number of loca t ions  along t h e  p i l e .  For a given 

loca t ion ,  a curve would show t h e  a x i a l  fo rce  per  u n i t  a rea  t r a n s f e r r e d  

t o  t h e  s o i l  f o r  a  given a x i a l  movement of t h e  p i l e .  

9 .  S imi lar ly ,  t h e  family of curves describing t h e  behavior of t h e  

s o i l  around a l a t e r a l l y  loaded p i l e  w i l l  give l a t e r a l  s o i l  r eac t ion  

versus l a t e r a l  p i l e  movement f o r  a  number of loca t ions  along t h e  p i l e .  

For a  given locat ion ,  a  curve would show t h e  l a t e r a l  force  per u n i t  

l eng th  t r a n s f e r r e d  t o  t h e  s o i l  f o r  a  given l a t e r a l  movement. 

10 .  Unless procedures a r e  a v a i l a b l e  t o  develop s o i l  i n t e r a c t i o n  

curves based on ava i l ab le  da ta ,  t h e  UT method of a n a l y s i s  l o s e s  one of 

i t s  p r i n c i p a l  advantages. There a r e  semi-empirical procedures ava i l ab le  

f o r  p red ic t ing  t h e  i n t e r a c t i o n  curves f o r  both a x i a l  and l a t e r a l  be- 

havior of p i l e s .  However, t h e s e  procedures must be used wi th  caut ion;  

t h e  a p p l i c a b i l i t y  of these  techniques f o r  t h e  problem i n  hand must be 

f u l l y  examined before use. Some of t h e  procedures used i n  t h e  computer 

programs documented i n  t h i s  repor t  a r e  summarized i n  P a r t  V. 

Beam-Column Programs 

11. A s e r i e s  of computer programs, developed under t h e  guidance 

of Prof .  H. Matloek, a r e  ava i l ab le  a t  UT a t  Austin t o  solve s t r u c t u r a l  



and so i l - s t ruc tu re  inberac t ion  probl.ems. These programs a r e  very versa-  

t i l e  and can be used f o r  a n a l y s i s  of a v a r i e t y  of problems. One of t h e  

e a r l i e r  beam-column programs, BMCOL51, developed by Matlock and Taylor, 3 

i s  documented i n  t h i s  r epor t .  BMCOL51 i s  a d i s c r e t e  element program and 

can be used f o r  obta in ing general  so lu t ions  f o r  l i n e a r  beam-columns, 

movable load problems, beam on e l a s t i c  foundation problems, v a r i a b l e  

beam s i z e  problems, buckling problems, e t c .  

Purpose and Scope 

2 The primary purpose of t h i s  r epor t  i s  t o  document four p i l e  

analys is - re la ted  f i n i t e  d i f f e rence  computer programs ( P X ~ C ~ , '  COM62, 

BENT1, and MAKE) and a s t r u c t u r a l  beam-column program (BMCOL51), a l l  

developed at  UT under t h e  guidance of Professors L. C.  Reese and 

H. Matlock. The subjec t  a r e a  covered i s  r i c h  i n  t echn ica l  l i t e r a t u r e ,  

and no attempt i s  made here t o  d iscuss  t h e  d e t a i l s  of t h e  methods of 

analyses. However, enough theory  t o  explain t h e  b a s i s  of t h e  methods 

used i n  t h e  computer programs i s  presented. 

13. F i n i t e  d i f f e rence  approximations f o r  l a t e r a l l y  loaded p i l e s  

(bas is  f o r  program COM62) a r e  presented i n  Pa r t  I1 and f o r  a x i a l l y  

loaded p i l e s  ( b a s i s  f o r  program PX4C3) i n  Par t  111. The UT p i l e  group 

theory ( b a s i s  f o r  program BENT1) i s  discussed i n  Par t  I V .  Some c r i -  

t e r i a  f o r  mathematically descr ib ing so i l - s t ruc tu re  i n t e r a c t i o n  ( b a s i s  

f o r  program MAKE) i s  presented i n  Par t  V .  Par t  V I  explains t h e  d is -  

c r e t e  element theory used i n  BMCOL51 program. A l l  f i v e  computer pro- 

grams described i n  t h e  r epor t  a r e  documented with a general  introduc- 

t i o n ,  l i s t i n g  of program, flow c h a r t s ,  input data guide, and example 

problems with input-output da ta  i n  Appendixes B, C ,  D, E ,  and F. 

1 4 .  Most of t h e  ma te r i a l  presented here in  has been covered i n  a 

number of e a r l i e r  r e p o r t s  from t h e  Center of Highway Research as wel l  

as o ther  departments a t  UT. This  r epor t  br ings  together  t h e  ma te r i a l  

needed t o  apprecia te  t h e  power and l i m i t a t i o n s  of t h e  f i v e  computer 

programs se lec ted .  Libera l  use of subjec t  matter from References 2,  3, 

15 ,  16 ,  22, and 31 and l e c t u r e  notes on "Soil-Structure I n t e r a c t i o n  

Courses" of Professors H. Matlock and L. C.  Reese i s  g r a t e f u l l y  

acknowledged. 
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PART 11: FINITE DIFFERENCE APPROXIMATIONS 
FOR LATERALLY LOADED PILES 

15. The computer code COM62 u t i l i z e s  c e n t r a l  d i f ference  approxi- 

mations f o r  describing t h e  load-deformation response of l a t e r a l l y  loaded 

p i l e s .  I n  addi t ion ,  t h e  code BENT1 ( t h a t  p red ic t s  t h e  load-deformation 

response of a pile-supported foundation) has COM62 a s  a subroutine f o r  

p red ic t ing  t h e  l a t e r a l  load-deformation response of t h e  individual  p i l e s  

i n  t h e  foundation. In  t h i s  p a r t ,  c e n t r a l  d i f ference  approximations f o r  

descr ib ing t h e  e l a s t i c  curve of a l a t e r a l l y  loaded p i l e  w i l l  be derived 

and used i n  formulating a s e t  of simultaneous equations fo r  descr ib ing 

t h e  load-deformation response of a l a t e r a l l y  loaded p i l e .  

Formulation of F i n i t e  Difference Approximations 

16. The f i n i t e  d i f ference  approach t o  t h e  solu t ion  of l a t e r a l l y  
4 

loaded p i l e s  was f i r s t  suggested by Gleser.  This idea  was f u r t h e r  

extended by a number of inves t iga to r s  including Reese and Matlock. 5,6 

17.  The f i r s t  s t ep  i n  t h e  formulation i s  t h e  de r iva t ion  of  t h e  

c e n t r a l  d i f f e rence  approximations f o r  t h e  e l a s t i c  curve (Figure 1). 

It can be seen from t h i s  f i g u r e  t h a t  t h e  slope of t h e  curve a t  s t a  i may 

be approximated by t h e  secant drawn through t h e  points  on t h e  curve of 

t h e  two adjacent  s t a t i o n s .  Mathematically t h i s  s t ep  i s  expressed as 

where h* denotes t h e  increment l eng th .  For higher de r iva t ives ,  t h e  

process could be repeated by taking simple d i f fe rences  and d iv id ing by 

2h each time. However, t o  keep t h e  system more compact, temporary 

s t a  j and k a r e  considered and t h e  s lopes  a t  t h e s e  points  computed on 

t h e  b a s i s  of t h e  de f l ec t ion  of t h e  s t a t i o n  on e i t h e r  s ide .  The second 

* For convenience, symbols and unusual abbreviat ions a r e  l i s t e d  and de- 
f ined  i n  t h e  Notation (Appendix A ) .  



Figure 1. Geometric bas i s  f o r  central-difference 
approximations 

der ivat ive  f o r  each permanent s t a t i o n  i s  then wr i t t en  a s  t h e  d i f ference  

between these  slopes divided by one increment length  i n  the  following 

equation: 

Proceeding i n  a similar way, t h e  t h i r d  de r iva t ive  i s  expressed a s  





and t h e  four th  de r iva t ive  a s  

Development of Equations of  Bending f o r  
La te ra l ly  Loaded P i l e  

18. The second s t e p  i n  t h e  formulation i s  t h e  de r iva t ion  of t h e  

d i f f e r e n t i a l  equations fo r  bending of a  l a t e r a l l y  loaded p i l e ,  and t h e  

s u b s t i t u t i o n  of t h e  cen t ra l  d i f ference  approximations f o r  t h e  exact  

de r iva t ives  i n  t h e  r e s u l t i n g  d i f f e r e n t i a l  equations. The d i f f e r e n t i a l  

equations a r e  derived by considering an  element of t h e  p i l e  ( ~ i ~ u r e  2). 

The s i g n  of a l l  forces,  de f l ec t ions ,  and s lopes  shown a r e  pos i t ive .  It 

should a l s o  be noted t h a t  t h e  a x i a l  load  i s  constant  over t h e  l eng th  of 

t h e  pi1.e. For p i l e s  t h i s  assumption i s  not cons i s t en t  with observed 

behavior, s ince  i t  i s  known t h a t  some of t h e  appl ied  a x i a l  load is 

t r a n s f e r r e d  t o  t h e  s o i l  by sk in  f r i c t i o n  along t h e  s h a f t .  The v a l i d i t y  

of t h i s  assumption i s  based on t h e  f a c t  t h a t  t h e  e r r o r s  introduced w i l l  

be i n s i g n i f i c a n t .  Considering t h e  problem from a physical  s tandpoint ,  



Figure 2. Generalized beam-column element 

it is known t h a t  f o r  most cases  t h e  a x i a l  load  t r ans fe r red  t o  t h e  s o i l  

increases with depth. This ,  p lus  t h e  f a c t  t h a t  any l a t e r a l  movement 

w i l l  cause a decrease i n  a x i a l  l oad  t r a n s f e r ,  leads  t o  t h e  conclusion 

t h a t  the  a x i a l  load  removed by t h e  sk in  f r i c t i o n  i n  t h e  upper por t ion  o f  

t h e  p i l e  i s  s m a l l .  Since t h e  maximum def l ec t ion  and moment occur i n  t h e  

top  por t ion  of t h e  p i l e ,  and s ince  it is t h e  de f l ec t ion  of t h e  p i l e  t o p  

which i s  of i n t e r e s t ,  t h e  assumption of constant  axial. load w i l l  not 

s i g n i f i c a n t l y  a f f e c t  t h e  r e s u l t s  of i n t e r e s t .  



1.9. The reason for making the assumption of axial load being 

constant on the top of the pile is one of convenience. The addition of 

a variable axial load could have been handled analytically, but the 

effort required to obtain a solution would not be warranted because of 

uncertainties involved in obtaining the nature of the variation. 

20. Referring to Figure 2, the equilibrium equations for the 

element may be written as 

and 

where 

M = bending-moment 

x = distance along axis of pile 

V = shear 

Qc = in pile axial load constant 

y = lateral deflection 

p = lateral soil reaction per unit length 

E = soil modulus; lateral soil reaction (P )  divided by lateral 
S deflection (y) 

By combining Equations 5 and 6 and differentiating, the following 

eqdation is obtained: 

The equation for shear is written as 

Consider that the ddformation of the pile is caused only by the bending 



moment. The following expression f o r  moment can then be wri t ten:  

where 

E = modulus of e l a s t i c i t y  of t h e  p i l e  

I = moment of i n e r t i a  of p i l e  sec t ion  

R = EI  ( f l e x u r a l  r i g i d i t y )  

Equation 9 i s  t h e  basic expression f o r  bending which s t a t e s  t h a t  t h e  

bending moment i n  t h e  p i l e  i s  equal t o  t h e  product of t h e  curvature of 

t h e  e l a s t i c  curve and t h e  s t i f f n e s s  of t h e  sect ion.  

21. A t  t h i s  point ,  t h e  mechanics of  t h e  t r a n s f e r  of l a t e r a l  load 

from a p i l e  t o  the  surrounding s o i l  w i l l  be considered before proceeding 

fu r the r  with t h e  development of t h e  f i n i t e  difference equations of bend- 

ing f o r  a p i l e .  In  Equation 6 t h i s  load  t r a n s f e r  i s  represented by t h e  

expression p = E y . 
S 

22. When a l a t e r a l  load is applied t o  t h e  t o p  of a p i l e ,  t h e  load 

i s  t r ans fe r red  t o  the  s o i l  surrounding t h e  p i l e  a s  i l l u s t r a t e d  i n  Figure 

3. A t h i n  s l i c e  through t h e  p i l e  and surrounding s o i l  is shown at  a 

depth of x below the  ground surface. Before any l a t e r a l  load i s  
1 

applied t o  t h e  p i l e ,  t h e  pressure d i s t r i b u t i o n  on t h e  p i l e  w i l l  be  

similar t o  Figure 3b. For t h i s  condit ion,  t h e  r e s u l t a n t  force  on t h e  

p i l e ,  obtained by in tegra t ing  t h e  pressure around t h e  segment, w i l l  be 

zero. If, however, t h e  p i l e  i s  given a l a t e r a l  de f l ec t ion  of yl a t  

depth xl , t h e  pressure d i s t r i b u t i o n  w i l l  be similar t o  Figure 3c. The 

in tegra t ion  of t h e  pressure around t h e  segment, f o r  t h i s  condit ion,  w i l l  

y ie ld  a r e s u l t a n t  force  P per  u n i t  l eng th  of p i l e ,  as shown i n  t h e  
1 

above f igure .  The sane procedure may be applied f o r  a s e r i e s  of deflec-  

t ions ,  r e s u l t i n g  i n  a corresponding s e r i e s  of forces  which may be 

combined i n t o  a p-y curve. In  a similar manner, p-y curves f o r  any 

depth may be defined, r e s u l t i n g  i n  a s e t  of curves (Figure 4). 

23. Impl ic i t  i n  the  development thus  f a r  a r e  t h e  assumptions 

t h a t  t h e  s o i l  pressure i s  a 1i.near function of de f lec t ion ,  t h e  r e l a -  

t ionship  being defined by the  constant  E , and t h a t  t h e  pressure a t  a 
S 



VlEW A-A 

b. PRESSURE DISTRIBUTION 
BEFORE LOADING 

a. REPRESENTATION O F  P I L E  SEGMENT 

VlEW A-A 

c. PRESSURE DISTRIBUTION AFTER LOADING 

Figure 3. I l l u s t r a t i o n  of l a t e r a l  load  t r a n s f e r  



Figure 4. Family of p-y curves 



par t i c t i l a r  point i s  independent of t h e  de f l ec t ions  a t  a l l  o ther  po in t s  

on t h e  p i l e .  Nonlinear s o i l  behavior can be handled by re ly ing  on 

repeated  appl ica t ions  of e l a s t i c  theory  where t h e  constant  c o e f f i c i e n t  

o f  s o i l  reac t ion  i s  replaced by a secant  modulus value.  Figure 5 

i l l u s t r a t e s  t h e  secant  modulus concept. 

24. The second assumption l e a d s  t o  t h e  representa t ion  of t h e  s o i l  

by a s e t  of independent spr ings  a s  proposed by winkler7 i n  1867. If t h e  

e f f e c t s  of t h e  s o i l  pressure i s  considered t o  be concentrated a t  a 

f i n i t e  number of po in t s  along t h e  p i l e  then,  t h e  p i l e - s o i l  system can be 

represented by t h e  model shown i n  Figure 6. This model i s  compatible 

wi th  t h e  f i n i t e  d i f ference  equations which w i l l  be  developed. 

STA 

3 

L A T E R A L  DEFLECTION,  Y X 

Figure 5. Def in i t ion  of secant  Figure 6. Model of a l a t e r a l l y  
modulus loaded p i l e  



brmulution of Finite Difference Apyroxinations for 
b:qu,itions of !,cr.dine of Lutcrally Loaded 1 iles 

25 .  Equations 7, 8, and 9 may be written in finite difference by 

using the central-difference approximations for the first and second of 

the elastic curve. The equations will be written for a general point 

referred to as sta i. Station numbering increases from top to bottom of 

piles. The equations obtained for sta i are as follows: 

26. In the development of the equations, no consideration was 

given to the assumptions regarding the variation in pile bending stiff- 

ness (EI = R ) .  For the case of pure bending and constant bending stiff- 

ness, the second derivative of moment is usually written as 

For the case of pure bending and a variable bending stiffness, the 

second derivative of moment is expressed as 



However, i n  formulating t h e  d i f fe rence  equations, t h e  assumption was 

made t h a t  t h e  moment was a smooth continuous funct ion  of x and t h a t  

t h e  second de r iva t ive  of moment could be approximated by t h e  expression 

where Mi+l , Mi , and Mi-l a r e  t h e  moment at  j o i n t s  i + l  , i , and 

i-1 , respect ive ly .  The use of Equation 1 5  g ives  t h e  same expression a s  

does Equation 1 3  but ,  f o r  a v a r i a b l e  s t i f f n e s s ,  i s  a somewhat cruder 

approximation than Equation 1 4 .  However, it permits  t h e  bending s t i f f -  

ness t o  vary from s t a t i o n  t o  s t a t i o n  s ince  Equation 12 can be subs t i -  

t u t e d  d i r e c t l y  i n t o  Equation 15.  

Solut ion of t h e  Difference Equations 

27. The f i n a l  s t e p  i s  t h e  formulation of  a s e t  of simultaneous 

equations which when solved y i e l d  t h e  def lec ted  shape of t h e  p i l e .  The 

so lu t ion  requi res  t h e  app l i ca t ion  of four  boundary condit ions s ince  

Equation 7 i s  ac tua l ly  a four th  order  d i f f e r e n t i a l  equation i n  terms of 

t h e  dependent va r i ab le  y . With values of d e f l e c t i o n  known, moment, 

shear ,  and s o i l  r eac t ion  may be obtained f o r  any l o c a t i o n  along t h e  

p i l e  by back subs t i tu t ion  of appropr ia te  values of de f l ec t ion  i n t o  

appropr ia te  equations. 

28. The p i l e  i s  divided i n t o  n increments of length  h (Fig- 

u r e  7 ) .  I n  addi t ion ,  two f i c t i t i o u s  increments a r e  added t o  t h e  t o p  

and bottom of t h e  p i l e .  The  four f i c t i t i o u s  s t a t i o n s  a r e  added f o r  

formulating t h e  s e t  of equations,  but  they w i l l  not  appear i n  t h e  solu- 

t i o n  o r  influence t h e  r e s u l t s .  The coordinate system and numbering 

system used i s  i l l u s t r a t e d  i n  t h e  same f igure .  

29. The procedure used i s  t o  wr i t e  Equations 10,  11, and 12 

about sta n+3. This r e s u l t s  i n  t h r e e  equations involving f i v e  unknown 



Figure 7. F i n i t e  d i f f e r ence  represen-  
t a t i v e  of p i l e  



def lec t ions  ( Y , + ~  , Yn+4 , Yn+3 9 Y , Yn+l . Two boundary condi- 

t i o n s ,  V = 0 and M = 0 , a r e  applied a t  sta n+3. The deflec- 
n+3 n+3 

t i o n s  f o r  t h e  f i c t i t i o u s  s t a  n+4 and n+5 a r e  eliminated from t h e  t h r e e  

equations,  and t h e  def lec t ion  f o r  s t a  n+3 i s  found i n  terms of t h e  

d e f l e c t i o n  a t  sta n+2 and n+3. The equation obtained may be wr i t t en  as 

where 

and 

Equation 10,  wr i t ten  f o r  s t a  n+2, can be combined with Equations 11 and 

1 2  f o r  s t a  n+3 and with Equation 1 6  t o  determine t h e  de f l ec t ion  fo r  s t a  

n+2. The de f l ec t ion  y 
n+2 

i s  found i n  terms of t h e  de f l ec t ion  of  

sta n + l  and n. The equation obtained is as follows: 

where 

and 



The de f l ec t ion  f o r  sta n+l may be found i n  a  s imi lar  manner. From s t a  

n + l  t o  t h e  top  of t h e  p i l e  t h e  expressions f o r  t h e  def lec t ion  have t h e  

same form. The general  form of t h e  equation i s  a s  follows: 

where 

and 

The terms, a 
i '  

bi , and c .  , a r e  recurs ive  c o e f f i c i e n t s  and a r e  de- 
1 

f ined f o r  a l l  s t a t i o n s  along t h e  p i l e  during t h e  so lu t ion  procedure. 

30. With t h e  general  expression, t h e  de f l ec t ion  of each s t a t i o n  

may be expressed as a funct ion  of t h e  de f l ec t ion  of t h e  two s t a t i o n s  

immediately above it. I f  t h e  de f l ec t ions  f o r  s t a  3, 14, and 5 a r e  

wr i t t en ,  a s e t  of t h r e e  equations involving f i v e  unknown def l ec t ions  

w i l l  be obtained. I f  two boundary condit ions a r e  introduced, t h e  
. .. 

def lec t ions  f o r  t h e  f i c t i t i o u s  s t a t i o n s  may be el iminated and t h e  equa- 

t i o n s  solved f o r  t h e  def lec t ions .  Once t h e  de f l ec t ions  f o r  s t a  3  and 

4 a r e  found, t h e  de f l ec t ions  f o r  t h e  remainder of t h e  p i l e  may be ob- 

t a ined  by back s u b s t i t u t i o n  i n t o  t h e  equations derived f o r  t h e  deflec-  

t i o n  of a  s t a t i o n  i n  terms of t h e  de f l ec t ion  of t h e  two s t a t i o n s  

d i r e c t l y  above it. 

31. The expressions obtained f o r  y  and yq w i l l  depend on t h e  
3  

boundary condit ions applied t o  t h e  t o p  of t h e  p i l e .  Three s e t s  of 



boundary conditions are used resulting in three sets of equations. 

32. For the first case, the following boundary conditions are 

applied: 

M = M  
3 t (26) 

where Mt and Pt are the moment and lateral load, respectively, 

applied to the top of the pile. The application of these boundary 

conditions results in the following expressions for y and y4 : 
3 

where the boundary condition coefficients are defined as follows: 

(30) 

33. The second set of boundary conditions applied is as follows: 



where Rt is the slope of the pile top. These boundary conditions 

result in the following expressions for y and y4 : 
3 

where 

34. The third set of boundary conditions applied is as follows: 

These boundary conditions result in the following expressions for y 
3 

and y 4 :  



- 2 R a  + R a a  R b b  -2R4a4 
3 4  4 4 5 -  4 4 5  

where 

35. The values of y3 and y4 a r e  used t o  begin t h e  back sub- 

s t i t u t i o n  procedure t o  c a l c u l a t e  de f l ec t ions  f o r  t h e  remainder of t h e  

s t a t i o n s  along t h e  p i l e .  With t h e  values of d e f l e c t i o n  thus  es tabl i shed,  

va lues  of moment, shear ,  and s o i l  r e a c t i o n  may be computed f o r  any 

s t a t i o n  along t h e  p i l e .  



PART 111: FINITE DIIVERENCE APPROXIMATIONS 
FOR AXIALLY LOADED PILES 

36. The computer code PX4C3 utilizes finite difference approxi- 

mations for describing the load-deformation response of axially loaded 

piles. In addition, the code BENT1 (that predicts the load-deformation 
. .. . 

response of a foundation supported by a group of piles) requires the top 

load deformation curves of the individual piles in the foundation which 

is the particular response that is computed by P X ~ C ~ .  

Mechanics of Axial Load Transfer 

37. An axial load applied to the top of a pile is resisted by the 

shearing resistance developed along the shaft of the pile and the pres- 

sure on the base of the pile. The transfer of load from the pile to the 
8 

soil is illustrated in Figure 8 and may be stated mathematically by the 

equation 

where 

Qt = axial load applied to the top of a pile 

L = length of pile 

F = shear force per unit length transferred to the soil as a 
function of the location along a pile 

x = distance along axis of pile 

&b = load due to the normal pressure on the base of a pile 

This equation involves only statics, and its solution will only assure 

that the forces on the pile are in equilibrium. It provides no insight 

into the deformation pattern that is necessary to produce the base pres- 

sure and shear transfer along the shaft for equilibrium. For the ulti- 

mate strength approach, this equation is sufficient since the deforma- 

tions are not considered, and the assumption is made that the maximum 

base pressure and maximum shear transfer occur simultaneously. If, 





however, the load-deformation behavior of the pile is to be considered, 

the compatibility between loads and deformations must be considered. To 

represent this compatibility condition, ~nother mathematical expression 

must be formulated relating load and deformation. 

Development of Difference Equations 

38. The derivation of an analytical expression for this purpose 

is suggested by Seed and Reese9 and expanded by Reese.1° Considering 

a segment of an axially loaded pile as shown in Figure 9, the expression 

I-------- 

Figure 9. Element from an axially ------- loaded pile 

for the strain in the pile at depth x is given by 

where 

z = axial movement of pile 

Q = axial load in pile 

A = cross-sectional area of pile 

This equation may be rearranged to yield 

Differentiation of Equation 44 with respect to x , assuming EA 

stant, yields 

(44) 

con- 



Summing forces  on t h e  p i l e  segment, shown i n  Figure 9,  y i e l d s  t h e  equi- 

l i b r ium expression 

The shear  force  per  u n i t  a r e a  is  defined a s  

where 

f  = shear fo rce  per  u n i t  a rea  t r a n s f e r r e d  t o  t h e  s o i l  as a  func- 
t i o n  of t h e  l o c a t i o n  along a p i l e  

C = p i l e  circumference 

Equation 46 may now be wr i t t en  a s  

If J, i s  a  funct ion  which r e l a t e s  t h e  shear  s t r e s s  t o  t h e  r e l a t i v e  

d e f l e c t i o n  between t h e  p i l e ,  and s o i l  so t h a t  

then Equation 48 may be w r i t t e n  a s  

Equations 45 and 50 may be equated f o r  y i e l d i n g  dx 

which is  t h e  des i r ed  compat ib i l i ty  eXpression. To ob ta in  a  so lu t ion  fo r  



Equation 51, the function II, and two boundary conditions must be known. 

For realistic problems, considering nonlinear soil behavior, the func- 

tion II, usually cannot be defined analytically, and a numerical solu- 

tion is necessary. 

39. A numerical solution to the nonlinear differential Equation 

51 is suggested by Seed and ~ e e s e , ~  ~eese," and Coyle and Reese. l1 The 

first step in obtaining a solution is to write Equation 51 in finite 

difference form. Referring to Figure 10, the difference form of the 

equation for sta i may be written as 

LOAD (9) 

ITA / 

Figure 10. Load distribution along an axially 
loaded pile 

Substituting Equation 43 into Equation 52 and simplifying yields 



which is the desired form of the equation. Equation 44 can alsd be 

written in difference form as 

or by arranging as 

40. Equation 53 is simply a statement that the difference between 

the forces in the pile at sta i+l and i-1 is equal to the load trans- 

ferred to the soil between these two points. Equation 55 is simply a 

statement that the deformation that occurs in the pile over a segment 

2h in length can be.computed from the strain at the midpoint of the seg- 

ment which is equal to the load in the 
S T A  

pile at the midpoint of the segment di- 

vided by the product of the pile area 1  

and modulus of elasticity. Furthermore, 
-3 

= - z, 
the load distribution within the pile 

is assumed to be linear between these 

two points. The slope of the straight- 7 
2 2  

line load distribution is approximated 

by the rate of load distribution at the 
3 

midpoint between sta i+l and i-1. This 7 
Z 

procedure results in a concentration 

of the shear force, h$.z.C. , at sta i. 
1 1 1  

The physical significance of this as- 
n 

swnption leads to the mechanical model 7 
of an axially loaded pile, illustrated Zn 

in Figure 11. The mechanical model can 
n i l  

be used to develop equations which are 

analogous to Equations 54 and 55 and to 
formulate a procedure for solving the 

Figure 11. Mechanical model of 
equations, which will yield the desired an axially loaded pile 





load-deformation response of an axially loaded pile. 

Development of Mechanical Model and 
Equations for Model 

41. The mechanical model represents the pile by n springs, of 

length h , connected by rigid joints (Figure 11). The springs, rep- 

resenting the pile, are linear and have a spring constant as shown. 

The nonlinear springs, representing the load transfer to the soil, are 

attached to the rigid joints. The spring attached to joint 1 will 

represent the load transferred from the ground surface to a depth of 

h/2 . The spring attached to joint n+l will represent the load trans- 

ferred to the soil through the pressure on the pile base rather than 

through shear along the pile shaft as it is for all other springs. The 

spring attached to joint n will represent the load transferred from the 

pile base to a distance of 3h/2 above the 

base. The interior springs represent the 

load transferred over a distance of h/2 

' 1  above and below the joint. The concentration 

t I 2 .  
J of the shear transfer for an arbitrary in- 

'i 
SF. = h Y ( . C . z .  

J J J J  terior joint represented by force SF is 

Figure 12. Joint j of illustrated in Figure 12. Summing forces on 
the mechanical model of a joint yields: 
an axially loaded pile 

- Q. = SF = h$.C.z. 
j -  J 5 J J J  (56) 

This equation is the same as Equation 53 except it considers only the 

load change or transfer over one increment rather than two. 

Solution Procedure for Equations 

42. If curves are available describing the 1.oad transfer, Equa- 

tion 56 can be used to obtain the load-deformation behavior of the pile. 

The solution procedure may be formulated by considering the mechanical 



model i n  Figure 11. I f  a  load Qt is applied t o  j o i n t  1, the  model 

w i l l  deform i n  such a  way t h a t  condit ions of equil ibrium and compati- 

b i l i t y  a r e  s a t i s f i e d .  The f i r s t  s t e p  i n  t h e  procedure is  t o  assume a  

def lec t ion of t h e  p i l e  base. From t h e  nonlinear spr ing a t  jo in t  n+l, 

t h e  fo rce  may be found f o r  t h e  assumed def lec t ion .  The force  

Qn 
may now be found by considering t h e  equilibrium of jo in t  n+l, and 

solving Equation 56 a t  s t a  n+l. Solution of t h i s  equation y ie lds  
- 

Qn+l 
- . With t h e  fo rce  Qn known, t h e  de f lec t ion  zn may be 

obtained by considering t h e  deformation i n  t h e  l i n e a r  spr ing between 

s t a  n and n+l. The de f lec t ion  i s  expressed mathematically a s  

With zn and Qn known, Equations 56 and 57 may be solved f o r  each 

j o i n t  and spr ing u n t i l  t h e  t o p  of the  p i l e  i s  reached. This procedure 

w i l l  y i e l d  a  top  load Qt and a  top  de f lec t ion  zl . Additional values 

may be assumed f o r  t h e  base def lec t ion,  and t h e  procedure repeated u n t i l  

' a  complete load-deflection curve i s  obtained f o r  t h e  t o p  of  t h e  p i l e .  

43. It should be  noted t h a t  i n  t h e  de r iva t ion  of  Equations 54 and 

55 it was assumed t h a t  EA was constant .  With t h e  mechanical model 

and f o r  Equations 56 and 57 ,  t h i s  assumption was not necessary. It i s  

only necessary t h a t  EA be constant  over each increment length.  



PART IV: PILE GROUP THEORY 

44. The computer program BENT1 provides a method for analyzing 

foundations which are supported on pile groups consisting of vertical 

and batter piles. The procedures are similar to those described by 

Reese and Matlock. In this part, equations for describing the 

load-deformation response of a pile-supported foundation will be 

developed. 

Coordinate Systems and Sign Conventions 

45. Two types of coordinate systems are established as shown 

in Figure 13. A horizontal axis u and a vertical axis v are 

Figure 13. Geometry of foundation 

established relative to the foundation. Foundation movements, forces, 

and dimensions are related to these axes. The location of this system 

is completely arbitrary, but proper location will. simplify calculations 

for most foundations. 



46. For each p i l e  an x-y coordinate system i s  es tabl i shed.  

The x a x i s  i s  p a r a l l e l  t o  t h e  p i l e  and t h e  y a x i s  is perpendicular 

t o  t h e  p i l e .  Subscr ip ts  a r e  used t o  i n d i c a t e  t h e  p a r t i c u l a r  p i l e .  P i l e  

de f l ec t ion  and f o r c e s  a r e  r e l a t e d  t o  t h e s e  systems. 

47. The coordinates  of t h e  p i l e  heads a s  r e l a t e d  t o  t h e  u-v 

axes a r e  a l l  p o s i t i v e  f o r  t h e  example ( ~ i g u r e  1 3 ) .  The b a t t e r  of t h e  

p i l e s  i s  p o s i t i v e  counterclockwise from t h e  v e r t i c a l  and negat ive 

clockwise from t h e  v e r t i c a l  a s  shown. The v a r i a b l e  0 w i l l  be used t o  

denote t h e  angular  measure o f  p i l e  b a t t e r .  

48. The ex te rna l  loads  on t h e  foundation a r e  resolved i n t o  a 

v e r t i c a l  and hor i zon ta l  component through t h e  o r i g i n  of t h e  s t r u c t u r a l  

coordinate system and a moment about t h e  o r i g i n .  The s ign  convention 

e s t ab l i shed  is  i l l u s t r a t e d  i n  Figure 14. 

49. The ex te rna l  loads  Me , Pv , and 
pu 

w i l l  cause t h e  

foundation t o  move. If t h e  u-v coordinate system i s  considered t o  

be r i g i d l y  a t tached t o  t h e  foundation, t h e  movement of t h e  foundation 

may be  r e l a t e d  t o  t h e  movement of t h e  coordina te  system. These 

Figure 14. Sign convention f o r  foundation fo rces  and movements 

35 



movements (dv , AU , and I') are shown with positive signs (Figure 111). 

50. Due to the movement of the foundation, forces will be exerted 

on the foundation by the piles. The sign convention for these forces is 

illustrated in Figure 15 in two ways: (a) conventions consistent with 

9, SIN 0 

a .  FORCES AND MOMENT STRUCTURAL b. FORCES AND MOMENT-PILE 
SIGN CONVENTION SIGN CONVENTION 

Figure 15. Forces and moment on pile head 

those established previously for the structure; 

and ( b )  conventions consistent with those 

established in the solution of laterally loaded 

piles. The differences should be carefully 

noted. The inconsistencies are taken care of 

when the relations between founda.tion forces and 

pile forces are developed. 

51. The sign conventions for movements of 

the pile head (Figure 16) are consistent with the 

x-y coordinate system. A movement in the posi- 
+ 

tive x direction, which constitutes an axial 
Figure 16. Pile-head 

compression, is considered as a positive move- movements on the x-y 
coordiriate system ment. A movement in the positive y direction 



i s  considered as a p o s i t i v e  movement. A r o t a t i o n  of t h e  p i l e  head w i l l  

cause a change i n  t h e  s lope  a t  t h e  t o p  of t h e  p i l e .  The sign convention 

f o r  s lope i s  cons is tent  with t h e  usual  manner i n  which slope i s  defined. 

Ilclh~. ions ljetwceli Foundation lilovements and 
Pile-lleacl f4~1vements 

52. When t h e  s t r u c t u r e  moves, t h e  p i l e  heads move. Two assump- 

t i o n s  a r e  made i n  order  t o  r e l a t e  s t r u c t u r e  movement t o  pile-head 

movements. The first assumption i s  t h a t  t h e  foundation is r i g i d  so  t h a t  

t h e  p i l e  heads maintain t h e  same r e l a t i v e  p o s i t i o n s  before  and a f t e r  

movement. Because of t h i s  assumption t h e  approximation 

r " t a n  r C - 
: c- 5 (58 

i s  va l id .  
. . . ... . . .- . 53. .. I n  Figure.  17a, ,diagrams are given' of . t h e  l i h e a l  movements~ a t  .. 

t h e  p i l e  head of a given p i l e  i n  terms of t h e  s t r u c t u r a l  movements. 

The movement of t h e  s t r u c t u r e  is  defined by t h e  s h i f t  of t h e  u-v axes 

t o  t h e  pos i t ion  indica ted  by t h e  u'-v' axes. The t o t a l  movement of 

t h e  p i l e  head i s  resolved i n t o  a component p a r a l l e l  t o  t h e  u a x i s  

(AU + vr)  and a component p a r a l l e l  t o  t h e  v a x i s  ( A  + uF) . 
v 

54. Figure 17b i l l u s t r a t e s  t h e  r e so lu t ion  o f  t h e  hor izonta l  and 

v e r t i c a l  components of movement i n t o  components p a r a l l e l  and perpendic- 

u l a r  t o  t h e  d i r ec t ion  of t h e  p i l e .  These movements a r e  designated 

as x and t yt . From t h e  same f igu re ,  t h e  a x i a l  component of p i l e -  

head movement may be w r i t t e n  a s  

xt = (AU + v r )  s i n  6 + (Av + u r )  cos 8 (59) 

and t h e  corresponding l a t e r a l  movement as 

- yt - (aU + v r )  cos 8 - ( A ~  + u r )  s i n  8 



a. L I N E A L  MOVEMENTS O F  P I L E  HEAD 

b. RESOLUTION O F  MOVEMENT 
INTO COMPONENTS 

~ ? j . ~ u y e  1.7. Movements of pi1.e-head structural. 
coordinate systeln 



55. In addi t ion  t o  t h e  l i n e a l  displacements of t h e  p i l e  head, t h e  

change i n  s lope of a tangent  t o  t h e  e l a s t i c  curve w i l l  be considered. 

The change i n  t h e  s lope w i l l  depend on t h e  manner i n  which t h e  p i l e  i s  

a t tached t o  t h e  foundation. If t h e  p i l e  i s  f ixed  t o  t h e  s t r u c t u r e ,  then 

t h e  change i n  s lope w i l l  be equal t o  t h e  r o t a t i o n  of t h e  foundation. 

For t h e  r e s t r a i n e d  case  t h e  change i n  s lope w i l l  depend on t h e  moment 

applied t o  t h e  p i l e  top.  For a pinned connection t h e  s lope  w i l l  depend 

on t h e  de f l ec ted  shape of t h e  p i l e .  

Relat ions Between Foundation Forces and 
P i l e  Reactions 

56. The forces  a c t i n g  on t h e  foundation and p i l e  a re - i l lu s t r a t ed ,  
. -- ... c 

along with s ign  convention, i n  Figure 15 .  It has b e e n n o t e d  t h a t  incon- 

s i s t e n c i e s  i n  t h e  s ign  conventions a r e  present .  However, t hese  w i l l  be 

correc ted  while de r iv ing  t h e , r e l a t i o n s  between t h e  forces . .  
.. . . , . . , .  . .. . . .  . . . . . ,  . . . , . .  .. . . . . . 

57. From Figure 15 ,  t h e  r e l a t i o n s h i p  between moments on t h e  

s t r u c t u r e  and moment on t h e  p i l e  may be expressed a s  

M = -M 
! 

S t (61) 
(3);j{$!?j$$fi; 

The r e l a t i o n s  between f o r c e s  a r e  obtained by re so lv ing  t h e  forces  on t h e  

p i l e  i n t o  components i n  t h e  hor izonta l  and v e r t i c a l  d i r ec t ions .  With 

t h e  s ign conventions considered, t h e  components a r e  summed a s  follows: 

F = P s i n  0 - Qt cos 8 
v t (62) 

=-Qt 
s i n  '8 - Pt cos 0 u (63) 

Relat ions Between Pile-Head Movement 
and P i l e  Reaction 

58 .  I n  t h e  preceding paragraphs t h e  movement of t h e  p i l e  head and 

t h e  forces  a c t i n g  on t h e  p i l e  head have been defined.  Relat ions between 



p i l e  reacLion and movement w i l l  be deve1.oped below. 

59. For computational purposes t h e  p i l e  shown i n  Figure 18a may 

be simulated by t h e  s e t  of sp r ings  as shown i n  Figure 18b. The spr ings  

a. P I L E  AND FOUNDATION b. SPRINGS AND FOUNDATIONS 

Figure 18. Spring r ep resen ta t ion  of p i l e : ,  _r - 
w i l l  produce a fo rce  p a r a l l e l  t o  t h e  p i l e  a x i s ,  Qt , and a fo rce  a c t i n g  

perpendicular  t o  t h e  p i l e  a x i s ,  
Pt . The r o t a t i o n a l  spr ing  w i l l  y i e l d  

. . . . . . . . .  . ambm6nt a'dbut tli* p i i e  iop; ' Mi '; 

60. The fo rces  produced by t h e  sp r ings  w i l l  depend on t h e  deflec-  

t i o n  of t h e  spr ings .  Since t h e  sp r ings  are nonl inear ,  t h e  movement and 

reac t ion  a r e  not r e l a t e d  by a s i n g l e  cons tant .  It i s  assumed t h a t  

curves can be obtained which show spr ing  r e a c t i o n  as a funct ion  of 
it(' ~ ~ . ~ : ~ ~ . ~ , : i l ;  . ) '  

def l ec t ion .  I n  Figure 19, a hypothet ica l  s e t  of load-deflect ion curves 

a r e  drawn f o r  a  s e t  of spr ings .  I f  t h e  curves a r e  s i n g l e  valued, then 

t h e  spr ing  r eac t ions  may be  ca lcu la t ed  f o r  a p a r t i c u l a r  de f l ec t ion  by 

where J and Jm a r e  t h e  secant modulus va lues  a s  i l l u s t r a t e d  
Jx' y '  

i n  t h e  f i g u r e .  

61. It should be noted t h a t  t h e  moment produced by t h e  rotat i .ona1 



Figure 19. Hypothetical ' /d . ,=p, ly ,  
spring load-deflection 

curves 

spring is proportional to the lateral deflection rather than the rota- 

tion. For a rotational spring this procedure is inconsistent with usual 

concepts. This concept is used because it provides a convenient means 

for deriving and solving the equilibrium equation for the structure. 

62. The curves in Figure 19 do not adequately explain the be- 

havior of a pile. It is not necessary that the exact nature of the 

curves be known. The representation shown is only for the formulation 

of the equilibrium equations. The procedure for calculating values 

for J J and Jm will be discussed in the following paragraphs. 
X '  y '  

However, for the formulation of the equilibrium equations, Equations 

64-66 are sufficient, since they will be applicable no matter what kind 

Of relationship exists between the loads on the pile tops and the 

resulting displ.aceinents. 



Equilibrium Equations 

63. The r e l a t i o n s  between fo rces  and movements f o r  t h e  s t r u c t u r e  

and t h e  p i l e ,  previously developed, w i l l  now be combined t o  form t h r e e  

equations of equilibrium f o r  t h e  s t r u c t u r e .  The form of t h e  equations 

i s  such t h a t  an i t e r a t i v e  type so lu t ion  may be used. This is necessary 

s ince  t h e  system i s  nonlinear.  

64. Consider a  foundation supported by n p i l e s .  The coordina te  

system and t h e  ith p i l e  a r e  shown i n  Figure 20. The ex te rna l  loads  

Figure 20.  Forces on t h e  p i l e s  and foundation 

'i 2 



applied to the foundation are resolved into the forces and moment 

through and about the origin of the coordinates. The forces and moment 

exerted by each pile are designated as F . F . , and Msi in the 
v1 ' u1 

figure. The three equations are obtained by summing forces in the 

horizontal and vertical directions and by summing moments about the 

origin of the u-v coordinate system. Performing these operations the 

equilibrium equations may be written as 

where M 
e '  PU , and Pv symbolize external moment horizontal force, 

and vertical force applied to the foundation at the origin of u-v co- 

ordinate system. Substituting Equations 61-63 into Equations 67-69 and 
rearranging 

n 
Pv = 1 (Qti cos 6 

i - Pti sin Bi) (70)  
i=l 

n 
PU = 2 (Pti cos Oi + Q sin Bi) 

i~.l ti 

Substituting Equations 64-66 into Equations 70-72 the equilibrium equa- 
tions may be expressed as 



n 

Pv = 
(Jxixti cos 8. - J .y . sin 8.) 

1 y1 tl 1 
(73) 

i=l 

n 
Pu = 2 (Jyiyti cos Bi + Jxixti sin 8.) 

i-1 1 
(74) 

+ U . ( J ~ ~ X ~ ~  cos 8. - J .y sin 8 . )  
1 1 yl ti 1 

i=l 

+ v. I ( 3  yi y tl . cos 6'. + Jxixti sin 
1 

The equations are modified further by substituting equations.59 and 60 

into Equations 73-75 and rearranging to obtain 

n 
2 5 = - ~ ~ ~ ) l s i n  ei cos oi) + J =or2 B. + J sin oi)bu 

i=l ] ( yi i xi 

.*9>!;:!j>?!il\ 

+ [Ui(~xi - J . )  sin 0. cos 0. i6.J . cos2 0. + J . sin2 Bi 
Y 1 1 1 1 y1 1 X1 

(77) 

M. = 2 {pmi sin , + uipxi cos2 0. + J . sin 
1 Yl 

0 . )  
i =l 

+ v.(J . - J . )  sin 8. cos Oi A 1 x 1  yl I ] +[-Jmi cos 0. 1 

+ u. (J . - J . )  sin 8. cos 0 .  + v. J cos2 0. + J . sin 
1 xl yl 1 1 i(yi 1 x1 ei)] 

+ J . (u. sin 0 .  - b. cos Bi) + U:(~xi cos2 Bi + J . sin Bi [.. 1 1 1  Yl- ) 

cos2 0. + J . sin2 B. 0. cos 8,)u.v. 
+ ~i(Jyi I. XI 1 I 1 1 1  ] r1 ( '18) 



65. Equations 76-78 c o n s t i t u t e  a cornpl.ete s e t  of equil ibr ium 

equations f o r  a foundation. The loads on the  foundation, the  d i s t ance  

t o  t h e  p i l e  tops ,  and t h e  h a t t e r  of t h e  p i l e s  a r e  known q u a n t i t i e s .  If 

t h e  spr ing  modulus values a r e  known, t h e  t h r e e  equations may be solved 

simultaneously f o r  A 
v 3  

and r . However, s ince  t h e  system i s  

nonlinear ,  Jm Jx 
, and J w i l l  not be constants .  Thus, an 

Y 
i t e r a t i v e  so lu t ion  i s  requi red .  The procedure u t i l i z e d  f o r  solving t h e  

equil ibr ium equations is described i n  t h e  following paragraphs. 

Computational Procedure f o r  Solution of 
Equilibrium Equations 

66. The i t e r a t i v e  procedure used f o r  t h e  solutio.n,oeftRe .- equi- 

l ibr ium equations i s  i l l u s t r a t e d  i n  Figure 21. The i t e r a t i v e  procedure 

i s  necessary f o r  e s t a b l i s h i n g  t h e  de f l ec ted  pos i t ion  of t h e  foundation 

.so t h a t  equil ibr ium and .compatibi l i ty  tire s a t i s f i e d .  . . , , . . . . . . . 

67. To begin t h e  procedure, values of Av * A~ , and r a r e  
s e t  equal t o  zero. In add i t ion ,  t h e  de f l ec t ions  of each p i l e  t o p  

(xti , y . ) a r e  s e t  equal t o  one. These values a r e  used only f o r  t l  
s t a r t i n g  t h e  i t e r a t i v e  procedure and have no bearing on t h e  f i n a l  

so lu t ion .  

68. Values of xti a r e  used d i r e c t l y  with load-deflect ion curves 

f o r  t h e  indiv idual  p i l e s  t o  ob ta in  va lues  of J . . A t y p i c a l  load- 
X 1  

de f l ec t ion  curve and t h e  procedure f o r  computing J . a r e  shown i n  
X 1  

Figure 22. The use  of a unique s i n g l e  valued curve f o r  t h e  a x i a l  load- 

de f l ec t ion  response of a p i l e  i s  based on t h e  assumption t h a t  t h e  a x i a l  

behavior of a p i l e  i s  unaffected by any l a t e r a l  e f f e c t s .  That i s  t o  

say,  t h e  a x i a l  load  on t h e  p i l e  is dependent only on t h e  a x i a l  def lec-  

t i o n  of t h e  p i l e .  This i s  not  r igo rous ly  co r rec t  s ince  it i s  known t h a t  

l a t e r a l  forces  on t h e  p i l e  t o p  w i l l  cause l a t e r a l  movement which w i l l  

decrease t h e  a x i a l  load  ca r ry ing  capaci ty  of the  p i l e .  However, f o r  

r e a l i s t i c  s i t u a t i o n s  t h e  inf luence  of t h e  l a t e r a l  forces  on t h e  a x i a l  

response w i l l  be small and thus  i s  ignored i n  t h i s  procedure. 

69. values of Y t  i a r e  used with a l a t e ra l .  loaded p i l e  



SET A,, A,, AND r 
EQUAL TO ZERO 

I 
SET THE DEFLECTION OF 
EACH P lLE  TOP (xti, yti) 
EQUAL TO 1.0 

. . .. , . . 

! 

A%;s::jqaA\v ,,,, :. > ..,&:I: , 

Figure 21. Block diagram for iterative solution 
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Figure 22. Axial  load-settlement curve 

subroutine, s imi la r  t o  COM62, t o  ob ta in  values of J and Jmi . The 
y i  

subroutine requ i res  two boundary condit ions f o r  t h e  top  of t h e  p i l e .  

For t h e  i n i t i a l .  i t e r a t i o n ,  one of t h e s e  boundary condit ions i s  t h a t  t h e  

l a t e r a l  de f l ec t ion  of t h e  t o p  of t h e  p i l e  i s  1 in .*  The second boundary 

* A t a b l e  of f a c t o r s  f o r  convert ing U. S. customary u n i t s  of measurement 
t o  metric ( S I )  u n i t s  i s  presented on page 4. 



condit ion w i l l  depend on t h e  manner i n  which t h e  p i l e  i s  connected t c  

t h e  foundation and i s  s e t  equal t o  zero. For pinned connections t h i s  

means t h a t  t h e  moment a t  t h e  p i l e  t o p  i s  zero, f o r  f ixed connections tle 

slope a t  t h e  p i l e  t o p  i s  s e t  equal t o  zero, and f o r  r e s t r a ined  connec- 

t i o n s  the  s t i f f n e s s  of t h e  r o t a t i o n a l  r e s t r a i n t  spr ing  i s  s e t  equal t o  

zero. In add i t ion  t o  t h e  above boundary condi t ions ,  t h e  a x i a l  fo rces  

applied t o  t h e  t o p  of t h e  p i l e s  a r e  obtained d i r e c t l y  from t h e  a x i a l  

load-deformation curves. The a x i a l  fo rces  are included because it i s  

f e l t  t h a t  t hese  f o r c e s  s i g n i f i c a n t l y  a f f e c t  t h e  l a t e r a l  response of t h e  

p i l e s .  However, t h i s  i s  cont rary  t o  what i s  assumed f o r  t h e  e f f e c t s  o f  

l a t e r a l  forces  on t h e  a x i a l  response. The reasoning f o r  these  assump- 

t i o n s  a r e  a s  follows: 

a .  The major i ty  of t h e  a x i a l  load  i s  t r a n s f e r r e d  t o  t h e  s o i l  - 
i n  t h e  lower p a r t  of t h e  p i l e .  For p r a c t i c a l  pr_ob_lems t h e  
l a t e r a l  fo rces  only  cause s i g n i f i c a n t  lateral--mmement i n  
t h e  upper p a r t  of t h e  p i l e  where t h e  a x i a l  load  t r a n s f e r  
i s  small--hence, t h e  assumption t h a t  l a t e r a l  forces  have 
l i t t l e  inf luence on t h e  axial response. 

, .  . . . .  . . . . . .  . b. . The 'majority of t h e  l a t ' e r a l  load  -is t r a n s f e r r e d  t o  t h e  ' 
- 

s o i l  i n  t h e  upper p a r t  o f  t h e  p i l e .  This means t h a t  t h e  
maximum d e f l e c t i o n s ,  bending moments, and l a t e r a l  s o i l  
r e a c t i o n s  occur near  t h e  t o p  of t h e  p i l e .  Because t h e  . 
a x i a l  fo rces  i n  t h e  p i l e  may be  q u i t e  l a r g e  near t h e  top ,  
t h e  e f f e c t s  on t h e  l a t e r a l  behavior may be s igni f icant - -  
hence, t h e  inc lus ion  of t h e  e f f e c t s  of a x i a l  load on 

,, $;i$!#&{ l a t e r a l  behavior.  

70. With t h e  i n i t i a l  boundary cond i t ions ,  t h e  f i n i t e  d i f f e rence  

equations f o r  t h e  pi.les a r e  solved and va lues  o f  moment and shear a t  t h e  

p i l e  t o p  computed. With t h e  moment and shear  at  t h e  p i l e  t o p  known, 

values of Jvi and J . a r e  computed by d iv id ing  t h e  moment and shear  m l  " 
by t h e  t o p  de f l ec t ion  which i s  1 i n .  f o r  t h e  i n i t i a l  i t e r a t i o n .  

71. With spr ing  moduli f o r  each p i l e ,  t h e  equil ibr ium equations 

f o r  the  foundation movement a r e  solved f o r  Av , AU , and r . The 

new values of Av 9 Au , and r a r e  then  used t o  s t a r t  t h e  second 

i t e r a t i o n .  

72. To s t a r t  t h e  second and each preceding i t e r a t i o n ,  de f l ec t ions  

of the  p i l e  t o p  (x and y t i )  a r e  computed us ing  current  values of t i  

Av , A , and r . New values  of J . a r e  computed d i r e c t l y  from u  X 1  



t h e  load  de f l ec t ion  curves f o r  t h e  individual. p i l e s  a s  was done f o r  the  

i n i t i a l  i t e r a t i o n .  To cal .culate  new values of J . and J , it i s  
Y 1 m i  

necessary t o  e s t a b l i s h  boundary condit ions f o r  t h e  t o p  of the  p i l e  a s  

w a s  done f o r  t h e  i n i t i a l  i t e r a t i o n .  One boundary condit ion is t h e  

l a t e r a l  load  a t  t h e  t o p  of t h e  p i l e .  The l a t e r a l  load is found by 

mult iplying J . from t h e  previous i t e r a t i o n  by y t i  ' The second 
Y 1 

boundary condi t ion  w i l l  depend on t h e  manner i n  which t h e  p i l e  i s  con- 

nected t o  t h e  foundation. For pinned condit ions t h e  second boundary 

condit ion i s  t h a t  t h e  t o p  moment is zero. For f ixed  connections t h e  

s lope a t  t h e  t o p  o f  t h e  p i l e  i s  s e t  equal t o  t h e  r o t a t i o n . o f  t h e  s t ruc-  

t u r e  ( r ) .  For r e s t r a i n e d  connections t h e  second boundary condit ion is 

t h e  s t i f f n e s s  of t h e  r o t a t i o n a l  r e s t r a i n t  spring.  The a x i a l  fo rces  a r e  

computed by mul t ip ly ing  J . by xti . With t h e  b o u n d a ~ y ~ o ~ d i t i o n s  
X1 

,. , , es tab l i shed  t h e  remainder of t h e  procedure is t h e  same as f o r  t h e  

i n i t i a l  i t e r a t i o n .  
. . . , . . .. . . . . .  73. . The va lues  of.  A 

v " *u 
', arid. I' a r e  compared .with va lues  - ' . 

from t h e  previous i t e r a t i o n .  The co r rec t  so lu t ion  i s  obtained when t h e  

movements agree  wi th in  t h e  spec i f i ed  allowable to lerance .  I f  c losu re  i s  

not obtained,  t h e  procedure i s  repeated.  I f  c losure  i s  obtained, a 

con t ro l  i s  s e t  and t h e  fo rces  and moments exerted by each p i l e  on t h e  
~ l ~ $ ~ ) . ~ j ~ > ; $ : ~ i < ~  foundation a r e  computed. I n  add i t ion ,  t h e  de f l ec ted  shape, moment 

d i s t r i b u t i o n ,  and s o i l  r e a c t i o n  f o r  each p i l e  a r e  ca lcula ted .  

74. A computer program GROUP, developed by D r .  Katsuyulti Awoshika 

and Prof .  L. C. ~ e e s e ' ~  a t  t h e  Universi ty of Texas, i s  cu r ren t ly  a v a i l -  

able.  GROUP can perform t h e  same type of ana lys i s  a s  BENT1 but  i s  

considered more genera l  and e f f i c i e n t .  



PART V :  CRITERIA FOR DEVELOPING 
SOIL-PILE INTERACTION CURVES 

7 5 .  The UT method of ana lys i s  f o r  s ing le  p i l e s  (loaded l a t e r a l l y  

o r  a x i a l l y )  and group of p i l e s  (discussed previously)  r equ i re s  t h e  

development of nonlinear s o i l  r e s i s t ance -p i l e  movement curves f o r  both 

l a t e r a l  and a x i a l  loading condit ions.  This subject  i s  q u i t e  complex, 

and no attempt w i l l  be made i n  t h i s  r epor t  t o  review t h e  work t h a t  has 

been done i n  t h i s  a rea .  A concise presenta t ion  on t h i s  top ic  i s  given 

. . by Awoshika and xeese l5  and Parker and Cox;16 t h e  ma te r i a l  i n  t h i s  p a r t  
,. , 

i s  p r inc ipa l ly  ext rac ted  from t h e s e  two repor t s .  The d iscuss ions  here  

w i l l  be l i m i t e d  t o  t h e  establ ishment  of c r i t e r i a  t h a t  a r e  used i n t e r n -  

a l l y  i n  t h e  computer codes documented i n  t h i s  r epor t .  
. -- - - . .. -z 

I 76. The a c t u a l  p i l e - s o i l  systems a r e  q u i t e  complex and t h e  

in t e rac t ion  w i l l  be a f fec ted  by a  number of parameters, such a s  t ime 

,: . .  . . e f f e c t  ,. . . on . s o i l  behavior,  . .  d i s t u r b a n c e o f  . .  s o i l .  due t o  p i l e  dr iv ing/p lac ing ,  . . . . 

cyc l i c  loading of s o i l ,  se t t lement  of t h e  s o i l  surrounding t h e  p l l e  due 

t o  negative sk in  f r i c t i o n ,  and i n t e r f e r e n c e  of adjacent  p i l e s .  The 

c r i t e r i a  presented have been der ived  f o r  s t a t i c ,  short-term loading 

condit ions and a r e  based on semi-empirical considerat ions.  

i$g;,-?:~,,'., 
,:%.:!.?,J,,>$)~ . '  . '  . . . 77. S o i l  c r i t e r i a  f o r  l a t e r a l  and a x i a l  loading condit ions a r e  

developed separa te ly .  Also, t h e  c r i t e r i a  a r e  developed sepa ra te ly  f o r  

two common but  extreme s o i l  types ,  c l ay  and sand. One may expect o the r  

s o i l s  t o  exh ib i t  c h a r a c t e r i s t i c s  somewhere between those  f o r  c l ay  and 

sand. 

L a t e r a l l y  Loaded P i l e  

78. I n  P a r t  111, t h e  e f f e c t  o f  t h e  s o i l  on a  l a t e r a l l y  loaded p i l e  

was shown a s  a  d i s t r i b u t e d  r e a c t i o n  p  . The s o i l  r eac t ion  p  was 

defined a s  



where Es i s  the  s o i l  modulus and y i s  the l a t e r a l  deflection. The 

s o i l  modulus values vary generally with p and y i n  a nonlinear 

manner. The subsequent paragraphs discuss the methods t o  obtain these 

p-y curves. 

79. The p-y curves w i l l  depend on the s o i l  properties. For 

most cases t he  properties of the  s o i l  i n  a prof i le  a r e  not constant with 

depth, the  usual case being t h a t  the  strength of the  s o i l  increases with 

depth. A typ ica l  var ia t ion of shear strength of s o i l  with depth i s  

shown i n  Figure 23a. Since the  strength of the s o i l  w i l l  a f fec t  t he  

p-y curves obtained, a var ia t ion  similar t o  t ha t  i l l u s t r a t ed  i n  Fig- 

ure 23b might be expected. It should be pointed out tha t  the  shear 

strength i s  not t he  only parameter which w i l l  a f fec t  the  p-y curve, 

although it does have considerable influence. The purpop&-the varia- 

t ion  shown i n  Figure 23b is  only t o  i l l u s t r a t e  t he  va r i ab i l i t y  of t h e  

p-y re la t ion.  

. . .  . . . : . , , . . . . . . . . . . : .  

So i l  Cr i te r ia  

80. So i l  res is tance movement f o r  both clays and sands a r e  con- 

structed assuming tha t  t h e  p-y curves can be divided in to  two segments. 

These two segments a r e  designated as  0-A and A-B i n  Figure 24. The 

segment 0-A represents t he  ear ly  par t  of the curve, and the segment 

A-B , the  ultimate par t  of t he  curve. Because of t h i s  division,  t he  con- 

struction of p-y curves may be carr ied out i n  two steps.  F i r s t ,  the  

ultimate s o i l  res is tance i s  calculated and then the shape of t he  ear ly  

part  of t he  curve i s  obtained. Secondly, the  horizontal l i n e  represent- 

ing the ult imate s o i l  res is tance and the  early par t  of the curve a re  

then joined t o  form a continuous curve. In the following paragraphs the 

procedure w i l l  be explained f i r s t  for  clay and then for  sand. 

Cri ter ia  for  clay 

81. For clay two methods are  employed t o  obtain p-y curves. I f  

s t ress-s t ra in  data are  avai lable ,  t he  method proposed by McClelland and 

Focht17 i s  used, with one modification. For t h i s  method s t ress-s t ra in  



a. VARIATION OF SHEAR STRENGTH 
WlTH DEPTH 

b. VARIATION OF p-y 
CURVES WlTH DEPTH 

Figure 23. Variation of soil properties with depth 

Figure 24. Construction of p-y curve 



curves, similar to the one shown in Figure 25, are required. The curve 

is obtained from a triaxial test in which the confining pressure o 
3 

Figure 25. Stress-strain curve 
. . , . . . , . . . .  .. , . . . . . . . . .  .. . 

is as close as possible to the confining pressure on the soil in the 

field. McClelland and Focht recommend that the p-y curve be obtained 

by using the following relations: 

and 

where 

d = diameter of pile or equivalent diameter 

o = soil deviator stress (a - o ) from triaxial compression test 
A in psi 1 3  

E = axial soil strain from triaxial compression test 

82. skempton18 has suggested the following relationship for 

calculating deflections of footings: 



An average value to use for deflection would be one between the values 

calculated using Equations 81 and 82. The equati.on suggested is 

Using Equations 80 and 83 and the stress-strain curve, a corresponding 

p-y curve may be obtained. 

83. It is assumed that the test is run until failure is obtained. 

That is, the maximum value for o obtained will represent the ultimate 
A 

value which may be carried by the soil. Consequently, the value for p 

calculated using the ultimate value of oA is considered to be the 
. .- e - 

i- 
ultifnate soil resistance. 

Reese's criteria 

. . . . . , . .  84. If no stress-strain curves are available, but the shear 
. . .  . . . , .  .. . . . .  . 

strength and unit weight are known, p - y  curves can be obtained. Two 

expressions are available for calculating the ultimate soil resistance 

i for clay. These equations suggested by ~eesel' are as follows: 

and 

*u = llcd 

where 

y = effective unit of soil 

X = depth from soil surface 

c = cohesion of clay 

Equations 84 and 85 are usually plotted (Figure 2 6 ) ,  and the smaller of 

the two values is used in constructing p-y curves. Equation 84 will 

control near the surface since it is based on the occurrence of a wedge- 

type failure, and Equation 85 will control at depth since it is based on 
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Figure 26. Ultimate soil resistance for clays 

the soil failing by flowing around the pile. At such depths, there is 

sufficient restraint to prevent the upward movement of the soil. 

Early part of curve 

85. The early part of the curve is obtained by Equations 80 and 

83. Since no stress-strain curve is available, values of a and E 
A 

must be found. These are found by approximating the stress-strain 

curve. The following assumptions are made for drawing approximate 

stress-strain diagrams: 

a 
A50 

- c = % / 2  

E = 0.005 (brittle or stiff clays) 
50 

'50 
= 0.02 (soft plastic clay) 

E50 
= 0.01 (no consistency data available) 

where 

a A50 = deviator stress corresponding to 50 percent strain 



91, = unconfined compressive s t rength  
.~ 

E = 50 percent of t h e  maximum a x i a l  s t r a i n  from t r i a x i a l  
50 compression t e s t  

The values of o 
A50 

and E~~ a r e  p lo t t ed  a s  shown i n  Figure 27. A 

Figure 27. Approximate log-log p l o t  of s t r e s s - s t r a i n  curve 

s t r a i g h t  l i n e  wi th  a s lope of 0.5 is drawn through t h i s  point  t o  repre-  

sent t h e  s t r e s s - s t r a i n  curve f o r  t h e  s o i l .  With t h i s  curve t h e  e a r l y  

par t  of t h e  curve may be obtained by applying Equations 80 and 83. 

C r i t e r i a  f o r  sand 

86. For sand t h e  following two equations f o r  c a l c u l a t i n g  t h e  

ul t imate s o i l  res is tance19 a r e  used: 

2 K s i n  B t a n  0 
2 t a n  B t a n  a + o 

P, = ydX [ t a n ( @  tan - 0 ) - KA + y~ [ t a n ( @ - @ )  c o s a t a n ( 6 - @ )  

+ K t a n  t a n  0 s i n  B - K~ t a n  B t a n  a (86) 
0 I 



and 

2 
Pu = y d ~  {(tan 450 - 9 [tan8(4i0 + 4) - i] 

+ K, tan 0 tan4(4'' + 4)) (87) 

where 

6 = 45O + 0/2 
0 = angle of internal friction of sand 

K = active earth pressure coefficient A 
K = coefficient of earth pressure at rest 
0 

. = (  0/2 to 0/3 (loose sand) 
@ (dense sand) : - Z C - 

Equation 86 is for wedge-type failure (near surface), and Equation 87 is 

for flow around failure (at depth). Equations 86 and 87 are shown 
.plotted in. Figure. 28a: The, lower. of .the. two values.. obtained ;from the : 

equations will be used in constructing the p-y curves. 

Early part of curve 

87. The early part of the curve is obtained by applying theory 

developed by Terzaghi. 20 This results in a linear variation between p 

and y , with the slope defined as 

Slope = HVX 
1.35 

where H is the constant depending on relative density of sand. Sug- 

gested values for H are 200 for loose sand, 600 for sand with medium 

density, and 1500 for dense sand. The unit weight used is the effective 

unit weight. 

88. If the slope of the early part of the curve is known, the 

p-y curve can be constructed by connecting a straight line through the 

origin, with a slope (expressed by Equation 88) to the horizontal line 

defined by the ultimate soil resistance. This results in a p-y curve 

which consists of two straight lines (Figure 28b). When one considers 

the behavior of a sand, it will be noted its behavior is not linear. 
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Figure 28. Reese's criteria for p-y curves in sands 

As a result, the p-y curve obtained should be considered as an 

approximation. 

Program MAKX 

89. A computer program MAKE, documented in Appendix R, is pro- 

grammed for computing Equations 80 through 88. The progran can also 

produce p-y curves at various depths and various size piles embedded 

in clays or sands. 



Other c r i t e r i a  f o r  
computing p-y curves 

90. There a r e  var ious  o ther  c r i t e r i a  f o r  computing p-y curves 

f o r  l a t e r a l l y  loaded p i l e s  i n  c l ays  and sands. Worthy of p a r t i c u l a r  

mention a r e  !4atlock's21 c r i t e r i a  f o r  cons t ruc t ing  p-y curves f o r  

s t a t i c  and cyc l i c  loading i n  s o f t  c l a y  and Parker and ~ e e s e ' s * ~  c r i t e r i a  

f o r  developing p-y curves i n  sands. A summary of these  two and o the r  

c r i t e r i a  is contained i n  Reference 15. 

General comments on p-y curves 

91. It must be emphasized t h a t  t h e  procedures explained he re in  

t o  develop p-y curves a r e  based on semi-empirical r e l a t i o n s .  This 

po in t s  ou t  t h a t  these  procedures need t o  be c a r e f u l l y  evaluated with 

regard t o  t h e  problem environment before being used in;a;la_&yws. Per- 

haps t h e  most important cons idera t ion  regarding p-y curves is  whether 

o r  not  t h e r e  a r e  v a l i d a t i n g  experimental r e s u l t s .  The o i l  i ndus t ry  has 

funded seve ra l .  experimen.ta1 (both labora tory  and f i e l d )  programs t o  

ob ta in  confidence i n  t h e  methods employed f o r  cons t ruc t ing  t h e s e  curves. 

When t h e  r e s u l t s  become a v a i l a b l e  i n  t h e  public  domain, t h e  l e v e l  of 

confidence i n  t h e  techniques proposed is l i k e l y  t o  increase .  

Axia l ly  Loaded P i l e  

Type of i n t e r a c t i o n  curves needed 

92. The mechanics of t h e  a x i a l l y  loaded p i l e  problem described i n  

P a r t  I1 r equ i re s  t h e  determinat ion o f  a  s e t  of load  t r a n s f e r  curves 

along t h e  p i l e  and t h e  poin t  r e s i s t a n c e  curve at t h e  t i p  o f  t h e  p i l e .  

The load  t r a n s f e r  curve r e f e r s  t o  a r e l a t i o n s h i p  between t h e  sk in  

f r i c t i o n  developed on t h e  s i d e  of a  p i l e  and t h e  absolu te  a x i a l  d i s -  

placement of a  p i l e  sec t ion .  The poin t  r e s i s t a n c e  curve expresses t h e  

t o t a l  a x i a l  s o i l  r e s i s t a n c e  on t h e  base of t h e  p i l e  t i p  i n  terms of t h e  

p i l e - t i p  movement. 

Fac tors  a f f e c t i n g  i n t e r a c t i o n  curves 

93. The p roper t i e s  of s o i l  which determine t h e  load  t r a n s f e r  

curve and t h e  point  r e s i s t a n c e  curve may be considerably a f f e c t e d  by 



p i l e  dr iv ing .  I n  t h e  case of c lays ,  Seed and ~ e e s e ~  repor ted  t h a t  soon 

a f t e r  t h e  p i l e  d r iv ing  a  l o s s  i n  shear s t rength  was observed i n  c l ays  

adjacent  t o  t h e  p i l e  equal  t o  70 percent of t h a t  f o r  t o t a l  remolding. 

They a l s o  observed t h a t  t h e  recovery of shear s t rength  with t h e  passage 

of t i n e  r e s u l t e d  i n  a  f ive-fold increase  i n  t h e  load-carrying capaci ty  

of a  p i l e ,  even i n  i n s e n s i t i v e  c lays .  A s  is pointed out by Kishida, 
23 

t h e  p i l e  d r i v i n g  i n  a  loose  sand r e s u l t s  i n  t h e  increase  i n  t h e  r e l a t i v e  

dens i ty  and i n  t h e  confining pressure,  both of which a r e  major f a c t o r s  

a f f e c t i n g  t h e  l o a d  t r a n s f e r  curves and t h e  point r e s i s t a n c e  curve. The 

ac t ion  of a rching  observed i n  sands around a  p i l e  (Robinsky and 

 orriso on^^), may be  another  important f a c t o r  t o  be considered. 

94. I n  s p i t e  o f  a l l  t h e s e  complex fac to r s ,  p resen t ly  a v a i l a b l e  

s o i l  c r i t e r i a  a r e  based only on t h e  s o i l  proper t ies  before.pi$ d r i v i n g .  
. - 

I n  view of t h e  f a c t  t h a t  t h e  e f f e c t  of d i f f e r e n t  methods of p i l e  in- 

s t a l l a t i o n  on t h e  s o i l  p rope r t i e s  with t h e  passage of time a r e  excluded 

from t h e  s o i l ,  c r i t e r i a ,  i n  t h e  following paragraphs , the  s o i l  c r i t e r i a .  

described must be regarded a s  t e n t a t i v e .  

C r i t e r i a  f o r  Clay 

Coyle and Reese's 
c r i t e r i a  f o r  load  t r a n s f e r  curves 

95. To develop s o i l  c ~ i t e r i a  f o r  t h e  load  t r a n s f e r  curves f o r  a 

p i l e  i n  c l ays ,  Coyle and ~ e e s e ' l  proposed ( a f t e r  Woodward, Lundgren, 

and ~ o i t a n o * ~ )  a  reduct ion  f a c t o r  K t o  express t h e  r e l a t i o n s h i p  

between t h e  cohesion o f  a c l a y  and t h e  shear s t r eng th  t h a t  can be  assumed 

t o  be e f f e c t i v e  i n  r e s i s t i n g  a x i a l  load  on a  p i l e .  Figure 29 shows t h a t  

t h e  reduction f a c t o r  K i s  l e s s  than  un i ty  i f  t h e  shear  s t r eng th  of a 

c l ay  i s  over 1000 psf .  

96. Coyle and Reese expressed t h e  r a t e  o f  load  t r a n s f e r  developed 

on t h e  s i d e  of a  p i l e  as a  funct ion  of absolute p i l e  movement. Curves 

were given f o r  va r ious  depths (Figure 30).  

97. The procedure f o r  developing a  load t r a n s f e r  curve f o r  t h e  

s i d e  of a  p i l e  i s  summarized a s  fol lows:  
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Step  1. Estimate t h e  d i s t r i b u t i o n  of cohesion of t h e  c l ays  
along t h e  l eng th  of t h e  p i l e  from ava i l ab le  s o i l  
da ta .  

S tep  2. Compute t h e  e f f e c t i v e  shear s t rength  a s  a function 
of  depth from Figure 29 using t h e  reduction 
f a c t o r  K . 

Step 3. Obtain t h e  d is tance  from t h e  ground surface  t o  t h e  
midpoint of t h e  sec t ion  where the  load t r a n s f e r  
curve needs t o  be developed. 

Steo  4. Selec t  t h e  curve A, B, o r  C i n  Figure 30 depending 
on t h e  depth. 

S tep  5. Choose a p i l e  movement; obtain t h e  ordinate  from t h e  
se lec ted  curve i n  Figure 30. 

S tep  6. Compute load t r a n s f e r  f o r  t h e  se lec ted  p i l e  move- 
ment by mult iplying t h e  ordinate  obtained i n  s t e p  
5 by t h e  e f f e c t i v e  shear s t rength  obtained i n  s t ep  
2 and t h e  c i rcumferent ia l  a rea  of t h e  p i l g  

- 
Step  7. Repeat s t e p s  5 and 6 f o r  o the r  p i l e  movements t o  

cons t ruct  t h e  e n t i r e  load t r a n s f e r  curve a t  t h a t  
depth. 

. . .  
Step 8. Repeat s t e p s  2 through 7 f o r  varying depths t o  

obta in  a s e t  of load t r a n s f e r  curves along a p i l e .  

Skempton's c r i t e r i a  
f o r  t i p  r e s i s t a n c e  curves 

:j:3$rt>j,,$ 98. The point  r e s i s t a n c e  curve f o r  a p i l e  i n  a c l ay  may be 

generated by ~ k e m p t o n ' s ' ~  c r i t e r i a .  S t a r t i n g  with t h e  theory of 

e l a s t i c i t y ,  Skempton found a c o r r e l a t i o n  between t h e  load-settlement 

curve of t h e  shallow foundation and t h e  s t r e s s - s t r a i n  curve f o r  t h e  

undrained t r i a x i a l  compression t e s t .  The v a l i d i t y  of t h e  same cor re la -  

t i o n  f o r  a deep foundation w a s  a t t e s t e d  by examining t h e  e f fec t  of t h e  

foundation depth on t h e  pe r t inen t  va r i ab les  i n  t h e  bas ic  equation. The 

c o r r e l a t i o n  f o r  p i l e s  can be expressed by 

where 



z = a x i a l  movement of base of p i l e  
b 

% = a rea  of base of p i l e  

qb = normal pressure on base of p i l e  

m = coef f i c i en t  t h a t  can be taken a s  5.0 t o  5.5 

99. I f  a s t r e s s - s t r a i n  curve from undrained t r i a x i a l  t e s t  i s  

ava i l ab le ,  it i s  r e a d i l y  transformed t o  a point  r e s i s t a n c e  curve a s  de- 

scr ibed  f o r  a l a t e r a l l y  loaded p i l e  e a r l i e r  i n  t h i s  pa r t .  I f  no s t r e s s -  

s t r a i n  curve i s  avai lable ,  t h e  procedure shown i n  Figure 27 can b e  fo l -  

lowed t o  develop approximate s t r e s s - s t r a i n  curves. 

C r i t e r i a  f o r  Sand 

100. Limited s tud ies  have been made f o r  sands t o  e s t a b l i s h  ,::= < 
genera l ly  appl icable  s o i l  c r i t e r i a  f o r  generat ing a s e t  of load t r a n s f e r  

curves along a p i l e  and a poin t  r e s i s t a n c e  curve at t h e  t i p  of t h e  p i l e .  

Two s o i l  c r i t e r i a  a r e  descr ibed  below. . . . . 

Coyle and Sulaiman's c r i t e r i a  

101. Coyle and sulaimanP6 experimentally inves t iga ted  t h e  load  

t r a n s f e r  curves of a p i l e  i n  sand. The u l t ima te  shear  t r a n s f e r  o r  sk in  

f r i c t i o n  on t h e  s i d e  of a p i l e  w a l l  i s  expressed i n  t h e  s implest  form by 

f U  = KyX t a n  6 (91)  

where 

f = maximum shear  t r a n s f e r  i n  p s i  u 
K = hor izonta l  e a r t h  pressure  c o e f f i c i e n t  a t  p i l e - s o i l  i n t e r f a c e  

whose value may l i e  somewhere between t h e  a c t i v e  e a r t h  
pressure coe f f i c i en t  KA and t h e  pass ive  e a r t h  pressure  
coe f f i c i en t  KP 

6 = f r i c t i o n  angle between t h e  p i l e  and t h e  surrounding sand 

102. Assuming t h a t  t h e  e a r t h  pressure c o e f f i c i e n t  K is  equal t o  

one and t h e  f r i c t i o n  angle i s  equal t o  t h e  angle of i n t e r n a l  f r i c t i o n  of 

t h e  sand before disturbance,  Coyle and Sulaiman found t h e  r e l a t i o n s h i p  

between t h e  load t r a n s f e r  of a p i l e  i n  a sand and t h e  p i l e  displacement. 

103. Their conclusion, however, does not agree with the  



experimental observat ion by Parker and ~ e e s e . ~ ~  Coyle and Sulaiman 

s t a t e  t h a t  a t  shallow depth t h e r e  i s  a considerable increase i n  t h e  

a c t u a l  maximum load t r a n s f e r  over t h a t  ca lcula ted  by Equation 91 with 

t h e  assumption of constant  K and constant  6 throughout t h e  length  

of t h e  p i l e .  They f u r t h e r  s t a t e  t h a t  t h e  maximum load  t r a n s f e r  i s  

reached a t  t h e  lower por t ion  of t h e  p i l e  with smaller p i l e  displacement 

than a t  t h e  upper por t ion .  The observat ion by Parker and Reese indi -  

ca ted  t h a t  t h e  a c t u a l  maximum load t r a n s f e r  a t  shallow depth i s  c l o s e  

t o  t h a t  obtained from Equation 91 with t h e  same K and 6 a t  a l l  

depths. Parker  and Reese a l s o  found t h a t  t h e  p i l e  displacement neces- 

sary  t o  reach t h e  maximum load t r a n s f e r  increases  l i n e a r l y  with depth. 

Parker and Reese's c r i t e r i a  

104. Enp i r i ca l  c r i t e r i a  were e s t ab l i shed  by Parker and Reese 
22 

. .- . ... -r 
f o r  genera t ing  a s e t  of load  t r a n s f e r  curves along a p i l e  i n  sand. The 

c r i t e r i a  c o r r e l a t e s  t h e  load  t r a n s f e r  curve with t h e  s t r e s s - s t r a i n  curve 

of a t r i a x i a l  compression t e s t .  Their c r i t e r i a  includes a recomrnenda- 
. .  . 

t i o n  f o r  t h e  es t imat ion  of a po in t  r e s i s t a n c e  curve. 

105. The desc r ip t ion  of t h e  procedure f o r  generat ing a s e t  of 

load  t r a n s f e r  curves and a point  r e s i s t a n c e  curve i s  given as follows: 

S t e p  1. Determine t h e  r e l a t i v e  dens i ty  of sand and t h e  
s t r e s s - s t r a i n  curve of a t r i a x i a l  t e s t  with t h e  
ambient pressure  equal t o  t h e  overburden pressure .  

S tep  2. Obtain t h e  co r rec t ion  f a c t o r  f o r  t h e  maximum load  
t r a n s f e r  a s  a funct ion  of t h e  r e l a t i v e  dens i ty  of 
sand (Figure  31 ) . 

Step  3. Obtain modified c o r r e l a t i o n  c o e f f i c i e n t s ,  which 
r e l a t e  t h e  devia tor  s t r e s s  i n  t h e  t r i a x i a l  t e s t  
with t h e  load  t r a n s f e r  on t h e  s i d e  o f  t h e  p i l e .  
The modified c o r r e l a t i o n  c o e f f i c i e n t  f o r  u p l i f t  
loading i s  ca lcu la t ed  by d iv id ing  t h e  value ob- 
t a i n e d  by Equation 92 with t h e  co r rec t ion  f a c t o r  
( s t e p  2 ) .  

u = Dt 
t 2 (92)  

t a n  (45' + 012) - 1 

where 

U = c o r r e l a t i o n  c o e f f i c i e n t  f o r  u p l i f t  
loading 
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Figure 31. Correct ion f a c t o r  f o r  maximum load t r a n s f e r  

Dt = t e n s i o n ' s k i n  f r i c t i o n  coe f f i c i en t  which 
is a  funct ion  of t h e  e a r t h  pressure  
c o e f f i c i e n t  and t h e  f r i c t i o n  angle.  The 
value of 4.06 i s  assumed by Parker and 
Reese. 

The modified c o r r e l a t i o n  c o e f f i c i e n t  f o r  a  compres- 
s ion  p i l e  i s  ca lcu la t ed  by d iv id ing  t h e  va lue  of 
Equation 93 with t h e  co r rec t ion  f a c t o r  ( s t e p  2 ) .  

where 

U = c o r r e l a t i o n  c o e f f i c i e n t  f o r  compression 
C 

loading 

D = compression sk in  f r i c t i o n  c o e f f i c i e n t  
C 

which is a  funct ion of t h e  e a r t h  pressure  
coe f f i c i en t  and t h e  f r i c t i o n  angle. Par- 
ker and Reese assume t h e  value 5.3 o r  t h e  
value computed from 7.0 - 0 . 0 4 ~ .  



Step  4. Compute a load  t r a n s f e r  curve from a s t r e s s - s t r a i n  
curve. Multiply t h e  devia tor  s t r e s s e s  with t h e  
modified c o r r e l a t i o n  coe f f i c i en t  ( s t e p  3)  t o  ob ta in  
t h e  values of load  t r a n s f e r .  Then c a l c u l a t e  t h e  
displacement of t h e  p i l e  by mul t ip ly ing  t h e  a x i a l  
s t r a i n  i n  t h e  t r i a x i a l  t e s t  with t h e  value obtained 
from Equation 94 o r  95. 

where 

B = f a c t o r  c o r r e l a t i n g  upward p i l e  movement 
t o  a x i a l  s t r a i n  - - 

,, : :: < 
B = f a c t o r  c o r r e l a t i n g  downward p i l e  move- 

C 
ment t o  a x i a l  s t r a i n  

S tep  5 .  Repeat s t e p s  1 through 4 f o r  depths up t o  1 5  t imes 
t h e  p i l e  diameter.  The,curve f o r  a depth of 1 5  
p i l e  diameters i s  used f o r  t h e  remainder of t h e  
p i l e .  

S tep  6. Construct a poin t  r e s i s t a n c e  curve by combining 
any one of t h e  bearing capac i ty  formulas wi th  t h e  
theory  of e l a s t i c i t y  so lu t ion  f o r  t h e  se t t lement  
of a  r i g i d  foot ing  on an e l a s t i c  ma te r i a l  
(skempton18). 

Meyerhof's c r i t e r i a  f o r  t i p  r e s i s t a n c e  

106. After  Skempton, Yassin, and ~ i b s o n , ~ ~  ~ e ~ e r h o f ~ '  proposed 

a simple c r i t e r i o n  (Equation 9 6 )  f o r  genera t ing  a poin t  r e s i s t a n c e  of a  

p i l e  i n  sands. 

where q = u n i t  u l t ima te  bearing capaci ty  
bu 

107. Considering t h e  d i v e r s i t y  of va lues  of q by var ious  bu 
bearing capaci ty  formulas ( ~ e s i ; , ~ ~  McClelland, Focht,  and Emrich30), 

t he  u n i t  u l t ima te  bearing capaci.ty of a  p i l e  point  may be r e a d i l y  

obtained from t h e  empir ica l  r e l a t i o n s h i p  with t h e  s tandard  penet ra t ion  

t e s t  ( ~ e y e r h o f ~ ' ) .  



where N denotes the number of blows per foot penetration in the 

standard penetration test. 

108. A set of load transfer curves along a pile in clays can be 
II computed from the criteria by Coyle and Reese. A point resistance 

curve for a pile in clays can be constructed from Skempton's criteria. 

109. The load transfer curves along a pile in sands may be deter- 

mined by the procedure given by Parker and ~ e e s e . ~ ~  A point resistance 

curve for a pile in sands may be computed either accordingXo-the rec- 

ommendation by Parker and Reese or according to Meyerhof's criteria. 

110. Existing soil criteria can only make a rough prediction of 

the axial behavior of a pile. For a more accurate prediction of axial 

behavior of a pile, future development is needed of the theory for the 

mechanism of load transfer and of point resistance. The employment of 

the finite element method to solve the pile-soil interaction problems 

can perhaps eliminate the use of semi-empirical criteria to develop 

load transfer and point resistance curves. 



PART VI: DISCRETE ELEME!NT THEORY FOR 
BW-COLUMNS 

111. The computer code BMCOL51, developed by Matlock and Taylor, 3 

utilizes a discrete element mechanical model for describing the load- 

deformation response of a beam-column. The equations obtained from the 

discrete element model are similar to those obtained with finite- 

difference approximations for the differential equations for bending, 

and the results are approximately the same. However, the equations ob- 

tained from the discrete element model can be grouped into a system of 

equations that allows a variety of boundary conditions to be applied; 

whereas the system of equations obtained with finite difference theory 

permit only the application of certain boundary conditions:at_geTinite 

locations along the beam-column, i.e. two at both ends. As a result, 

BMCOL51 is a more versatile program than COM62 since a wide variety of 

problems can be solved with BMCOL51 while COM62.is designed exclusively 

for the analysis of piles or beams on grade. However, BMCOL51 is 

limited to problems where the reactions can be characterized by linear 

springs, whereas cOM62 can consider nonlinear soil response. It must be 

noted that BMCOL51 is one of the earlier BMCOL programs written under 

the guidance of Prof. Matlock. Currently available versions of BMCOL 

programs are more versatile and can account for nonlinear material and 

geometric properties. 

112. The discrete element model for representing a beam-column 

will be described in subsequent paragraphs. The development of the 

model and equations for describing the model are taken directly from 

Matlock and Haliburton. 31 Likewise, the figures used in the development 

were extracted from Matlock and Haliburton with changes made to the 

notation to ensure compatiblity with the remainder of the report. 

Equations expressing the response of the discrete element model will be 

derived and used in formulating a set of simultaneous equations for 

predicting the response of a beam-column. Finally, the procedure uti- 

lized in BMCOL51 for solving the simultaneous equations will be pre- 

scnted. This code also has the capability of solving problems with 

moving 1.oads. 
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Discrete Element Representation of the  
Response of a Simple Beam 

113. To begin the development, a mechanical model representing a 

conventional beam w i l l  be considered. The model shown i n  Figure 32 was 

developed by Matlock and Haliburton. 31 Figure 32(a-c ) i l l u s t r a t e s  how 

the  deformation of a l i nea r  e l a s t i c  beam element under the  action of 

pure bending may be represented. I f  we consider the  overall  behavior of 

t he  element, then a mechanical analog of t h e  element i n  Figure 32c may 

be formed by the r i g i d  plates ,  hinge, and l i nea r  springs i n  Figure 32d. 

The s t i f fnes s  of the  springs represent t he  f lexural  s t i f fness  of the  

beam element. To form a beam a number of the  mechanical elements can be 

strung together a s  shown i n  Figure 32e. The mechanical modelthus 
.- .. - 

formed would t r u l y  represent the  behavior of the  beam i f ' t h e  individual 

mechanical elements were i n f i n i t e l y  small. However, fo r  pract ical  

problems, a s  with any mechanical model or  approximate numerical pro- 

cedure, accuracy must be sacr i f iced  i n  order t h a t  t he  number of calcu- 

la t ions  required be kept within prac t ica l  l i m i t s .  As it turns out, a 

cruder model (Figure 32f), where the r i g i d  p la tes  a r e  replaced by rigid. 

bars of length h , may be used t o  represent the  beam without serious 

loss  of accuracy. 

114 .  The equations describing the  behavior of t he  mechanical 

model may be formulated by considering the  deformed segment of a f in i te -  

element beam model i n  Figure 33. The deformable element of the  model 

i s  represented schematically as a deformable joint  with the same behav- 

i o r  a s  the  spring and hinges i n  Figure 32. I f  we assume tha t  the  effect  

of a l a t e r a l  force w dis t r ibuted along the  beam for  a distance h/2 

on e i ther  s ide of a j o in t )  may be represented by a concentrated force 

acting a t  the  deformable jo in t ,  then the  equation describing the be- 

havior of t he  beam may be formulated. 

115.  The change i n  slope, fli , between bars A and B may be 

written a s  
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li ' i&ure 32. F i n i t e  n~echnnica l  representa1;ion of  a conven t i ona l  beam 
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Figure 33. Deformed segment of a finite-element beam model 

In order to establish the similarities between the equations obtained 

using finite difference approximations and discrete element theory, 

Equation 99 is written as 

The expression in the parenthesis is equivalent to Equation 2, the ex- 

pression for the second derivative of deflection. The second derivative 

represents the curvature of the elastic curve and the finite difference 

expression represents an approximation of the curvature so that the 

moment-curvature relationship could be approximated by Equation 12. If 

we assume that " represents the concentration of the beam curvature 
for one increment, then the moment curvature relationship for an arbi- 

trary joint i may be expressed as 



If we assume t h a t  a l l  ex ternal  forces  a r e  applied t o  t h e  beam a s  concen- 

t r a t e d  forces  a t  t h e  deformable j o i n t s ,  then t h e  summation of forces  on 

t h e  deformable jo in t  y i e l d s  

where VA and VB a r e  t h e  shear i n  ba r s  A and B , r e spec t ive ly .  

Summation of moments about bars  A and B y i e l d ,  respect ive ly ,  

and 

Equations 103 and 104 may be s u b s t i t u t e d  i n t o  Equation 102 and t h e  shear  

VA and VB eliminated t o  y i e l d  

The expression f o r  moment i n  Equation 101 when s u b s t i t u t e d  i n t o  Equa- 

t i o n  105 y i e l d s  

Subs t i tu t ing  t h e  expression f o r  t h e  beam curvature,  Equation 99 i n t o  

Equation 106 y i e l d s  

Simplifying Equation 1.07 y i e l d s  



3 ( R .  ) = h W i  + yiql(-2Ri - 2fli-l) + Yi-2 (108) 

The above equation is i d e n t i c a l  t o  Equation 10 i f  t h e  e f f e c t s  of a x i a l  

load a r e  omitted i n  Equation 1 0  and t h e  expressions f o r  t h e  applied l a t -  

e r a l  load a r e  equated. The e f f e c t s  of l a t e r a l  load i n  Equation 10 a r e  
4 

represented by t h e  expression y E h , where t h e  d i s t r i b u t e d  l a t e r a l  
i si 

force t h a t  r e su l t ed  from t h e  s o i l  r eac t ion  was given by t h e  expression 

Since t h e  expression f o r  t h e  concentrated force  a t  t h e  j o i n t  i s  given by 

t h e  expression _ - 
,, . . -- 

W. = hw. 
1 1 

(110) 

it can be seen t h a t  expressions 108 and 10 a r e  i d e n t i c a l  except f o r  

t h e  sign of t h e  term f o r  t h e  l a t e r a l  force.  This d i f ference  r e s u l t s  

simply from t h e  s ign  convention used i n  developing t h e  equations and 

has no physical  s igni f icance .  

Discrete Element Representation of t h e  Response of a 
Generalized Beam-Column 

116. For simple beams, wi th  only l a t e r a l  forces  appl ied ,  closed 

form solut ions  a r e  ava i l ab le  f o r  most cases.  However, r e a l i s t i c  engi- 

neering problems usual ly  involve t h e  appl ica t ion  of a x i a l  loads and a 

va r i e ty  of external  loading and r e s t r a i n t  condit ions.  The mechanical 

model' representa t ion  of a beam-column and t h e  equations describing t h e  

response of t h e  beam-column w i l l  be developed below. 

117. The external  fo rces  and r e s t r a i n t s  t h a t  w i l l  be considered 

a r e  presented i n  Figure 34. The forces  and r e s t r a i n t s  a r e  shown ac t ing  

i n  t h e  pos i t ive  sense. Lowercase l e t t e r s  represent  d i s t r i b u t e d  loads  

and r e s t r a i n t s  while corresponding c a p i t a l  l e t t e r s  denote concentrated 

forces and r e s t r a i n t s .  
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Figure 34. Loads and r e s t r a in t s  considered i n  t he  general ized 
beam-column s o l u t i o n .  A l l  e f f ec t s  are shown ac t ing  i n  a posi- 

t ive  sense i n  r e l a t i o n  t o  t he  x-direct ion 

118. Equations describing t h e  behavior of a generalized beam- 

column may be derived by cons ider ing  the beam-column element i n  Fig- 

u r e  35 def lec ted  a d i s t ance  y and rotated through an  angle dyjdx . 
Summine; moments about the  r i g h t  end of t h e  element yields 

where 

t = dis t r ibu ted  ex te rna l ly  applied moment o r  torque 

w = dis t r ibu ted  l a te ra l  force  

s = d i s t r ibu ted  la tera l  res t ra in t  

g = dis t r ibu ted  r o t a t i o n a l  r e s t r a i n t  

Q = axial force  

Neglecting higher order  terms and  d i v i d i n g  both sides of t h e  equation 

by dx y i e l d s  



Figure 35. Generalized beam-column element de f l ec ted  a 
d is tance  y and t i l t e d  through some angle dy/dx 

S m a t i o n  of v e r t i c a l  f o r c e s  on t h e  element i n  Figure 35 y i e l d s  

Di f fe ren t i a t ing  Equation 112 and s u b s t i t u t i n g  Equation 113 i n t o  t h e  re-  

s u l t i n g  equation t o  e l iminate  t h e  shear  y i e lds  

The above equation corresponds t o  Equation 7 but with t h e  add i t ion  o f  

t h e  e f f e c t s  of e x t e r n a l l y  appl ied  moments, r o t a t i o n a l  r e s i s t a n c e ,  an 

a x i a l  load  t h a t  i s  v a r i a b l e  with x , and external ly  appl ied  l a t e r a l  

loads. The term E y i n  Equation 7 i s  analogous t o  t h e  term sy i n  s 
t h e  above equation i n  t h a t  they  both represent  t h e  e f f e c t s  of l a t e r a l  

r e s t r a i n t s .  However, t h e  v a r i a b l e  E i s  a secant modulus value s 
obtained from a nonlinear  curve while  s symbol.izes a l i n e a r  



relationship between load and defl-ection. The above equation is next 

converted into finite difference forms and the effects of distributed 

applied loads and restraints concentrated in order to develop a mcchan- 

ical model that will represent the response of the beam as predicted by 

the finite difference equations. 

119. The left side of Equation 114 is converted into finite 

difference form by first writing the expression 

The equations for the moment at the nodal points given by Equation 101 
* - 

are substituted into Equation 115 yielding . -- 

The right-hand side of Equation 114 is converted to finite difference 

form by writing w as w. and sy as siyi . The remainder of the 
1 

expression is converted by writing 

and 

Writing the rjght-hand side in its entirety yields 



Equating Equations 116 and 119 y i e l d s  f o r  nodal poin t  i t h e  expression 

Combining terms, Equation 120 i s  w r i t t e n  a s  

The d i s t r i b u t e d  e x t e r n a l l y  appl ied  loads  and r e s t r a i n t s  may be  lumped 

a t  t h e  nodal po in t s  as concentrated forces ,  
'i , concentrated sp r ings  

Si , concentrated moments 
Ti and concentrated r o t a t i o n a l  r e s t r a i n t s  

Gi , by t h e  fol lowing equations:  

W. = hw. 
1 1 (122 ) 

S .  = hs .  
1 1 (123) 



T. = ht. 
1 1 

G. = hg 
1 i 

Substituting Equations 122-125 into Equation 121 results in an equation 

describing the behavior of the mechanical model shown in Figure 36. The 

flexural stiffness R. is concentrated at the increment point in the 
1 

Figure 36. Mechanical model corresponding exactly 
to beam-column equations 

form of a spring-restrained hinge between two rigid segments. All load 

and support values are ultimately felt by the beam as transverse forces 

applied at nodal points. This is obvious for the lateral load W. and 
1 

for the couple created by forces Ti/2h . It is also true for the 

reaction from the spring Si as well as for two equal but opposite 

reactions from the angular restraint mechanism which acts as an exact 

analog for the combined effect of a rotational spring G. and the axial 
1 

tension (or compression) Qi . 



120. The deflections that result from the solution of Equation 

121 represent a set of deflections for the nodal points of the mechan- 

ical model for the beam-column that will satisfy compatibility and 

equilibrium at each nodal point and of each nondeformable bar in the 

model. In the subsequent paragraphs the procedure for solving the 

equations will be described. 

Recursive Solution Technique 

121. Equation 121 may be written in the following form: 

where 

. . . a. = R.. 
h 

. . .. .. . . , - 1  . l+l - IS. ('i+l. + Q -  . . 1+1. h) .. . . . , .  . . (127 ). 

For a beam-column represented by a mechanical model as illustrated in 

Figure 37a, a set of simultaneous equations composed of Equation 126 

written for each nodal point may be formulated. The simultaneous equa- 

tions when written in matrix form result in the matrix equation 





The s t i f f n e s s  matrix [ K ]  i s  a diagonally banded matrix containing 

terms a through e . The de f l ec t ion  matrix (y} i s  a  s i n g l e  column 

matrix as i s  t h e  load matrix I f ] .  The unknown matrix i n  t h e  matr ix  

equation i s  t h e  de f l ec t ion  matrix. A recurs ive  technique i s  u t i l i z e d  t o  

so lve  f o r  t h e  def lec t ions .  Once t h e  de f l ec t ions  a r e  found, t h e  moments, 

shear ,  o r  any force  exerted by a r e s t r a i n t  spring may be computed by 

s u b s t i t u t i n g  t h e  appropriate de f l ec t ions  i n t o  t h e  appropriate equation. 

122. I n  order  t o  begin and end t h e  recurs ive  process, it i s  

necessary t o  e s t a b l i s h  t h r e e  f i c t i t i o u s  s t a t i o n s  a t  each end of t h e  

beam-column. The f i c t i t i o u s  s t a t i o n s  have no f l exura l  s t i f f n e s s  and 

thus  a c t  as mul t ip le  hinges. I f  such a system were added t o  t h e  me- 

chanical  model, t h e  response of t h e  remainder of t h e  model would not be 

af fec ted;  therefore ,  t h e  so lu t ion  obtained f o r  t h e  equatho* i s  not 

af fec ted  by t h i s  addi t ion .  These f i c t i t i o u s  s t a t i o n s  a r e  added f o r  

computational purposes only and a r e  generated automatical ly by t h e  
. . computer code BMCOL51. , .... . . . . . . 

123. The recurs ive  so lu t ion  technique is i l l u s t r a t e d  i n  Fig- 

ure  37d. Each equation conta ins  f i v e  unknown def lec t ions .  I n  t h e  f i r s t  

pass,  two unknown def l ec t ions  a r e  el iminated from each equation. 

S t a r t i n g  from t h e  top ,  t h e  de f l ec t ions  yi-2 and yi-l a r e  el iminated.  

The r e s u l t i n g  equations form a diagonally banded matrix i n  which each 

equation conta ins  only t h r e e  unknown def lec t ions .  During t h e  reverse  

pass t h e  so lu t ion  f o r  t h e  d e f l e c t i o n  a t  s t a  i i s  computed. The deflec-  

t i o n  y can be determined only  when y .  
i 1+1 and Yi+2 a r e  known. 

During t h e  forward pass t h e  app l i ca t ion  of boundary and s p e c i f i e d  con- 

d i t i o n s  w i l l  e s t a b l i s h  values o r  r e l a t ionsh ips  between de f l ec t ions  such 

t h a t  Yi+l and Yi+:! a r e  known a f t e r  completion of t h e  forward pass. 

This permits  t h e  computation of  y. during t h e  reverse  pass. After  t h e  
1 

reverse  pass i s  completed, t h e  de f l ec t ions  a t  each nodal point  a r e  

known. With these  values, moments, shear slope, o r  r eac t ion  may be 

obtained by applying t h e  appropr ia te  f i n i t e  d i f ference  equation. 
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A ' I N I  X A : NO'I'ATION 

b c i<ecuvi;i.vc: coef.'f'~.cienLs conipuled ( i n  so lu t ion  of f i ~ i i t e  
1 1 s  

( l j  t'f'crci~(:e equa t ions  

A Cross-sect ional  a r e a  of p i l e  

1 1 ~  
Area of base of p i l e  

U Ii'actor c o r r e l a t i n g  downward p i l e  movernent t o  axial.  s t r a i n  
' C  

. Ii Fhctor c o r r e l a t i n g  upward p i l e  movement t o  a x i a l  s t r a i n  
t 
c Cohesion o f  c l a y  

Pi.le circumference 

Dianctcr of p i l e  f o r  c i r c u l a r  p i l e s  o r  equivalent  
d i anc te r  of o t h e r  shapes 

Compression sk in  f r i c t i o n  c o e f f i c i e n t  

.Tension skin' f r i c t i o n  c o e f f i c i e n t  
C - 

Modulus of e l a s t i c i t y  o f  p i l e  ma te r i a l  -'' " 
S o i l  modulus ( l a t e r a l  s o i l  r e a c t i o n  divided. by l a t e r a l  
d e f l e c t i o n )  

Shear force  per  Unit ' .area ( a s  a funct ion  o f  the  loca t ion  
along a p i l e )  

Maximum shear  t r a n s f e r  i n  p s i  

Silear force  per  u n i t  l e n e t h  

Forces and moment exer ted  by each p i l e  

Di s t r ibu ted  r o t a t i o n a l  r e s t r a i n t  

Concentrated rotat i .ona1 r e s t r a h t  

Tncrcrrlcnt lc~!($ti 

ColistanL depending on rc laLive  dens i ty  ol' :;and 

1,brnent of i n e r t i a  of p i l e  sec t ion  

Secant modulus va lues  

Horizontal e a r t h  pressure  c o e f f i c i e n t  a t  p i l e - s o i l  
i n t e r f a c e  

Coefl'ici.~?nL of' acLivc ear t l i  pl.es:;ill.c 

CoefCicienL of e a r t h  pressure  a t  r e s t  

L,enlr,Lh of' p i l e  

Cocl'fic3.cnt 



Kxtci-nctl moment, hori.zo.nta:l. fo rcc ,  and vcl-l,ic:il fo rce  
( ~ p p l i c d  nl ori(:in of  u-v coordina te  system) 

Moment a t  t h e  rc:;pcctive j o i n t s  

Dendine moment app l i ed  t o  top  of pi . le  

Nwnbcr of  blows per  foo t  pene t r a t ion  

Lat,era:L s o i l  r e a c t i o n  per u n i t  l e n g t h  

U1tiinal;e l a t e r a l  s o j l  r e a c t i o n  

Resul tant  force.. per  u n i t  iength  of p i l e  

La te ra l  load app l i ed  t o  t o p  of  p i l e  

Normal pressure  on base of  p i l e  

Unit u l t ima te  bear ing  capac i ty  i n  p s i  

Unconfined compressive s t r e n g t h  

Axial l oad ;  a x i a l  f o r c e  - 
Load due t o  t h e  normal p re s su re  on t h e  bas5  oT a  p i l e  

Constant a x i a l  l oad  i n  p i l e  

Axial load  app l i ed  t o  t o p  o f  p i l e  

EI ( f l e x u r a l  r i g i d i t y )  ' 

Dis t r ibu ted  l a t e r a l  r e s t r a i n t  

Concentrated l a t e r a l  r e s t r a i n t  

E'orce r ep resen t ing  concent ra t ion  oE shcar  tr:xnsEcr. a t  a  
j o i n t  

D i s t r ibu ted  e x t e r n a l l y  appl ied  moment o r  torque 

Concentrated e x t e r n a l l y  appl ied  moment' o r  torque  

Coordinat,e system ( f o r  d e s c r i b i n e  geometry o r  t h e  
foundat ion)  

Corrc la t ion  c o e f f i c i e n t  f o r  compression loading  

Cor re l a t ion  c o e f f i c i e n t  f o r  u p l i f t  loading  

Shear 

Shears i n  ba r s  A and B 

Di s t r ibu ted  l a t e r a l  f o r c e  

Concentrated l a t e r a l  f o r c e  

Distance along a x i s  of p i l e  

Depth from s o i l  su r face  

l:j:itcval. dcflecti.or! 

Axial. movement of p i l e  



/ui:iI. tiiovcnici~t, o f  bui;e o f  p j l . ~ .  

O I !  v l ;  fr)r 1oo:;e and dense :;and) 

Constant = 1,5O + P)/2 

E f f e c t i v e  .mit vc igh t  o f  s o i l  

F r i c t i o n  ang:i.e (between t h e  pi1.e and t h e  s u r r o ~ d i r i g  s and )  

Coi~i]>oncnt s  o f  foundat i on  movement 

i rx ia l  soil .  s t r a i n  ( i'rom l , r i a x i a l  compression t e s t )  

F i f t y  percen t  o f  t h e  maximum e l a s t i c  a x i a l  s o i l  s t r a i n  
(from t r i a x i a l  compression t e s t )  

Angular measure of pi  i e  b a t t e r  

Boundary c o n d i t i o n  c o e f f i c i e n t s  (computed i n  so lu t i o r i  o f  
: f i n i t e  d i f f e r e n c e  e q u a t i o n s )  

S o i l  d e v i a t o r  s t r e s s  ( o  
1 - 03 )  

Deviator  s t r e s s  cor responding  t o  50 percen t  maximu2 - 
e l a s t i c  a x i a l  s t r a i n  . -- - C 
h i a l  and conf in ing  s t r e s s  ( i n  t r i a x i a l  compression t e s t )  

Aiiglc of '  i n t e r n a l  f r i c t i o n  of  sand 

A.' f 'unction r c l u t i n r :  a x i a l  l o a d  t o  t h e  r e l a t i v e  a x i a l  
movcnrcnt between t h e  p i l e  and s o i l  

Slope at t o p  of  p i l e  



APPENDIX B: USER'S GL liE FOR PROGRAM COM62 

General Introducton 

1. Documentation for the computer program COM62 - to analyze later- 
ally loaded piles in nonlinear soil media - is presented in this appendix 
and includes a general introduction, program listing, flow charts, guide 

for data input, and input-output data for two example problems. 

2. COM62 is a finite difference computer code (developed by 

Dr. L. C. Reese, University of Texas (uT), Austin,   ex as) that can solve 

for deflection, shear, moment, and reactions in a single pile under a 

variety of boundary conditions specified at the top of the pile. The 

quantities input at the top of the pile can be one of the following com- - - 
binations: lateral load and a moment; lateral load and &-specified 

slope; lateral load and a specified moment/slope value. The force- 

deformation characteristics of the soil are represented by a series of 

nonlinear springs. 

3. Typical curves that relate the soil resistance to the lateral 

movement of the pile are shown in Figure B1. Procedures for obtaining 

30 FT 

a 20 FT 

w 
0 
z 
< 
C 
V) - 10 FT 
V) 

W 
II: 
i - 

0 FT DEPTH 

LATERAL PILE MOVEMENT, y 

Figure B1. Examples of p-y curves at various 
depths in soil 



such curves from laboratory soil test data are described in the text 

(Part V). The computer program MAKE that can automatically generate such 

curves from laboratory soil data is documented in Appendix D. ~ 0 ~ 6 2  can 

handle variable flexural rigidity (EI) of the pile and layered soil 

media. If an axial load is specified at the top of the pile, it is 

assumed to be constant throughout the length of the pile. 

4. In the analysis used in COM62, compatibility is achieved be- 

tween the inelastic soil and the elastic pile (which is elastically re- 

strained by the superstructure) by repeated application of the elastic 

theory. The soil stiffness constants are adjusted for each trial in 

accordance with the specified force-deformation relations for the soil. 

Thus, the iterative analysis consists of a conventional beam on elastic 

foundation analysis coupled with the proper prediction of force- 
..- 2 - 

deformation characteristics of the soil. c 

. . ;.( ,...: :: . , . .  . . ,  ,..>,, ,,,i:>>!;!!::>;::, 5. Input may be input interactively at execute time, or input 

may be in a prepared data file. Output will be directed to 

an output file. 



Flow Charts 

6 .  A flow chart for the program is shown in Figure B2. The se- 

quence of operations for subroutine soil is diagramed in Figure B3. 

. I 

. . , ,  . .  . , . . 3 ... i..: . . . ...... 

KOOE = I AN0 
PRINT MESSAGE 

.. 
.- _ - 

i .- c 
COhlPUTE INITIAL VALUES. ES= X 

PO 1 0 1  FATI I T A I ' O L . !  I r- 

YES 

COMPUTE MOLIENT AND SOIL 
RESISTANCE AT EACH STATION 

I 
PRINT RESULTS 

I I 

Figure B2. Flow chart for ~ 0 ~ 6 2  



SUBROUTINE 1 so; 1 
DO FOR EACH STATION; J = 1, NI --C;---=] 

I C - :c C 

INTERPOLATE FOR DEPTH TO OR BETWEEN 
P-Y CURVES ACCORDING TO STATION DEPTH 

. . . . . .  . . . . .' : . .. . .; 
INTERPOLATE ON OR BETWEEN p-y CURVES 
FOR SOIL RESISTANCE P ACCORDING TO ZJ) 

RETURN 9 
Figure B3. Flow char t  of subroutine 

s o i l  f o r  COM62 



Guide for  Data Input 

7 .  Data should be input t o  program COM62 according t o  the  follow- 

ing guide. A l l  input i s  in  free-field format. 

Group 1 - T i t l e  

RUN = 60 character problem heading 

Group 2 - Problem Parameters 

IPT, BC2, D, H, TOL, N,  KODE, N E N P Y  

PT = Lateral load a t  top  of p i l e ,  l b  . -- * - .. C 

BC2 = Secondary boundary condition value (i. e . ,  value of MT 
i n - b  ST, or  MT/ST - see KODE below) 

H = Increment length,  in .  

TOL = Increment tolerance for  deflections,  in.  

N = Number of increments 
(Product of N and H equals length of pile.) 

KODE = Boundary condition control  parameter 
1 --- use l a t e r a l  load (PT) and moment (MT). 
2 --- use l a t e r a l  load (PT) and slope (ST). 
3 --- use l a t e r a l  load (PT) and MTJST. 

NEWPY = Control parameter t o  specify i f  a new p-y curve w i l l  
be read in. 
0 --- Program w i l l  not read p-y curves ( w i l l  use old 

p-y data)(Do not specify Group 3). 
1 --- A new s e t  of p-y curves w i l l  be read. 

Group 3 - Soi l  Resistance-Pile Movement Data 

A. INX, NUM 

NX = Number of p-y curves 

NUM = Number of points on each p-y curve 



(ii) ( Y M ( J , K ) ,  PP(J,K) I 

X ( K )  = Distance from top  of p i l e  t o  t h e  Kth p-y curve, f t  

YM(J,K) = Deflection a t  J~~ point  on Kth p-y curve. 3 goes 
from 1 t o  NUM and K goes from 1 t o  NX, i n .  

PP(J,K) = Soi l  r e s i s t ance  a t  jth point on Kth p-y curve. 
J goes from 1 t o  MM and K goes from 1 t o  NX, l b / i n .  

Note: Set  B i s  repeated u n t i l  NX number of p-y curves have been 
supplied. 
Line (ii) of Set B i s  repeated within each s e t  u n t i l  NUM 
de f l ec t ions  and s o i l  r e s i s t a n c e s  have been supplied f o r  
t h a t  s e t .  
A p-y curve must always be spec i f i ed  a t  t h e  t p ~ g f - t h e  p i l e .  

Group 4 - Flexural  Rigid i ty  Data 

I = Number of d i f f e r e n t  f l e x u r a l  r i g i d i t y  values f o r  a  
p i l e .  

RR(J) = The ,Tth f l e x u r a l  r i g i d i t y  va lue ,  l b  x in2.  J goes 
from 1 t o  I. 

X X ( J )  = The dis tance  from t o p  of p i l e t o  point  where J 
t h  

f l e x u r a l  r i g i d i t y  value occurs. J goes from 
1 t o  I. 

Note: Set  B should be repeated u n t i l  I number of f l e x u r a l  ri- 
g i d i t y  and t h e i r . l o c a t i o n  values have been supplied. 

Group 5 - Axial Load Data 

PX = Axial load at  t h e  t o p  of p i l e ,  l b  



Example Problems 

8 .  To i l l u s t r a t e  t h e  preparat ion of input da ta  for  program COM62, 

two example problems ( i n  one run)  w i l l  be solved. Figures B4 and B5 

show t h e  physical  problems; Figure ~ 6 ,  t h e  input p-y curve f o r  both 

examples; and Table B1,  t h e  input  da ta  t o  t h e  program. The computer 

outputs  f o r  t h e  f i r s t  and second examples a r e  given i n  Tables B2 and 

B3, respect ive ly .  The r e s u l t s  a r e  a l s o  p lo t t ed  i n  Figures B7-B9 f o r  

Example Problem 1 and i n  Figures B10-B12 f o r  Example Problem 2. 

I IS 10,000 L B  

I I 

(NCREMENT LENGTH r 10 IN .  

l T E R A T i O N  TOLERANCE = 0.001 IN .  

N O .  O F  I N C R E M E N T S  = 100 

NO. OF I N C R E M E N T S  = $00 I N C R E M E N T  L E N G T H  = 10 I N .  

T E R A T I O N  T O L E R A N C E  = 0.001 I N .  

Figure ~ 4 .  Physical  problem Figure B5. Physical problem 
fo r  Example Problem 1 for  Example Problem 2 

R 7 



PILE MOVEMENT y .  IN 

Figure B6. Input p-y curves for Example 
Problems 1 and 2 



Table B1 

Input f o r  Example Problems 1 and 2 

1 0  RUN 1 COM62 LATERAL L O A D ~ 1 0 0 0 0 0  AXIAL LOADI~ 
2 n  i o o o o o ~ 0 1 3 0 1 i o l o , o o ~ 1 ~ o o , i , ~  
3 0  2 t 2  
4 0  0 . 0  
5n 0 . 0 , o . o  

1?0 1. .. - 
$30  RUN 2 COM62 o LATERAL LOAD~iOOOOO AXIAL - & 6 9 1 0 0 0 0  
1 4 0  1 0 0 0 0 0 ~ 1 0 ~ 0 ~ 3 0 ~ t 1 0 ~ 1 O t 0 0 1 1 1 0 0 ~ 1 1 0  
1'30 1 

ENTER NAME OF INPUT DATA F I L E  
=DAT62 
ENTER NAME OF OUTPUT DATA F I L E  
F I L E  DESCRIPTION (47 CHARACTERS M A X ) .  TYPE 7 FOR INFO ON FORM 



Table B2 

O u t p u t f o r e  Problem 1 

LIST OUT62 
9UN 1 COM62 - LATERAL LOAD8100000 AX IAL  L O A D s l  

ITERATION INFORMATION 
ITER. NO. YTeIN.  

1 0 0 7 2 1 5 9 E  0 1  
2  0 .11287E  0 2  
3 0 .11287E 0 2  

LATERALLY LOADED P I L E  PROGRAM . -- p - 
,, - .. C 

?NPUT INFORMATION 
PT,LB BC2 B C  CASE 0IAMETER;IN 

. . d.1000OE 06 . 0 ,  . .  . . . . .  1 , 0,300.00E .02. 
INCREMENT 'LENG.TH;TN 'NuH'B'ER .OF .lMCREMENTS' . ' . . .  

0 , 1 0 0 0 d E 0 2  1 0 0  

i X l A L  COMPRESSION AT P I L E  TOP s 0 ,10000E  0 1  

ITERATION TOLERANCE','IN 
0 , 1 0 0 0 0 E ~ 0 2  

DEPTW TO P-Y CURVEaIN. Y t I N .  PILR/!N, 
0. 0, 0 .  

OUTPUT lNFORMATlON 

(Continued) 

(Sheet 1 of 3 )  





Table B2 (Concluded) 
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Table B3 

Output f o r  Example Problem 2 

RUN 2 COM62 - LATERAL LOAD=100000  AX IAL  L0AD:lOOOO 

ITERATION INFORMATlON 
ITER. NO. YT,IN. 

1 0 . 7 2 1 7 7 E  0 1  
2 0 . 1 1 3 2 4 ~  oe 
3 0 . 1 1 3 2 4 E  0 2  

LATERALLY LOADED P l L E  PROGRAM 
. -- - 

.. . -  Z 1 
: I  INPUT INFORMATION 

P T t L B  RC2 BC CASE DIAMETERIIN 
6 .10000E  0 6  0 .  1 0,30000E 0 2  

i . .  . INCREMENT LENGTHeIN NUflBER . . OF INCREMENTS., . . . . 
: .. ' .. -0,'10000E' 0 2  . . .  . . :  . .  ..., '.. . . . ~ .. .. . . . . . 

4 X l A L  COMPRESSlON AT P l L E  TOP = 0,100OOE 0 5  

LENGTH OF P lLE ,FT  
0 .83333E 0 2  

ITERAT ION ToLERANcE','IN 
0 q 1 0 0 0 0 E - 0 2  

DEPTH TO P-Y CURVEIIN, y 1 1 N t  PII.B/!N. 
0 .  0, 0 ,  

0 , 2 0 0 0 0 E  0 2  8. iOOOoE 0 4  

INFORMATION 
YIIN. 

0 . 1 1 3 2 E  
0 0  O . i i O $ E  
0 1  0 .1070E 
0 1  0 . 1 0 3 9 E  
0 1  0 .1008E 
0 1  0 ,9777E 
0 1  0 . 9 4 7 3 E  
0 1  0 . 9 1 7 0 E  
0 1  0 ,8871E 
0 1  0 . 8 5 7 4 E  

HI I N - L B  
0. 
0 , 9748E  0 6  
0 ,1895E  0 7  
0 , 2 7 6 1 E  0 7  
0 .3575E 0 7  
0 .4340E  0 7  
0 .5056E 0 7  
0 , 5 7 2 6 E  0 7  
0 , 6 3 5 0 E  0 7  
Q,6929E 0 7  

(Continued) 
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Table B3 (Continued) 
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Figure B11. Variat ion of moment a&ong p i l e  for Example Problem 2 





APPENDIX C: USER'S GUIDE FOR PROGRAM PXlrC3 

General Introduction 

1. Documentation for the computer program PXhC3 - to analyze 
axially loaded piles in nonlinear soil media - is presented in this 
appendix and includes a general introduction, program listing, guide 

for data input, and input-output data for two example problems. 

2.  P X ~ C ~  is a finite difference computer program (developed by 

Drs. L. C. Reese, UT at Austin, and H. M. Coyle, Texas A&M University)" 

that may be used to compute load-displacement relationship's for axially 

loaded piles, where the pile has a constant outside diameter. The 

program employs a set of load transfer curves along the pil: and a 
. .- - 

point resistance curve at the tip of the pile. Piles oFfdi'fferent 

outside diameters can be solved using PX4C3 by adjusting the load trans- 

fer curvesfor a constant diameter. 
. . . . 

3 .  A load transfer curve relates the skin' friction dekelopedon 

the side of a pile to the absolute axial displacement of a pile section. 

The point resistance curve refers to a relationship between the total 

axial soil resistance on the base of the pile tip and the pile tip 

movement. PX4C3 can handle nonlinear curves for both the above rela- 

tionships. Some procedures for obtaining these nonlinear soil relations 

are described in the text (Part V). 

4. PX4C3 employs finite difference equations to achieve compati- 

bility between pile displacement and load transfer along the pile and 

between soil resistance and displacement at the tip of the pile. The 

method has been found to give good prediction for piles in clays. The 

program needs to be used with caution as load transfer curves used in 

the program are presently derived from semi-empirical criteria. 

* H. M. Coyle and L. C, Reese, "Load Transfer for Axially Loaded Piles 
in Clay," Journal, Soil Mechanics and Foundation Division, American 
Society of Civil Engineers,Mar 1966. 



5. Input may be input interactively at execute time, or input 

may be in a prepared data file. Output will come directly 

back to the terminal, or output will be directed to an out- 

put file. 



Guide fo r  Data Input 

6 -  Data should be input t o  program PXk3 according t o  the  follow- 

ing guide. A l l  input i s  i n  f ree-f ie ld  format. 

Group I - T i t l e  

RUN = 60 character problem heading 

Group 2 - Problem Parameters 

I Q  = Number of increments on p i l e  - - . .- - 
IJ = Number of assumed t i p  movements ( s e e  Grobp 7)  

NA = Number of depths a t  which AE values a r e  specified 
(see  Group 4) (AE = cross-sectional area  of p i l e  X 
modulus of e l a s t i c i t y  of p i l e )  

I T  = Number of points on t he  point bearing vs t i p  move- 
ment curve ( see  Group 5) 

LSO = Option control  t o  p r in t  out load-settlement data only 
1 --- if only load settlement r e s u l t s  a r e  desired 

F1 --- a l l  r e s u l t s  a r e  printed 

Group 3 - Load Transfer Curve Data 

NX = Number of T-Z curves along the  depth of t he  p i l e  

NUM = Number of points on a T-Z curve. A zero point on a 
T-Z curve is  required t o  be input. 

X = Distance from top of p i l e  t o  kh T-Z curve. K goes 
from 1 t o  NX 



PP = Load t ransfe r  l b / sq  f t  i n  T-Z curve 

ZM = Pi le  movement ( i n . )  i n  T-Z curve 

Note: Set B should be repeated u n t i l  NX T-Z curves have been 
specified. 
Line ( i i )  of Set B should be repeated with each s e t  u n t i l  
NUM number of PP and ZM values have been specified for  
t h a t  se t .  

Group 4 - AE Data 

AE = Cross-sectional a rea  times modulus of e l a s t i c i t y ,  
l b  

ZAE = Depth t o  AE value, f t  - - 
,, : L- 

Note: Repeat u n t i l  NA s e t s  of AE and ZAE values have been speci- 
f i ed  by put t ing one s e t  per l i ne .  

Group 5 - Tip Load-Movement Data 

TIPLD(M) = Point bearing i n  the  point bearing ( l b )  
vs t i p  movement ( i n . )  curve 

TIPMV(M) = Tip movement i n  t he  point bearing v s  t i p  move- 
ment ( i n .  ) curve 

Note: Repeat u n t i l  I T  s e t s  of TIPLD and TIPMV values have been 
specified by put t ing one s e t  per l i ne .  

Group 6 - Pi l e  Data 

JU, ALGTH, OD 1 

U = Tolerance f o r  convergence on displacements ( i n . )  

ALGTH = Length of p i l e ,  f t  

OD = Outside diameter of p i l e ,  f t  



Group 7 - Desired Tip Movements 
.- - 1 P 1 

P = Assumed tip displacements, in. 

Note: This line is repeated IJ number of times. 



Example Problems 

Example Problem 1 

7 .  The first example problem illustrating the use of program 

PXbC3 shows a pile being subjected to a pullout test (Figure Cl). The 

input T-Z curves and the input data for this example are shown in Figure 

C2 and Table C1, respectively. The computer output is presented in 

Table C2, and the load-displacement curve is plotted in Figure C3. 

NO. 

A - E  

. INCREMENTS 

TOLERANCE 

Figure C1. Physical problem (prediction 
of pullout curve for pile) for Example 

Problem 1 

:; m 

10' LB 

IN. 
I 
- 

I 



I I I I 0 F T  1 
0.025 0.050 0.075 0.100 0.125 0.150 

PILE MOVEMENT, IN. 

Figure C2. Input load transfer (T) versus pile 
movement (Z). curves for Example Problem 1 



Table C1 

Input Data for Example Problem 1 

10 P R E D l C T t O N  Or PULLOUT CURVE FOR A P ~ L E  
20 33,13,2:2,1 

350 0 . 0  
960 2 3 7 . 6 1 0 . 0 0 2 5  
370 486 ,0 ,0074  
seo 6 1 e r o . d i 2 4  
390 697 .2a i l .0114  

(Continued) 

C S 



Table C1 (Concluded) 



Table C2 

Output Data for Example Problem 1 

P R E D I C T I O N  OF PULLOUT CURVE FOR A P I L E  

AX?ALLY LOADED P I L E *  CCNSThN7 8 D  

P-Z CURVE NO, 1 NO. OF C C I N T S  9 DEPTH TO CURVE,FT @. 
TRANSFER MOVEMENT 
LR/SQ F t  INCHES 

P ~ Z  CURVE NO.  a 1 0 .  OF R C I N T S  9 DEPTH T O  C U R V E ~ F T  0 . 7 5 0 ~  ot 

P-Z CURVE NO. 3 NO. OF RClMTS 9 DEPTH T O  CURVE,FT 0 . 2 0 0 E  0 1  

LOAB R I L 6  
TRANSFER MOVSMENT 
L B I S O  F I  I N C H E S  

(continued) 
(Sheet 1 of 4) 



Table C2 (continued) 

P-2  CURVE NO. 4 U O ,  OF RC lNTS  9 DEPTH TO CURVEI~T 0 . 3 5 0 E  0 %  

LOAU R I L ~  
TRANSFER UOVEMENT 

- .  L E I S O  FT tNCHES 

I -2  CURVE NO, 9 #O. OF P O I N T S  9 DEPTH TO  CURVE,^ - 6 , 5 0 0 ~  O X  

LOAM 
TRARSFER 
Le!.sq. FT ,  . . . 

- ..'... '0;. . . . . . . 
0 . 3 3 8 ' 4 ~  03 
0;7008E 0 3  
0 ! 8 9 0 4 E  05  
0,lOOBE 04 
0,1086E 0 1  
O:1146E 0 1  
0 ,1188E 0 1  
0 .1188E  04 

-Z CURVE NO, 6 

LOAB 

L E I S 0  FP .. 

- 2  CURVE NO. 7 

LOAM 
.RAMSFEU 

DEPTH TO CURVEeFT 0 .650E  0 1  

0 OF R D I N T S  9 DEPTH TO CURVE,FT 8.825E %1 

R I L E  
MOv6MENf 
lNCHES 

(continued) 
(Sheet 2 of 4 )  



Table C2 (Continued) 

A E  P I L E  DEPTR 
L B S U  

o . i l s O O E  08 0. F l *  
O . i l 5 0 0 ~  0 8  0 .82c iOO~ o i  

POIhlT BEARING LOAD T I P  WOVEMEN1 - c - - -  .P 

0 ,  0 .  
0. 0 .10000E  02  

. . . , '. . .~ . . .. ... . . . . , . . tOLERANCh . . . ., .. ; :P f I .E .  LENGTH :'. . .- : . . .OUTER:.DIA. . ' .  ' : :...' .. " 

F T "  F f .  0 . 1 0 0 b ~ - O i i  U i 8 2 5 0 ~  0 1  0 ,1690E 00  

ASSUMED T t P  M~vEMENT P O l h T  BEARIRG 
IN 

0.100OE.03 
LB 

0 ,  
O ,7000E*03  
0 . 1 5 0 0 E - 0 2  

0 .  
0 .  

0 ,3000E.02 0, 
0 .5000E-02  0 .  
0 .1000E.01  n .  

A X I A L L Y  LOADED P I L E ,  C ~ N S T A N T  B D  

(Continued ) 

C 1 2. 
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Table C2 (Concluded) 

TOP LOAD SOP VOVEHENT 
LBS 1 NCHES 

0 . 5 8 i i E  b2 0 . 3 4 0 9 E - 0 5  
0.3918E 8 3  0 , 1 3 7 2 E - 0 2  
d . 7 6 5 2 E  8 3  0 , 4 9 5 0 E - 0 2  
6 . 1 3 1 5 E  6 4  0 . 9 3 1 1 E L 0 2  
0.1809E 0 4  0,&'406E-01 
U.2552E 0 4  0 . 1 3 3 8 E - 0 1  





Example Problem 2 

8. To demonstrate further the use of program P X ~ C ~ ,  a second 

example problem is given. Figure C4 shows the physical problem for 

this example. The input T-Z curves and the input data for this problem 

are shown in Figure C5 and Table C3, respectively. The computer output 

is presented in Table C4, and the load-deflection curve for the pile is 

plotted in Figure C6. 

A .  E = 4 . 9 G x  10'LB 

NO. OF INCREMENTS = 32 

TOLERANCE = 0.001 IN. 

I4 DIAMETER 1' 12.75 IN 
Figure C4. Physical problem (compression 

testing) for Example Problem 2 



DEPTfk53.3 FT AND /5.0 FT 

6 

0 I I I I 
, 0 F T  I 

0 0.5 I .O 1.5 2.0 2.5 3.0 

PILE MOVEMENT, IN. 

Figure C5.  Input load t r a n s f e r  (T) versus  p i l e  movement (2) 
curves f o r  Example Problem 2 



Table C3 

Input Data for Example Problem 2 

00i0 TEST 201 L2q75 DIA PILE LOADED IN C O N ~ R E S S I O ~  F R O M  A R K A ~ S A S  R I V E R  
0020 32,10:2,8;1 
0030 7 .8  
0 0 4 0  0 

(Continued) 

C 1 7  



Table C3 (concluded) 



T E S T  2 0 1  i 2 . 7 5  D I A  P I L E  L O A D 6 t  I N  COMPRESSION FROU ARKANSAS R l V E R  

AXIALLO LOADED P I L E ,  GONSTANT OD 

P A Z  CURVE NO. 1 NO+ OF P c I N T S  8 DEPTH TO CURVE,CT 0 .  

LOAD 
T R ~ ~ S F ~ R  
L E I S O  F T  

O! 
0 .  
0; 
0. 
0 .  
0. 
0 t 
0. 

. . . . . . .  P - Z  CURVE NO. 2 . . . . . . .  . . . . : . .  , . . . . . . . . . . . . . .  
LOAU 

Table C 4  

Output Data f o r  Example Problem 2 

P - Z  CURVE NO, 3 

LOAD 
T R A ~ S F E R  
L B f S Q  F T  

P - Z  CIJRVE NO. 4 

. . .  . . . . . . . . . .  NO. OF R n l N T S  8 . . . . . .  . . . . .  
DEPTH TO CURVE*PT  Pa167E 0 1  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  .: . .  , . . . . .  

R I L f i '  

NO, OF f ? O l N T S  8 DEPTH T O  C U R V E # F T  0 . 5 0 0 E  0 1  

R I L E  
HOvEHENT 
INCMES 

NO. OF R c I N T S  8 DEPTH TO CURVE,FT d.833E OI 

(Continued) 

C19 
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Table C 4  (Continued) 

P - 2  CllRVE NO.  5 

P-Z CURVE NO. 6 

LOAD 
T R A ~ S F E R  
L B l S O  F I I  

0 .  

P'Z CURVE NO, 7 

NO. OF P O I N T S  8 DEPTH TO CURVEtrT  9 . 1 1 S E  0 2  

R I L E  
MOVEMENT 
INCHES 

1 0 .  OF P O I N T S  8 DEPTH TO CURVEorT 0 , 1 5 0 E  0 2  

NO, OF P O I N T S  8 DEPTH TO C U R V E , F T  8 . 5 3 3 E  82 

(Continued ) 
(Sheet 2 of 3 )  



Table C 4  (Concluded) 

AE P I L E  DEPTH 

P O I N T  B E A l l N G  LOAD t i l t  MOVEHENT 

. .  . . , . .  . . . , .  . I O L E R A N C ~  
. . . I . . .  : . .. P I 1  E LENGTR . .  ... . . OUTER D I A  

. . .  1 . . . . . . . , . . . , ,  . . . . .  .. . . 
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COMPRESSION LOAD, KIPS 

Figure C6. Load-deflection curve fo r  compression loading 
of a 12.75-in.-dim p i l e  f o r  Example Problem 2 
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APPENDIX D: USER'S GUIDE FOR PROGRAM MAKE 

General Introduction 

1. Documentation for the computer program MAKE - to generate soil 
resistance versus lateral pile movement curves based on laboratory 

triaxial test results - is presented in this appendix and includes a 
general introduction, program listing,-guide for data input, and input- 

output data for two example problems. 

2 .  MAKE is a computer program (developed by Dr. Frazier Parker, 

WES) that can generate soil resistance (p) versus pile movement (y) 

curves for soils surrounding a laterally loaded pile based on certain 

laboratory soil test results. The program uses different criteria for 
. -  i_. . . . .  

clays and sands (as explained in Part V of this report) and can be used 

(with some minor modifications) as a subroutine to the laterally loaded 
:< . . .  . . .  . .  ....... . . . . .  . . ( .  . . .  pi& gr.ogrw. ( ~ 0 . ~ 6 2 )  oy . . .  t?. the BENT1 :program. . . .  .. : ..,MAKX . . .  -can handle . . . . . . . . .  ,any . . . .  . . . . . . . . . . . . . . . . . . . .  . . . ,  . . . . . 

number of stratums of 'clay or sand and can also account for various pile 

diameters. 



Input may be input interactively at execute time, or input 

may b e  i n  a prepared data file. Output w i l l  be directed t o  

a n  output file. 



Guide for  Data Input 

4 .  Data should be input t o  program MAKE according t o  the  follow- 

ing guide. A l l  input is  in  free-field format and should be i n  un i t s  of 

pounds, inches and radians. A flow char t  fo r  data input i s  shown i n  

Figure D l .  

Group 1 - Pro f i l e  Data 

NSOILP = Number of s o i l  p rof i les  (one value per run) 

Group 2 - So i l  Data 

NSTYPE = Number of s o i l  stratums (one value pep g o f i l e )  

B. TSOIL 1 
. ' .. . .. . . .  , 

..,. , . . . .. . .  . . . . ..: . . . . .., . . .  . .  . . .. . . . . . .., . . . . 
, .  . TSOIL' = Alphanumeric designation 6f:type 'of+ s b i l " &  s t $ i t & .  ' .. 

(sand or  c lay)  (one value per stratum) 

= Sand --- input l i n e  s e t  C and omit l i n e  s e t  D for  
t h i s  stratum 

= Clay --- input l i n e  s e t  D and omit l i n e  s e t  C fo r  
t h i s  stratum 

Note: A space (blank) must be l e f t  between the  f i l e  l i n e  number 
and the parameter TSOIL. 

C.  Sand Properties 

LGAMMA, PHI, DIS1, DIS2, KDEXtSE 1 
GAMMA = Unit weight of s o i l  

PHI = Angle of in te rna l  f r i c t i on  

DISl = Distance from ground l i n e  t o  top  of stratum 

DIS2 = Distance from ground l i n e  t o  bottom of stratum 

KDENSE = Alphanumeric designation for  r e l a t i ve  density of sand 

= DENSE, MEDIUM, OR LOOSE 



D. Clay Properties 

( i )  [GAMMA, SHEARS, DIS1, DIS2, INFO, I C O N  j 

GAMMA = Unit weight of clay 

SHEARS = Cohesion of clay 

DISl = Distance from ground l i n e  t o  top  of stratum 

DIS2 = Distance from ground l i n e  t o  bottom of stratum 

INFO = Control fo r  input of s t ress -s t ra in  curve 
0 --- O m i t  da ta  fo r  curves by omitting cards t h a t  

follow i n  t h i s  group 
1 --- Input data  for  curves by specifying cards t h a t  

follow i n  t h i s  group 
2 - 

I C O N  = Alphanumeric designation fo r  consistengy %f c lay  
(SOFT or  STIF) 

NCURVS = Number of curves per stratum 

( i i i )  IDIST, NPOINT 1 

DIST = Distance from ground l i n e  t o  curve 

NPOINT = Number of points  on curve 

( i v )  (SIGD, EP I 

SIGD = Principal  s t r e s s  difference ( o  1 - "3) 

EP = Axial s t r a i n  

Note: Repeat ( i v )  u n t i l  NPOINT number of points have been speci- 
f i e d  fo r  t h a t  curve. 

Note: Repeat (iii) u n t i l  NCURVS number of curves have been 
specified f o r  t h a t  stratum. 

Note: Repeat Group 2B and 2C or Group 2B and 2D NSTYPE times. 



Group 3 - Pi l e  Data 

NPISP = Number of di f ferent  p i l e s  i n  t h i s  s o i l  p ro f i l e  (one 
value per s o i l  p ro f i l e )  

Note: Repeat s e t  B u n t i l  NPISP s e t s  have been specified. 

B. ( i )  L K S , N O C , N D D  I 

KS = Numeric iden t i f i e r  for  s e t  of p-y curves 

NOC = Number of curves i n  s e t  

NDD = Number of di f ferent  diameters used fo r  p-y curves 

D = P i l e  diameter 
. . . . . . . .  . . . . . .  ...... . . 

. . . / .  
' ;  : . . .  ~ j - ~ l j l  = ~ i ~ < & ~ ~ ~  from ,tep io top s&cti&n ' . . . . . . . . . .  : 

DISD2 = Distancefrom top of p i l e  t o  bottom of section 

Note: Repeat ( i i )  u n t i l  NDD s e t s  of values have been specified.  

( i i i )  ~ D T C  I 

DTC = Distance from top of p i l e  t o  p-y curve 

Note: Repeat ( i i i )  u n t i l  NOC values have been specified.  

Note: Repeat Groups 2 and 3 NSOILP number of times. 



INPUT FLOW CHART 

P R O G R A M  MAKE 

(NUMBER OF SOlL PROFILES) 

READ NSTYPE(GR0UP 2A) 
(NUMBER OF STRATUMS IN A PROFILE - - 

7 L- 

DO 200 1 TO NSTY PE r--- 
, . > . .  . .. , . I ., . . . ... . . . . ,  . : . . :. . . . : .  . ~ E k o  TSOIL(GROUP~'ZB) 

(SOIL TYPE - SAND OR CLAY) 

I I I 
200 READ SOlL PROPERTIES FOR SAND 

READ NPlSP(GR0UP 3) 
(NUMBER OF DIFFERENT PILE SIZES) 

I 

200 READ P I L E  DIAMETERS, DEPTH 
OF p - y  CURVE DESIRED, ETC. I 

I 
L---- 300 CONTINUE 

Figure Dl. Input f l o w  chart for MAICE 



Example Problems 

5. To illustrate the use of program MAKX two example problems 

will be demonstrated. The soil profiles and the pile dimensions used 

in the two examples are shown in Figure D2. The soil profile for the 

first example consists of two layers of clay and for the second example, 

SOlL  PROFILE I 
EXAMPLE PROBLEM I 

SET I %L?= 
I X 0" X 0" 

- -r-(0- 

STRATUM I . 
r = os ~ o , $ w 3  b x 100" 

D 
0 = 30° ni 

S A N D  
MEDlVM 

ID" 

200' 

STRATUM Z DENSE 

?'= .06 L B / ! N ~  : 
0 X 30011 Y 300" 

6 = 4 s 0  D 

S A N D  
Q 

X 400" 
X=I)EPTHS AT WHICH ? - y  CURVES ARE DESiRED 

SOlL PROFILE II 
EXAMPLE PROBLEM 2 

Figure D2. Soil profiles for Example Problems 1 and 2 



two layers of sand. Each example requires the generation of two sets 

of p-y curves corresponding to two different pile configurations. The 

input and output data for both examples are given in Tables Dl and D2. 

The generated p-y curves are shown plotted in Figures D3 and D4 for 

Example Problem 1 and Figures D5 and D6 for Example Problem 2. 

Table Dl 

M A I E  Input Data for Example Problems 1 and 2 

. . . . '  . .  . . ,, .. . . . .  . . i . .  . 



Table D2 

Output Data f o r  Example Problems 1 and 2 

INPUT OF S O l L  PARAHGTERS 

S O I L  PROFILE NO., 1 STRATUk NO,, i Y Y P E  SOIL C L A Y  . . . 
U N I T  COHESIGN TOP BOTTOM CONSlSTeNCY 

w E ~ Q T H  HEPTR DEPTH 
0,9000E-Oi Ov4000E 82 0. 0 , 2 0 0 0 E  O a  0 

S O I L  PROFILE NO,, 1 S T R A I ~ ~  NO,, 2 TYPE S O I L  CLAY 

U v l T  CO~ESION TOP BOTTbM CONS lSTeNCY 
WEIGTH BEPTH DEPTH 

0.7000E-0% 0.d6080E 62 0 .200dE  0 1  0 . 4 0 0 0 E  '0a 0 

.- - - 
. i r  Z 

P R O P ~ R T I E S  OF P I L E  USED FOR GENERATION OF pY-CURVES 

SET I D E N T ~ ~ ~ E R  NOJ 1 NUMBER OF CURVES I N  SET 4 
. . . . . . .  . . . . . . .  . . . . . . . , , . . . . . , . .  ~ , .  ... . . . . . . , , . . . . , . . . . . . .  . .  . . ,  . .. . . . . . .  : .  . . .. . .  . . .  . . .  . 

DIAMETER B ISTRIBU~ION FOR PILE 

C ~ R V E  NO,  1 DEPTH TO CURUf 0 ,  
S O I L  REACTION D f F L E C t l O N  

n 0. 

CURVE NO, 2 DEPTH TO CUQVF 0 .1000E 0 3  
SOIL  QEACTION DEFLECTION 

0. 0. 
0.1391E 04 O.4OOOE-01 

(Continued) 

D 9  
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Table D 2  (Continued) 

CURVE N.0. 3 DEPTH TO CURVF 1,JOOOE 03 
SOIL REACfION DFFLECTION 

CORVE NO. 4 DEPTH TO CURUF 0.4000E 0 3  -. e - 
SOIL  REAC910N DEELECTION -.. .r 

0 ,  9 .  
0,2087E 04 0.4JOOE-01 
0 . 2 9 3 2 ~  0 4  0.60OOE-01 

. . 0 . 3 6 1 5 ~  0 4  o . i z o a ~  o o  
. . , .  . . . . . .  . . .. . .. . , 0.41?4.f:P.4 . , a . . W o o E  00 ..' . . ' . . .. . .. . . . . . ,... . . .  

0.4667% 0 4  o . a o o o ~  00 
0.5112E 04 0 .2400E 00 
0 . 5 5 2 2 ~  04 o .aaons o o  
0 .5903f  04  0,3200E 00 
0 .6261E  04  0 ,36006 00 
0 .6600E 0 4  0 .400JE 00 
0.6600E 0 4  O.iO00E 0:s 

SLT IDENT~FIER NO, 2 KUMBER or CURVES IN SET 3 

OlAHETER BISTRlWUTION FOR PILG. 

OIAMETCR TOR 03s B O T  D I S  
0.1OOOE 02 O L  0.tOOOE 03 

O.BOOOE 131 O V ~ O ~ I O E  03  0 . 4 0 0 0 ~  03 

CURVE NO. i DEPTH T O  CUAVF 0. 
SOIL REACTION DFELECTION 

0. 0. 
0.8OOOE 03 O . f ? 0 0 6 - 0 1  
0.8000E 0 3  O.iUOOE 03 

(Continued) 

D l 0  



Table D2 (continued) 

CURVE NO. 2 DEPTH TO CURUF O.1OOOE 0 3  
S O I L  QEACTION DEfLECTlON 

COR'JE NO. 3 DEPTH T O  CURUf? O.JOOOE 0 3  
S O I L  REACi ION DEFLECTION 

0. 0. 
0 ,1044F 0 4  0 . 1 0 0 0 6 - 0 1  
0 .1476C 0 4  0 . 4 0 0 ' 1 E ~ 0 1  

. . 0..180.7.P 0 4  
0;2.087~ -04.: . : .. . 0;6$0flE-01 . . . , 

O.~OO~E-@I . . . .. . 

l N P U f  OF S O l L  PARA:i6TEMS 

S O I L  PROFILE NO. 2 S T R A T U ~  NO., 1 TYPE S O I L  SAND 

U N I T  ANGLE OF1 TOP BOTTOY DeNSITY 
LjElGY FHIC.  DEPTH OEP H 

o.5oqoE-0% 0 . 5 2 4 0 ~  0 0  3 .  O . Z O X O E  0 3  HEDUH 
S O I L  PROFILE Y7. 2 STRpTUh NO., 2 TYPE S O I L  SAND 

W E ~ G H T  FRI;. D F ~ T H  DEPTH 
0.6000E-04 b.7855E 0 0  0 ,2000E  0 3  0.400OE 0 3  DENSE 

P R O P ~ H T I E S  OF P I L E  USED FOR GENERATION OF PY-CURVES 

SET I f l E N T t f ' I E R  NO; 4 tVU<lEER OF CURVES I N  SET 5 

(Continued ) 

D l 1  
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Table DP (Continued) 

DIAMETER U I S T R l B U T I O N  F3R P l L F  

0 1  AMETFR r o s  n r s  B O T  DIS 
0.1OOOE d2 0  a. 0 , 4 0 0 0 ~  0 3  

CURVE NO, 1 DEPTH TO CUHVF 0 ,  
s o r L  R E A C ~  r o N  Q E F L E C ~ l O N  

0. 0. 

CURVE NO. 2 DEPTH TO CURVE 0 , 1 0 0 0 E  0 3  
S O I L  - R E A C t l O N  DECLECT  ON . ~- - - -. C 

. . . . . . . . .  . . CURVE N O + '  .. .3 .DEPTH.TO C U R V ~ : . O , Z O ~ O E ' : O ~  . ' . .  " " ' 
S O I L  REACf I O N  D E F L E C j l O N  

0 .  0. 
0 .2908f2 0 4  0 . 6 5 4 3 E  0 0  
0 . 2 9 0 8 E  0 4  0 . f 0 0 0 E  0 3  

CURVE NO* 4  DEPTH TO CURVF 0 . 3 0 0 0 E  0 3  
S O I L  R E A C j l O N  D E C L E ~ T I O N  

0 .  0. 

CURVE NO. 5  DEPTH 7 0  CURVE 0 , 4 0 0 0 E  0 3  
S O I L  Q E A C f l O N  D E t L E c f l O N  

0 .  0, 
11.4654e 0 5  0 . 5 9 0 4 E  0 1  
0 . 4 6 5 4 E  0 5  0.tOOOE 03 

ser I~ENTIFIER NO" 5 ~ U H B E R  OF C ~ R V E S  IN SET 5 

DIAWETER UISTRIBUTION F O R  P l L F  

Dl AMETGR T O P  nlrs BOT D I S  
0 ~ 2 0 0 0 6  02  0  k U'.lOOOE 03 

0. lOOOE d2 0,lOOOE 8 3  0 . 4 0 0 0 R  0 3  

(Continued) 

D 1 2  



Table D2 (Concluded ) 

CURVE N O *  1 D6PTH T n  CURY? 0 ,  
S O I L  REACf lON D 6 6 L E C 7 1 0 N  

0. 0. 

CURVE NO* 2 DEPTH TO CURYF 0 . 5 0 0 0 ~  0 2  
S O I L  REACf ION D E F L E C T I O N  

0, 0 .  
0 . 3 8 1 i E  0 3  0 . 3 4 3 0 6  0 0  
0 , 3 8 1 i e  0 3  0 . 2 0 0 0 E  0 3  

CURVE NO. 3 DEPTH T O  CURVf 0 , 2 0 0 0 ~  0 3  
S ~ I L  REACTION DEFLECTION 2 >- % - - 

0 .  0 .  

. . .  . . ,  . . 
. ' C ~ R V E  NO,. . 4 DEPTH TO CURVF O,~ :OOOE 0 3  ' . 

. . 
. . 

S O I L  REACFION D E F L E C T I O N  

CURVE NO. 5 DEPTH TO CURVE 0 , 4 0 0 0 f  0 3  
S O I L  REACYION D E F L E C T I O N  

0 .  0 .  

(Sheet 5 of 5 )  
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CLAY 

/I\-300-IN DEPTH 

,J" 
AND 400 -/A! DEPTH 

/ 

I I I I I I 
0.1 0.2 0.3 0.4 0.5 0.6 

DEFLECTION, IN. 

Figure D3. p-y curves for Example Problem 1 - Set 1 



DEFLECTION, IN. 

Figure D4. p-y curves for Example Problem 1 - Set 2 
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6 

5 

CLAY 
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SAND 

/- // / 200-/h! DEPTH 

DEFLECTION, IN. 

Figure D5. p-y curves f o r E x a n p l e  Problem 2 - Set 1 
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DEFLECTION, IN. 

Figure D6. p-y curves for Example Problem 2 - Set; 2 





APPENDIX E: USER'S GUIDE FOR PROGRAM BENTl 

General Introduction 

1. Documentation for computer program BENTl - to analyze two- 
dimensional group pile problems - is presented in this appendix and 
includes a general introduction, a computational flow chart, a glossary 

of notation, program listing, guide for data input, and two example 

problems with input-output data. 

2. BENTl is a computer program (developed by Drs. L. C. Reese, 

UT at Austin, and F. Parker,* WES) written to solve two-dimensional prob- 

lems involving pile-supported foundations subjected to inclined and 

i eccentric loadings. It is a modification of programs deepped - previ- 

1 ously at UT, Austin. It consists of an iterative solution for the three 

equilibrium equations developed in Part IV using methods described in 
. . 

. .  . ..Part V to handle the nonlinear behavior of individual piles. The p w -  

pose of the iterative procedure is to find the deflected position of the 

structure so that equilibrium and compatibility are satisfied. The pile 

cap is assumed to be rigid in the analysis. BENTl uses COM62 and MAKZ 

as subroutines in the program. 

:3*;$1~:$1j;liii 3 .  Input for BENT1 consists essentially of the geometry of the 

foundation and the axial load-settlement curve. The lateral behavior of 

individual piles may be either described by inputting a table of p-y 

curve values or by inputting soil properties and activating subroutine 

MAKE to generate the p-y curves. Subroutine COM62 is used to compute 

response of individual piles in the group to lateral loads. 

4. The program outputs the lateral load, bending moment, and 

axial load sustained by each pile in a group pile foundation besides 

providing other supplementary information. Successive applications 

of the program can be made to determine the optimum design of pile 

--  - - 

* F. Parker, Jr., and W. R. Cox, "A Method for Analysis of Pile 
Supported Foundations Considering Nonlinear Soil Behavior," Research 
Report 1171, 1969, Center for Highway Research, University of Texas, 
Austin, Tex. 



foundations including pile sizes and arrangement of pile in the 

foundation. 

c. input may be input interactively at execute time, or input 
may be in a prepared data file. Output will be directed to 

an output file. 
: ;-- =. - - 

6. A group pile program called GROUP developed by 

Dr. Katsuyuki Awoshika* under the guidance of Prof. L. C. 

Reese is presently available. GROUP can perform the. same 

type of analysis as BENT1 but is considered mire efficient. 

* K. Awoshika and L. C. Reese, "Analysis of Foundation with Widely 
Spaced Batter Piles," Research Report 117-3F, 1971, Center for High- 
way Research, University of Texas, Austin, Tex. 



' I .  . A  flaw:cha.rt for the iterative solution used in the program i.:; 

shown in Figure El. 

I SET ,A,, A , ,  A N 0  I' 
EQUAL TO ZERO I 
S R  THE DEFLECTION O F  
EACH P I L E  T O P l x t , ,  yt,) 
EQUAL TO 1.0 

SET INITIAL BOUNDARY 
CONDITIONS FOR USE IN I 

I x,, AND LOAD SETTLE- 
MENT CURVE FOR P l L E  I 

L A T E R A L L Y  LOADED 
P I L E  SOLUTION 

1, 
CALCULATE J,,  USING 

C N C U L A T E  Jy, AND J m l  

P I L E  SOLUTION VlITH AP- A N 0  
PAOPRIATE BOUNDARY MAKE 
CONDITIONS 

CALCULATE A, A , ,  AND 
I' BY SIIAULTANEOUS S0I.U. 
TlON OF THREE EQUlL lB  
RIUM EQUATIONS 

- - - :. c 

CALCULATE NEW VALUES 

COMP,ARE CALCULATED A,. FOR DLFLECTION OF 
Xu, AND I' VALUES WITH P I L E  TOPS. SET NEIV 

BOUNDARY CONDITIONS 
FOR L A T E R A L L Y  LOAOEO 
P l L E  SOLUTION 

I 
I 

CLOSIIRE OBTAINED. MAKE 
I 

FINAL CALCULATIONS 

Figure El. Flow chart for iterative solution in BENT1 



Guide f o r  Data Input 

5. Data should be input  t o  program BENT1 according t o  t h e  follow- 

ing  guide. Al l  input is i n  f r ee - f i e ld  format and should be i n  u n i t s  of 

pounds, inches, and radians .  The d a t a  input  f o r  subroutine MAKE w i t h  

i t s  input  flow char t  ( ~ i g u r e  ~ 2 )  is a l s o  included. 

Group 1 - - T i t l e  

ANUM = 60 charac ter  va r i ab le  t o  i d e n t i f y  problem 

Group 2 - Foundation Load and Control  Data 

I P V ,  PH, TM, TOL, KNPL, KOSC 1 
.- - - 

PV = . V e r t i c a l  load on foundation .:. r 

PH = Horizontal load  on foundation 

'TM =, .Moment on foundation 

TOL = I t e r a t i o n  to le rance  ( t o l e r a b l e  de f l ec t ion  d i f fe rence )  

KNPL = Number of p i l e  loca t ions  

KOSC = Switch t o  c o n t r o l  o s c i l l a t i n g  so lu t ion  
0 --- f o r  normal use  
1 --- i f  so lu t ion  o s c i l l a t e s  

Group 3 - Control Data f o r  P i l e  Locations 

DISTA = Horizontal coordinate of p i l e  t o p  

DISTB = Ver t i ca l  coordinate  of p i l e  t o p  

THETA = P i l e  b a t t e r  

POTT = Number of p i l e s  a t  a loca t ion  

KS = I d e n t i f i e r  t o  r e l a t e  t o  p-y curve 

KA = I d e n t i f i e r  t o  r e l a t e  t o  a x i a l  set t lement curve 

Note: Repeat Group 3 u n t i l  KNPL s e t s  have been spec i f i ed  



Group 4 - Control Data for Piles 

A.  INN,-NDEI, TC, FDBET A E I 

NN = Number of increments 

HH = Increment length 

DPS = Distance from pile top to soil surface 

NDEI = Number of different flexural stiffness values 
specified 

TC = Alphanumeric designation for top connection of pile 
(FIX; PIN; or RES) 

FDBET = Rotational restraint value (not needed unless TC=RES) - - . -- F 

E = Pile diameter or width 

RRI = Flexural stiffness (EI) of a section 

X X l  = Distance from pile top to top of section 

XX2 = Distance from pile top to bottom of section 

Note: Repeat Set B until NDEI sets have been specified. 

Note: Repeat Group 4 until KNPL sets have been specified. 

Group 5 - Control Data for Soil Properties 

I NU, NKS , KOK 

NKA = Number of load settlement curves 

NKS = Number of sets of p-y curves 

KOK = Switch for input of p-y curves 
(KOK = 0 p-y curves input 
KOK = 1 p-y curves generated) 



Group 6 - Control and Data f o r  Axial Load Settlement Curves 

A. I D E N ,  I0  1 

IDEN = I d e n t i f i e r  f o r  a x i a l  load set t lement curve 
(corresponds t o  KA) 

I0  = Number of p o i n t s  on curve 

B. [ ZZZ, SSS I 
ZZZ = Axial set t lement 

SSS = Axial load 

Note: Repeat Set  B u n t i l  I 0  s e t s  have been supplied.  
. - * - 

7 -  C 
Note: Repeat Group 6 u n t i l  NKA s e t s  have been supplied. 

Group 7 - Control D a t a  f o r  p-y Curves 
' ( ~ e c 6 s i a r y  only if KOK = 0 ,  NKS s e t s  per  problem) 

A. LIDPY, KNC -1 

IDPY = I d e n t i f i e r  f o r  s e t  of p-y curves (correspond t o  KS) 

KNC = Number of curves i n  s e t  

B. I NP, XS .- . -  

NP = Number of po in t s  on curve 

XS = Distance from ground l i n e  t o  curve 

Note: Repeat Set  B u n t i l  KNC values have been supplied.  

YC = Deflect ion on curve 

PC = S o i l  r eac t ion  on curve 

Note: Repeat Set  C within each Set  B u n t i l  NP s e t s  a r e  spec i f i ed .  



Note: Repeat Group 7 u n t i l  NKS s e t s  have been supplied.  

I f  p-y curves a r e  t o  be generated ( i . e . ,  KOK = l), t h e  data  f o r  

subroutine MAKE w i l l  follow. 

Subroutine MAKE 

Group 8 - P r o f i l e  Data 

1 NSOILP 

NSOILP = Number of s o i l  p r o f i l e s  (one value per run) 

Group 9 - S o i l  Data - - 
: -- z 

A .  NSTYPE 1 

NSTYPE = Number of s o i l  stratums (one value per p r o f i l e )  

B. I TSOIL 1 

TSOIL = Alphanumeric designation of type of s o i l  i n  
stratum (sand o r  c l a y )  - one value per s tratum 

= Sand --- input l i n e  Set  C and omit l i n e  
Set  I? f o r  t h i s  stratum 

= Clay --- input l i n e  Set D and omit l i n e  
Set C f o r  t h i s  stratum 

Note: A space (blank) must be l e f t  between t h e  f i l e  l i n e  
number and t h e  parameter TSOIL. 

C .  Sand Proper t ies  

/GAMMA, PHI, DIS1, DIS2, KDENSE 

GAMMA = Unit weight of s o i l  

PHI = Angle of internal .  f r i c t i o n  

DISl = Distance from ground l i n e  i;o t o p  of stratum 



DIS2 = Distance from ground line to bottom of stratum 

KDENSE = Alphanumeric designation for relative density of 
sand 

= DENSE, MEDIUM, or LOOSE 

D. Clay Properties 

(i) [ GAMMA, SHEARS, DIS1, DIS2, INFO, ICON I 
GAMMA = Unit weight of clay 

SHEARS = Cohesion of clay 

DISl = Distance from ground line to top of stratum 

DIS2 = Distance from ground line to botto* & siratum 

INFO = Control for input of stress-strain curve 
0 --- omit data for curves by omitting cards that 
follow in this group 

1 --- input data for curves by specifying cards 
that follow in this group 

ICON = Alphanumeric designation for consistency of clay 
(SOFT or STIF) 

NCURVS = Number of curves per stratum 

( iii ) L DIST, NPOINT 1 
DIST = Distance from ground line to curve 

NPOINT = Number of points on curve 

(iv) [ SIGD, EP I 
SIGD = Principal stress difference (o 1 - 03) 
EP = Axial strain 

Note: Repent (iv) until NPOINT number of points have been 
specified for that curve. 



Note: Iiepeat (iii) u n t i l  NCURVS number of curves have been 
specif ied for  t ha t  stratum. 

Note: Repeat Group 9B and 9C or Group 9B and 9D NSTYPE times. 

Group 10 - P i l e  Data 

NPISP = Number of d i f fe ren t  p i l e s  i n  t h i s  s o i l  p ro f i l e  - 
one value per s o i l  p rof i le  

Note: Repeat Set B u n t i l  NPISP se t s  have been specified.  

B. (i) I KS, NOC, NDD I 
. -  - .  

: -  z 
KS = Numeric i den t i f i e r  f o r  s e t  of p-y curves 

NOC = Number of curves i n  s e t  

NDD = Number of d i f fe ren t  diameters used for  p-y curves 

D = Pi l e  diameter 

DISDl = Distance from top of p i l e  t o  top of section 

DISD2 = Distance from top of p i l e  t o  bottom of sect ion 

Note: Repeat ( i i) u n t i l  NDD se t s  of values have been specified.  

(iii) [d 
DTC = Distance from top of p i l e  t o  p-y curve 

Note: Repeat (iii) u n t i l  NOC values have been specified. 

Note: Repeat Groups 9 and 10 NSOILP number of times. 



INPUT FLOW CHART 

PROGRAMMAKE 

(NUMBER OF SOlL PROFILES) 

READ NSTYPE (GROUP 2A) 

* 
00 200 1 TO NSTYPE 

I 

I 
READ TSOlL (GROUP 28) 

I (GROUP 2C) OR CLAY (GROUP 2D) 

I 

READ NPlSP (GROUP 3) 
(NUMBER OF DIFFERENT P l L E  SIZES) 

200 READ P l L E  DIAMETERS, DEPTH 
OF p-y CURVE DESIRED, ETC. I 

I I 

300 CONTINUE 

Figure E2. Input flow chart for subroutine MAKE 



Example Problems 

9 .  The two example problems (ext rac ted  from Parker and Cox*) a r e  

associated with a c t u a l  bents ,  used by t h e  Texas Highway Department f o r  

supporting bridges on t h e  Gulf Coast of Texas. The geometry of t h e  

bents, p roper t i e s  of  t h e  p i l e s  and s o i l ,  and loads on t h e  bents  were 

obtained from highway department f i l e s .  

1 0 .  The bents  considered i n  the  example problems a r e  used i n  

bridges located  on t h e  Gulf Coast of Texas. There a r e  two bas ic  reasons 

why bents of  t h i s  type were se lec ted  f o r  analysis  by t h e  proposed method. 

The f i r s t  reason i s  t h a t  s o i l  conditions i n  t h i s  a rea  a r e  cons i s t en t ly  

bad which makes p i l e s  necessary f o r  bridge foundations. The second 

reason i s  t h a t  high l a t e r a l  loads  a r e  common. These a r e  due g r i ~ l a r i l y  
. . -  C 

t o  wind and wave ac t ion.  During hurricanes the  l a t e r a l  ioads may be 

qui te  high. The use of  long p i l e s  and high l a t e r a l  loads makes t h e  

proposed method of ana lys i s  seem very a t t r a c t i v e  f o r  these  bents .  

Copano Bay Causeway 

11. The f i r s t  example problem considered w i l l  be one of t h e  bents  

used i n  t h e  Copano Bay Causeway. The bridge i s  located  i n  Aransas 

County on S t a t e  Highway 35 between Port Lavaca and Rockport. The br idge  

i s  920 f t  i n  l eng th  and provides 50 f t  v e r t i c a l  clearance at t h e  center  

of t h e  span. The roadway i s  supported by precast-prestressed concrete 

g i rders .  The bent caps,  columns, and footings a r e  re inforced concrete.  

The bent heights  vary from 20 t o  50 f t .  The bent analyzed i s  shown i n  

Figure E3. The p i l e s  used a r e  bat tered  i n  four d i rec t ions  t o  r e s i s t  

horizontal  forces  perpendicular and p a r a l l e l  t o  the  roadway. Only t h e  

case where t h e  hor izon ta l  load  i s  perpendicular t o  t h e  roadway w i l l  

be considered. For t h i s  case,  t h e  two i n t e r i o r  p i l e s  i n  each foo t ing ,  

which a r e  ba t t e red  p a r a l l e l  t o  t h e  roadway, w i l l  be t r e a t e d  as v e r t i c a l  

p i l e s .  The bottom t i e  beam i s  considered t o  provide s u f f i c i e n t  r i g i d i t y  

so t h a t  the  assumption t h a t  t h e  p i l e  heads remain i n  t h e  same plane 

a f t e r  movement i s  va l id .  

1 2 .  The geomet;ry necessary fo r  describing the  foundation f o r  t h e  

* Ibid p. E l  



b. TOP VlEW O F  
. .. . . ., FO.OT?NG , .. . . (A+),, ,:, , .: . . .  , . . .  . 

C. SIDE VlEW O F  
FOOTING (5-51 

Figure  E3. Copano Bay Causeway bent  - Example Problem 1 



computer solution is presented in Figure EL and the following tabulation. 

r 

lr P, = 844 KIPS 
L.l---)- -- 
P,, = 364 KIPS 

I 

I I 
1 ,  

.. . . . .  . , . . .  . .., .. .. . . , , . . . . , . . . . . . . .  . .  . . . .  . . .  , 
., . . . . .. - , . . . . . < .  ., . .. .,.. , 

Figure E4. Foundation representation for Example Problem 1 

a b No. Piles 
Pile Coordinate Coordinate at Batter 

Location in. in. Location radians 

1 -126 0 1 -0.244 

The coordinate system and the resulting forces on the bent are also 

shown in this figure. The piles are 18-in.-square prestressed concrete 

piles. They have an effective flexural rigidity of 4.374 x 10" lb-in. 2 

6 (assuming a modulus of elasticity for concrete of 5 x 10 psi) and a 

length of 93 ft. 

13. A pile similar to the ones used in the bent was driven near 

the site of the bent. A load test was performed on this pile. The load 

settlement curves obtained and used in the computer solution are shown 

in Figure E5. 



too 

0 0.1 0.2 0.3 0.4 0 .5  0.6 0.7 
. .- - - 

A X I A L  DEFLECTION. IN. . . .. c 
. . 

Figure E5. Load deflection curve for Example Problem 1 

very soft clay to bearing on a dense sand or firm sandy clay. The loca- 

tion of the stiffer strata is variable, and so the length of pile and 

length of embedment in the stiffer strata will be variable. For this 

analysis, the piies are assumed to be 93 ft in length with an embedment 
.$,;:$j>$$$<$*l 

length of 83 ft. 
15.  For generation of p-y curves, the soil is treated as a clay. 

That is, the soil is treated as a frictionless material with the shear 

strength composed entirely of cohesion. Some thin sand layers are 

encountered, but their effect is considered insignificant. The tip of 

the pile may also be buried to several feet in a sand or sandy clay, but 

the effect on the lateral behavior will be insignificant and will be 

ignored. 

16. After considering boring logs from the vicinity of the bent 

and after a review of triaxial data, a variation of cohesion with depth 

was assumed and used for predicting lateral pile-soil interaction. This 

assumed distribution of cohesion along the pile length is shown in 

Figure E6. The depth given is the distance from the soil surface. The 

top of the piles is located at the water surface which is 10 ft above 



DEPTH. F T  

ASSUMED SCOURL 

V E R Y  S O F T  S I L T Y  

YSAT = 92 P C F  

C. = 3.8 PSI 
. G . .  . ' .  -:,. ": . . 

VERY S O F T  S A N D Y  

YSAT = 92 P C F  

C = 1 5 P S l  
A V G  

S A N D Y  C L  

. . ., . . . 

C L A Y  

Figure s6. Soil properties for generation of 
p-y curves for 1Sxample Probl.em 1 

E.1 5 



the  s o i l  surface. The scourline i s  assumed t o  be 5 f t  below the s o i l  

surface. The saturated uni t  weight of the s o i l  is taken as  92 pcf, and 

the consistency i s  sof t .  

1 7 .  A solution was obtained for  t h i s  problem by using the program 

BENT1. The movement of t he  bent i s  described by the following movements 

of the  or igin  of the a-b coordinate system: 

Av = 7.664 x in .  

AU 
= 1.004 x 10-1 in.  

r = 8.536 x radians 

The loads transferred t o  each p i l e  and the  movements o f : p @  p i l e  top 

a r e  given i n  t h e  following tabulation: 

Axial Load Lateral  Load Moment Axial Lateral  
. . . .  3 : . .  . . . : . . . . . . . . . . . .  PZle :... ::: per .. P i l e  .... ..';:.per Pile .: .... ..:.per P i l e  :.. .Movement. :. 'Movement . . . . . .  -.'. 

. . . . .  . . .  . . . 
Location kips kips  in.  -kips in. in .  

1 78.7 1.7 -253.3 0.0397 0.1134 

The forces and movements a t  t he  p i l e  tops a r e  re la ted  t o  the  x-y coordi- 

nate system s e t  up for each p i l e .  

18. The deflection of t he  a-b coordinate system defines t he  equi- 

librium position for t he  s t ructure .  When the  foundation i s  i n  t h i s  

posit ion,  the p i les  exert on the foundation the  given forces and moments 

which sa t i s fy  the three equilibrium equations. A complete l i s t i n g  of 

the  coded input and output is  presented i n  Tables E l  and E2 beginning 

on page E38. 

19.' I f  the  movement of t he  s t ructure  and the loads carried by each 

p i l e  a r e  considered, it would appear t h a t  t he  design i s  conservative. 

This i s  probably t rue,  but it should be pointed out t ha t  factors  such as 

settlement caused by consol.idation and cycl ic  loading have not been 

considered. 



Table El 

Input Data f o r  Example Problem 1 

EX 1 COPANO BAY CAUSEWAY,ARANSAS COUNTY TEXASIUS HIGHWAY 35 
8 4 4 0 0 0 . 0 r 3 6 4 0 0 . 0 r 1 6 8 1 7 0 0 0 . 0 0 0 0 0 0 1 ~ 4 ~ 0  
-126.0,0.0r-0.244,1.0,1,1 
-90.0,0.0,0. ,2.0,l, 1 
90.0,0r0,2.0,lr 1 
126.0,0.0r0.244,1.0rIrl 
3Ir36.0,120.0rl, FIX r0,18.0 
43740000000.0,0.0,1116.0 
3Ir36.0, 120.0, l r  FIX ,0,18.0 
43740000000.0a0.0~1116.0 
3lr36.0,l20.0rIr FIX r0,16.0 
43740000000.0r0.0rll16.0 
31r36.0r120.0r1, FIX ,0118.0 
43740000000.0r0.0,1116.0 
I r l , l  
la15 
-10.0,-350000.0 
-65.0,-360060.0 

3 
CLAY 

440 0.0r0.001r0.0,60.0r0, SOFT 
450 CLAY 
460 0 .0174 r3 .8 ,60 .0 r894 .0 ,0 ,  SOFT 
470 CLAY 
480 0.0174r15.0,894.0,1000000a, SOFT 
490 1 
500 lr9,I 



Table E2 

Output Data f o r  Example Problem 1 

1EX 1 COPANO BAY CAUSEWAY.ARANSAS COUNTY TEXAS#US HIGHWAY 3 5  

. . L I S T  OF INPUT DATA --- 
PV PH TM TOL KNPL K O S C  

U . 0 4 4 0 E t 0 6  0 .364?E*05  0 . 1 6 8 2 E * 0 8  0,1000E-02 4 0 

CONTROL DATA FOR P I L E S  AT EACH LOCATION 

PILE NO DISTA DISTD BATTER P O T T  K S  K A  
1 -,1260E+03 0.0000E+00 - .2440E*00  0 . 1 0 0 0 € * 0 1  1 1 
2 - ,9000E*02  0 .0000E+00 0 .0000E+00 0 . 2 0 0 0 E * O l  
3 

-1 1 
0.9OOOE+02 0 .0000E*00  O.OOOOE+OO 0.2000E; iV1< 1 1 

4 0.1260E*03 0 .0000E*00  0 1 2 4 4 0 E + 0 0  0 .1000E*01  1 1 

.y* . 3 ; ~  .., , ,  . , HH DPS - . W V E ~ .  c,oNNECJ!ON YDBET . , . . . 
. . 0 .36 .o00~* .02~  .' 0 . i 2 0 0 0 E ~ ~ 0 3 '  , 1 , : f .  ' '0., '0000f*00 ' . '' . '  ' : 

2 3 1  0.36000E+02 0.12000E+03. 1 F I X  OIOOOOE*OO 
J 3 1  0 .36000E*02  0.12000E*O3 1 F I X  0 ~ 0 0 0 0 E * O 0  
4 3 1  0 . 3 6 0 0 0 E t 0 2  0 .12000E*03  1 F I X  0 ~ 0 0 0 0 E * 0 0  

P I L E  NO 1 
X X l  

AXIAL LOAD SETTLEMENT DATA 

IDENTIF IER 1 ZZZ SSS 
- . 1 0 0 0 0 E * 0 2  -13bOOOE+06 
- . 6 5 0 0 0 E * 0 2  - .36000E+06 

(Continued) 
(Sheet 1 of 9 )  



Table E2 (Continued) 

INPUT OF S O I L  PARAMETERS 

SOIL PROFILE NO, i STRATUM NO. 1 TYPE SOILCLAY 

GAMMA COHESION TOP DEPTH BOTTEM DEPTH CONSISTENCY 
O.OOOOE+OO O.1OOOE-02 0 . 0 0 0 0 E * 0 0  0 . 6 0 0 0 E + 0 2  SOFT 

SOIL PROFILE NO. 1 STRATUM NO, 2  TYPE SOILEL-~g - 
GAMMA COHESION TOP DEPTH BOTTEM DEPTH CONSISTENCY 

U . 1 7 4 0 E - 0 1  0 . 3 8 0 0 E * O i  O.bOOOE+02 0 . 8 9 4 0 E + 0 3  SOFT 

GAMMA COHESION TOP DEPTH BOTTEM DEPTH CONSISTENCY 
U . 1 7 4 0 E - 0 1  0 . 1 5 0 0 E * 0 2  0 ~ 8 9 4 0 E + 0 3  0 .100OE+04  SOFT 

DIAMETER D l S T R I B U T l O N  FOR P I L E  

D l  AMETER TOP D I S  BOT D I S  
0 . 1 8 0 0 E + 0 2  0 . 0 0 0 0 E * 0 0  0 , 1 0 0 0 E * 0 4  

1 
P-Y CURVES 

SET I D E N T I F I E R  NO. 1 NUMBER OF CURVES I N  SET 9 

C U R V E  NO. 1 DEPTH TO CURVE O.OOOOE*OO 

CURVE NO, 2  DEPTH TO CURVE 0 . 6 0 0 0 E + 0 2  

(Continued) 
(Sheet 2 of 9) 



Table E2 (Continued) 

S O I L  REAC ION 
U . O O O ~ E . O O  

DEFLEC ION 
O . O O ~ O E * O O  
0 . 1 4 4 0 E * 0 0  

CURVE NO. 3 DEPTH TO CURVE 0 . 6 1 0 0 E * 0 2  
# - 

. .. ; L- c 
S O ~ L  REACTION DEFLECTION 

0 . 0 0 U O E ~ O O  0 . 0 0 0 O E ~ 0 0  
0 . 2 3 7 9 E 4 3  O.l44OE+OO 
U , 3 3 6 5 E + 0 3  0 .288OE+00  

. . . . , . . . . 0.4121E.03 C . 4 3 2 0 E e 0 0  . . . . . . . . 
" -  '0 ;*75*~?03.  . ,  . . .. .' ' 0 . . 5 j ' b b ~ ~ 0 ~ . . .  ' . .  . . . ,:'.. . , :- < '  ' ::. . .. . ., . .. . , . . ..,. . . . .. ,. . ., ., . .. , . .  . . . . i  

., . . . . . 
U.532WE103 0 . 7 2 0 0 E + 0 0  , . 

CURVE NO. , 4 DEPTH TO CURVE 0 . 9 6 0 0 ~ + 0 2  

CURVE NO. 5 DEPTH TO CURVE 0 . 1 3 2 0 E + 0 3  

SOIL  REACTION DEFLECTION 
0 . 0 0 0 0 E + 0 0  0 . 0 0 0 0 ~ * 0 0  

(Continued) 
(Sheet 3 of 9) 



Table E2 (Continued) 

CURVt NO. 6 DEPTH TO CURVE 0 . 1 6 8 0 E * 0 3  

S D I L  REACTION DEFLECTION 
U.OOOOE+OO 0 . 0 0 0 0 E * 0 0  
U . 2 3 7 9 E + 0 3  0 . 1 4 4 0 E * 0 0  
U . 3 3 6 5 E 1 0 3  0 .288OE+00  
U , 4 1 2 1 E + 0 3  0 . 4 3 2 0 E * 0 0  
U . 4 7 5 9 € + 0 3  0 . 5 7 6 0 E + 0 0  
U . 5 3 2 0 E + 0 3  0 . 7 2 0 0 E * 0 0  

CURVE N O *  7 DEPTH TO CURVE 0 . 2 0 4 0 ~ + 0 3  

SOIL  REACTION 
U.OOOOE+OO 
U . 2 3 7 9 E 1 0 3  

CURVE NO.  8 DEPTH TO CURVE 0 . 2 4 0 0 E + 0 3  

(Continued ) 
(Sheet  4 of 9 )  



Table E2 (Continued) 

C u R v t  NO. 9 DEPTH TO CURVE 0.9960E+03 

S O l L  REACTION DEFLECTlON 
U.OOUOE+OO D.OOOOE*OO 
0.9392E.03 0 .1440E400 

DV DH ALPHA 
0.3985E+00 0.1261E*Ol - .4492E-03 

I E X  1 COPANO BAY CAUSEWAY,ARANSAS COUNTY TEXASIUS HIGHWAY 3 5  

P I L E  NUH DISTA. IN  D I S T B , I N  THE T I *  R I D  
1 - .12600€*03  0 .00000E+00 - . 2 4 4 0 0 E * 0 0  

PX.LB X T ~ I N  PT.LB n T, IN-LB YT,IN 
0 + 7 8 7 2 1 E + 0 5  0 . 3 9 6 8 0 E - 0 1  0 . 1 7 3 4 1 E * 0 4  - .25328E+06 0 ,11335E*00  
INPUT INfORHATlON 

TC TOP 0 l A 1 l N  INC.  LENGTHoIN NO. OF INC K S K b  

(Continued) 
(Sheet 5 of 9) 



Table  E2 (Cont inued)  

PILL LENGTH,IN DEPTH TO SOIL ITERATION TOL,BO UNDRY COND,? 

O.lli6E+04 1.1200E*03 0.1000E-02 0.0000E+00 

OUTPUT INFORMATION 

0.11160E+04 0.69498~-06 -.46574E+02 
1EX 1 COPANO BAY CAUSEWAY,ARANSAS COUNTY TEXA' 

0.65222~*04 
$,US HIGHWAY 

PILE NUM DISTA,lN DISTB,IN THE TA, RID 
2 -.90000E*02 0.00000E+00 0.0000OE*00 

PX,LB XT, IN  PT.LB H T, IN-LB Y T ,  I N  
0+13344E*06 0.68963E-01 0.14908E*04 -.21892E*06 0,10041E*00 
INPUT INFORMATlON 

TC TOP DIA#IN INC. LENGTH,IN NO. OF INC KS K A  

FIX 0.180oE*n2 0.3600E+02 3 1 1 1 

(Continued ) 
(Sheet 6 of 9) 



Table E2 (Continued) 

P I L E  LENGIH,IN DEPTH TO SOIL  ITERATION ~ 0 L . 8 0  uNDRY COND,2 

O.l116E+O4 0 .1200E*03  0.1000E-02 O~OOOOE*00 

OUTPUT lNFORMlTlON 

0 ; 2 2 3 4 1 ~ - 0 7  - , 2 5 8 7 6 ~ + 0 1  0 ; 6 2 9 0 5 ~ * 0 4  
0 .631486-06  - .41871E*02 0 ,652226*04  

USEWAYtARANSAS COUNTY TEXASIUS HIGHWAY 

P I L E  Nut4 D I S T I ,  I N  D I S T E l l N  TRE TA, R I D  
3 0.90000E+OZ 0.00000C+00 O.OOOOOE+OO 

PX,LB X T t  I N  PT,LB n TI IN-LB YT, I N  
0 *15649E*06  0 .84327E-01  O t14825E+04  - .21883E*06  0,10041E*00 
INPUT INFORHATION 

TC TOP D I A n I N  INC. LENOTHoIN NO. OF INC KS KA 

f l X  0 .1800E+02 0.3600E*02 3 1 1 1  

P I L E  LENGTH,IN DEPTH TO SOIL  ITERATION TOL,BO UNDRY COND,Z 

(Continued ) 
(Sheet  7 of 9) 



Table E2 (Continued) 

0.1116E+04 0 . 1 2 0 0 E * 0 3  0 ,1000E-02  0. C 

OUTPUT INFORMATION 

X ,  I N  Y, I N  MOMENT, IN-LB ES,LB/ 

U.bOOOOE*OO 0 .10039E*00  - .21882€+06 0 .00000E*00  

0 + 8 6 4 u O E * 0 3  0 .10245E-05  
U.YOOOOE*03 -.24324E-05 
U,93600E+03 - .30706E-05  
O.Y7200E*03 - .24522E-05  
V . l 0 0 8 0 E + 0 4  - .15127E-05 
U . l 0 4 4 0 E * 0 4  - .66244E-06 
0 .10800E+04 0 .27127E-07  
U . l 1 1 6 0 E * 0 4  0 .63946E-06  

:OPANO BAY CAUSEWAY.ARANS.4 

0 .16359E+03 
0 .95133€*02  
0 ~ 4 2 4 1 2 E + 0 2  
0 .10835€*02  
- .30120E+01 
- . 5 4 2 2 6 E * 0 1  
- . 2 6 0 6 8 E * 0 1  
- .42248E+02 

,S COUNTY TEXl 
0 , 6 5 2 2 2 € * 0 4  

LSeUS HIGHWAY 

P I L E  NUM DISTA, I N  D I S T B t l N  THE T A ,  R I D  
4 0 ,12600E*03  0 .00000E+00 0 .24400E*00  

PX,LB X T # I N  PT , $8 rC T,IN-LB Y T , l N  
0 . 1 9 3 6 0 € + 0 6  0 .10906E+00 0.106 4E+04 - ,15520E+06 0 , 7 6 3 2 2 E - 0 1  
INPUT INFORMATION 

TC TOP D I A t I N  INC. LENGTH,IN NO, OF INC KS K A  

f l X  0.1800E+02 0 .3600E+02 3 1 1 1  

P I L E  LENGTH,IN DEPTH TO SOIL  ITERATION TOL.80 WNDRY COND.2 

(Continued) 
(Sheet  8 of 9) 



Table E2 (concluded) 

U*1116E+04 0.1200~*03 0.1000E-02 0.0000E*00 

OUTPUT I N F O R M A T I O N  

(Sheet 9 of 9) 



Houston Ship Channel 

2 0 .  The second example problem considered w i l l  be one of t h e  bents  

used i n  a br idge  across t h e  Houston Ship Channel. The bridge i s  loca ted  

i n  Harr i s  County on I n t e r s t a t e  Highway 610. De ta i l s  of t h e  bent  ana- 

lyzed a r e  shown i n  Figure E7. The bent  i s  re inforced  concrete and i s  

supported by 142 eighteen-inch-square, precas t -pres t ressed  concrete 

p i l e s .  The p i l e s  i n  t h i s  example a r e  b a t t e r e d  p a r a l l e l  t o  t h e  roadway 

t o  r e s i s t  ho r i zon ta l  loads from t h e  supers t ruc ture .  It i s  assumed t h a t  

t h e  7-f t- thick p i l e  cap provides s u f f i c i e n t  r i g i d i t y  so  t h a t  t h e  assump- 

t i o n  of plane movement i s  va l id .  

2 1 -  The geometry necessary f o r  descr ib ing  t h e  foundation fo r  t h e  

computer s o l u t i o n  i s  shown i n  Figure E8 and t h e  fol lowing tabula t ion:  

a 
P i l e  Coordinate 

Location i n .  

1 . . .  
-150 . . . . ., . . .. ,. , - . . . . .  

2 ' C  "." -90 

b 
Coordinate 

in .  

0 
. .. . .  .. 

0 

No. P i l e s  . , 

a t  
Location 

. -- _ - . &  E 

Bat ter  
radians  

-0.166 . . . 
-0.083 

-0.042 

0.042 

0.083 

0.166 

The coordina te  system and t h e  loads  on t h e  s t r u c t u r e  a r e  a l s o  designated 

i n  t h e  f i g u r e .  The p i l e s  have an e f f e c t i v e  f l e x u r a l  r i g i d i t y  of 

4.374 x 10" lb- in .2  (assuming a modulus of e l a s t i c i t y  of concrete of 
6 5 X 1 0  p s i )  and a length  of 44 f t .  

2 2 .  No a x i a l  load-deflect ion curves obtained from load  t e s t s  a r e  

a v a i l a b l e  f o r  t h e  p i l e s  used i n  t h e  bent .  A s  a r e s u l t ,  it w a s  necessary 

t o  es t imate  t h e  a x i a l  behavior of t h e  p i l e s .  The u l t ima te  bearing capac- 

i t y  of t h e  p i l e s  was est imated a s  650 k i p s  i n  compression and 600 k ips  

i n  tens ion .  The u l t imate  de f l ec t ion  i s  est imated a s  0.5 i n .  The load- 

de f l ec t ion  r e l a t i o n s h i p  i s  assumed t o  be l i n e a r  r e s u l t i n g  i n  a curve 

a s  shown i n  Figure E9. 

2 3 .  The p roper t i e s  of t h e  soil .  used f o r  p r e d i c t i n g  t h e  l a t e r a l  

p i l e - s o i l  i n t e r a c t i o n  were obtained from t h e  highway department borings. 



46 AT 3 FT 6 IN. = 161 FT . . 
t 

t 3  FT 6 IN. 

Figure E7. Houston Ship ~ h a n n e l ' b e n t  - Example Problem 2 



Figure E8. Foundation representation for Example Problem 2 

The properties used for generation of p-y curves are illustrated in 

Figure E10. It should be pointed out that the profile shown is a simpli- 

fication of the actual profile. The top 13 ft of soil, defined as very 

dense sandy silt, will be treated as a sand when p-y curves are gener- 

ated. That is, it will be treated as a cohesionless material. The 

bottom 31 ft, defined as very stiff silty clay, will be treated as a 

clay. That is, it will be treated as a frictionless material. Depths 

given are measured from the top of the pile. From the given soil 

properties, p-y curves are generated. 

2 4 .  A solution was obtained for the Ship Channel problem by using 

the program BENT1. The movement of the bent, when loaded, is described 



LOAD, KIPS 

0 100 200 300 400 500 600 700 

Figure E9. Estimated axia l  load deformation 

. . . . . . .  . . .  . . , .  . f o r  Example Problem 2 . . . . . . . . . . . . . . .  . . 
. . . . . . . . . . .  . . . .  . . . _ . . . . . _ . . . . . . . .  : . . .  _ : . . . . .  

VERY DENSE SANDY SILT 

ySAT = 1 I5 P C F  

4 =35 DEG 

NOTE:  

VERY S T I F F  SILTY CLAY 

ysAT : 92 P C F '  

C = 14 PSI 

W A T E R T A B L E A 0 O V E  
SECTION SHOWN. 

Figure E10. S o i l  properties fo r  p-y curves 
for  Example Problem 2 



by the  following movements of t h e  o r i g i n  of the  a-b coordinate system: 

-1 . A = 1.512 x 10 in .  
v 

-2 . 
A u = 3 . 3 2 1 x 1 . 0  i n .  

-4 r = 4.183 x 10 radians 

The loads  t r ans fe r red  t o  each p i l e  and t h e  movements of each p i l e  t o p  

a re  given i n  t h i s  tabulat ion:  

Axial Load Latera l  Load Moment Axial La te ra l  
P i l e  per P i l e  per P i l e  per P i l e  Movement Movement 

Location kips  k ips  in.-kips in .  in .  

1 106.3 3.3 -46.0 0.0818 0.0474 

The forces  and movements at t h e  p i l e  tops  a r e  r e l a t e d  t o  t h e  x-y coordi- 

na te  systems s e t  up f o r  each p i l e .  A complete l i s t i n g  of  t h e  coded 

input and output f o r  t h e  program i s  given i n  Tables E3 and E4 beginning 

G~:,,;$~::!>G; on page E53. 

2 5 .  The small def lec t ions  and loads  obtained f o r  t h e  p i l e s  would 

tend t o  i n d i c a t e  t h a t  t h e  design i s  conservative. This i s  probably t r u e  

and is  t o  be expected. However, it should be pointed out  t h a t  a number 

of f a c t o r s ,  such as consolidat ion and cyc l i c  loading, have not been con- 

sidered and t h a t  t h e  load def lec t ion curve used i s  only a rough approxi- 

mation. The value used f o r  ul t imate load i s  probably f a i r l y  r e l i a b l e ,  

but t h e  def lec t ion 'a t  which t h e  load s tops  increasing i s  only an edu- 

cated guess. Because of t h i s ,  a l i n e a r  va r ia t ion  of load wi th  movement 

was considered t o  provide su f f i c ien t  refinement. The e f f e c t  w i l l  be 

disclosed i n  t h e  loads  and def lec t ions  obtained fo r  t h e  p i l e s .  The 

loads obtained w i l l  probably be f a i r l y  accurate,  but t h e  accuracy of  t h e  

movements obtained w i l l  depend on the  accuracy of t h e  value which was 

assumed f o r  t h e  de f lec t ion  a t  which t h e  load stops increas ing.  



Table E3 

Input Data for Example Problem 2 

100 EX 2 HOUQTON SHIP CHANNEL BRIUGEIHARRIS CO.rHIGHWAY 1-610 
110 217600E+07rl.1260E+06~886568i:+08t10id001~6~0 
120 -150.0~0,0,-8.166a24.0~l,l 
130 - 90 .0 r0 .0 r - 0 .083 .23 .0 , l > l  
140 - 3 0 . 0 r 0 . 0 r - 0 . 0 4 2 , 2 4 . 0 , l , l  
150 30.5r0+0,0.042,24.0rIrl 
160 90.0,0.0r0.083r23.8,Irl 
170 150.0r010.166,24.0r l,l 
180 33,16.0r0.0rlr FIX ,0118-0 
190 4.3740E+10,5.0,528.0 
208 33r16.0r0.0,Ir FIX ,0118.0 
210 4.3740E+15,0.0r528.0 
220 33r16.0r0.0rlr FIX ,0118.0 
235 4.3740E+10,0.0,528.0 
240 33r16.0r0.0,lr FIX r0.18.0 
250 4.3540E+10,0.0,528.0 
260 33,16r0,lr FIX ~0.18 
270 4.3740E+10,0,528.0 
280 33r16.0,0,1, FIX r0,18.0 

390 SAND 
0.03r0.6,0r156.0, DENSE 
CLAY 

READY 



Table E4 

Output Data f o r  Example Problem 2 

L I S T  OF INPUT DATA --- 
P V P H T H TOL KNPL KOSC 

U.2760E.08 0 . 1 1 2 6 E * 0 7  0 1 8 6 5 7 E 1 0 9  0 .1000E-02  6 0 

CONTROL DATA FOR P I L E S  AT EACH LOCATION 

P I L E  NO D I S T A  D l S T B  BATTER POT1 KS KA 
1 - ,1500E+03  0 .0000E+00  - .1660E+00  0 .2400E*02  1 1 
2 - . 9 0 0 0 f + 0 2  0.0000E*00 - 1 8 3 0 0 E - 0 1  0 .2300E+02  1 1 

, , ,, , , . : , .PILE: NO* : .  NN , ,,, . : M U . . '  . . DPS . ,.NDEf: . CONNF;CT!ON-, FDBET . : '  .. 
i '  . . 

3 3  6 ; 1 6 6 0 0 ~ + 0 2  . 0 ~ 0 0 0 ' 0 0 ~ ~ 0 0  . 1 FIX . 0 ~ 0 0 0 0 ~ * 0 0  . . 
2 3 3  0 , 1 6 0 0 0 E + 0 2  O.OOOOOE+OO 1 F I X  0 ~ 0 0 0 0 E + 0 0  
J 3 3  0 .16000E+02  0 .00000E*00  1 F I X  0 .0000E*00  
4 3 3  O.l60OOE+02 0.000OOE*00 1 F I X  0.OOOOElOO 

:;;:~.... r2.:>.~!~!,i+3ii , RRI  X X I  XXZ 
P I L E N O  1 

0 . 4 3 7 4 0 E * 1 1  0 ~ 0 0 0 0 0 E + 0 0  0 . 5 2 8 0 0 E * 0 3  
P I L E  NO 2 

0 . 4 3 7 4 0 E + 1 1  O1OOOOOE*OO 0 .52800E*O3 
P I L E  NO 3 

0 . 4 3 7 4 0 E ' l l  O.OOOOOE*OO 0 .52600E*03  
P I L E  NO 4 

0 . 4 3 7 4 0 E * 1 1  OIOOOOOE+OO 0 . 5 2 8 0 0 E * 0 3  
P I L E N O  5 

0 . 4 3 7 4 0 E ' i l  0 . 0 0 0 0 0 E + 0 0  0 . 5 2 8 0 0 E * 0 3  
P I L E N O  6 

0 . 4 3 7 4 0 E + 1 1  0 ~ 0 0 0 0 0 E + O O  0 . 5 2 8 0 0 E + 0 3  

A X I A L  LOAD SETTLEMENT D A T A  

I D E N T I F I E R  1 Z Z Z  SSS 
- .10000E+02  - .60000E+06  
- . 5 0 0 0 0 E * 0 0  - . 6 0 0 0 0 E + 0 6  
0 .00000E+00  0 ~ 0 0 0 0 0 E + 0 0  

(Continued) 

(Sheet 1 of 10) 



Table ~4 (Continued ) 

0 .50000E*00  0 . 6 5 0 0 0 E t 0 6  
0 . 1 0 0 0 0 E + 0 2  0 .65000E+06 

lNPUT OF SOIL  PARAMETERS 

SOIL PROFILE NO. 1 S T R A T U M  NO. 1 T Y P E  SOlLSAND 

GAMMA ANGLE OF FRIC.  TOP DEPTH BOTTEM DEPTH DENSITY 
U.JOUOE-01 0.6000E+OO 0 . 0 0 0 0 E * 0 0  0.1560E+03 DENSE 

SOIL  PROFILE NO. 1 STRATUM NO. 2 TYPE SOlLCLAY 

GAMMA COHESION TOP DEPTH BOTTEM D€P-T& CONSISTENCY 
U,17(10E-01 0 .1400E+02 0 .1560E+03 0.5280E+03 STIF 

. . .  . DlAMETER D l S T R l B U T I O N  F,OR P I L E  . . . . . . . .  . .  . . . . . . .  , . . ,  . . . . . .  ., . . ' . . .  
DIAMETER T O P  DIS 8 0 7  D I S  
0.18UOE*02 0,00OOE*00, 0 . 5 2 8 0 € * 0 3  

1 
P-Y CURVES 

SET l D E N T l F l E R  NO. 1 NUMBER OF CURVES I N  SET 1 0  

CURVt NO. 1 DEPTH TO CURVE 0 .0000E*00  

SOIL  REACTION DEFLECTlON 
U.OOUOE+OO 0 .0000E*00  
U . 3 3 6 3 E t 0 2  3 .8409E-01  
U.J363E+O2 0.1800E*03 

C U R V ~  NO. 3 DEPTH T O  CURVE 0 . 2 4 0 0 ~ + 0 2  

SOIL  REACTION DEFLECTION 

(Continued) 
(Sheet 2 of 10) 



Table E4 (Continued) 

CUHVt NO. 4  DEPTH TO CURVE 0 , 4 8 0 0 E * 0 2  

CURVE NO* 5 DEPTH TO CURVE 0 . 9 6 0 0 E * 0 2  

SOJL R E A C T I O N  DEFLECTION 
U.VOOOE*OO 0 .0000E+00  

CURVE NO. 6 DEPTH TO, CURVE 0 , 1 4 4 0 E * 0 3  
. .  . 

, .  . . .  . . 
. . . . . .  . ... . . , ., . . .  . . . .  , . . . ,  

SOIL R E A C T I O N  DEFLECTION 
U.OOOOE+Oo 0 . 0 0 0 0 E + o 0  
U.ZUU7Et04 0 . 4 1 8 2 E * 0 0  
U,ZU1)7E+04 0.180OE+03 

CURVE NO* 7 DEPTH TO CURVE 0 , 2 2 8 0 E + 0 3  

S O I L  REACTION DEFLECTION 
U.OUOOE+OO 0 .0000E*00  
U,M766E+03 G.3600E-01  
0 . 1 2 3 9 E * 0 4  0 . 7 2 0 0 E - 0 1  

CURVE NO* 8  DEPTH TO CURVE 0 . 2 2 9 0 E * 0 3  

SOIL  REACTION DEFLECTION 
U.OUllOE+OO 0 .0000E*00  
U .8766€+03  n.36OOE-or 

(Continued) 

K35 

(Sheet 3 of 10) 



Table E4 (Continued) 

CURVE NO. 9 DEPTH TO CURVE 0 .2400E*03  

SOIL REACTION DEFLECTION 

CURVE NO* 10 DEPTH TO CURVE 0 . 5 2 8 0 ~ * 0 3  

S O I L  REACTION 
U,OOOOE+00 
0.8766E+03 
U.1239E.04 
U.1518€+04 
U.1753€*04 

DEFLECTION 

1 ITERATION DATA 

ALPHA 
0.8315E-03 

(Continued) 
(Sheet 4 of 1 0 )  



Table E4 (continued) 

1EX 2 HOUSTON SHIP CHANNEL BRIDGE,HARRIS cO.*HIGHWAY 1-610  

P I L E  NUM D I S T A * I N  DISTB, I N  THE TA, R I D  
1 - ,15000E+03 0.00000E+00 - .16600E*00  

P X t L B  XT,IN P T , L B  U 1, I N - L B  Y T P I N  
0.10631E+06 0 .81780E-01  0 .32327E*04  - .41201E*05  0 , 4 7 2 5 8 E - 0 1  
INPUT INFORMATION 

TC TOP D I A r I N  INC. LENGTUt IN  NO, OF INC K S  KA 

F I X  0 .1800E*02  0 .1600E+02 33 1 1  

P I L E  LENGTH,IN DEPTH TO SOIL  ITERATION TOL.80 UNDRJ y N D , 2  

OUTPUT INFORMATION 

.X, I N  Y , I N  . HD.NENT.,IN-tB ' ES,LB/ ' ' I N  P L B ' / I N .  

(continued) 
(Sheet 5 or 10) 



Table E4 (Continued) 

U.48000 + 0 3  0 .20906  - 0 5  0 . 1 1 1 3 2  * 0 3  0 . 2 4 3 5 0  *OS -a50904  - 0 1  
0.496006.03 - .10047E-05  0 . 6 2 3 0 ~ E t 0 2  0 .243506*05  0 .244656-01  
U.51200E+03 - .37353E-05 0 .19518E*02  0.24350E*05 0.90954E-01 
U.528cOEfO3 - .63517E-05 0.15323E*04 0 .24350€+05 0 * 1 5 4 6 6 E + 0 0  

1EX 2 HOUSTON SHIP CHANNEL BR~DGEIHARRIS CO,,HIGHWAY 1-610  

P ~ L E  NUH DISTA, IN D I S T B ~ I N  THE TI, RID 
2 - ,90000E*02  0.00000E*00 -.8300OE-01 

PX,LB XT, I N  PTnLB n T, IN-LB Y T q I N  
0.14357E1U6 0.11043E+00 0.248606+04 0 1 3 3 6 7 6 E * 0 4  0 .42397E-01  
INPUT ~NFORHATION 

TC TOP O I A * I N  INC. LENCTMeIN NO. OF INC K S U A  

F I X  0 .1800E+02 0.1600E+02 3 3 1 1  

P l L E  LENGTH,IN DEPTH TO S O I L  ITERATlON TOL.BO ,. ; @N@Y -CONO1 2 

0.5280E103 0 .0000E+00 O.1OOOE-02 0.0000E*00 

OUTPUT INFORMAT~ON 

X ,  IN. Y;IN. MOMENT;IN-LB . ES;LB/ 1 N P LEIIN 

U.UOOOOE*OO 0 .41881E-01  0.29538E103 0.0000OE+00 0.00000E*OO 

(Continued ) 
(Sheet 6 of 



Table E4 (continued) 

- 
0.49600E*03 -.13668E-05 0,56434E+02 0,24350E+05 0-33280E-01 
0.51200E*03 -.35395E-05 0.17193€*02 0.24350E*O5 0.86186E-01 
U.52800E*03 -.56116E-05 0113128E+04 0~24350E+05 0.13664€+00 

1EX 2 HOUSTON SHIP CHANNEL BRIDGE,HARRIS C O . ~ H ~ G W W A Y  1-610 

PILE NUM DISTA* IN DISTB, IN THE TA, RID 
3 -.30000E+02 0.00000E*00 -.42000E-01 

PXsLB XTt IN f'T,LB M T,IN-LB YT,IN 
0.17832E*06 0.13717E+00 0,19724E+04 0.32899E*05 0.38889E-01 
INPUT INFORMATION 

TC TOP DIAoIN INC, ~ E N C T H , I N  NO. OF INC KS K A  

FIX O+l8OOE*02 0.160OE*02 33 1.- $ - 
PILE LENGTH,IN DEPTH TO SOIL ITERATION TOL,BO UNDRY COND.2 

G.528@E*03 0.0000E+00 0.1000E-02 0.0000E*00 

OUTPUT INFORHATION 

X, IN YnIN MOMENT,IN-LB ES,LB/ IN P LB/IN 

(Continued) 
(Sheet 7 o f  10) 



Table ~4 ( ~ o n t  inued) 

~~ ~- . - -  .. 
u ; s ~ ~ ~ ~ ~ . ~ i  -;510;6i-05 O ; i i 6 i i E + 0 4  0 ; 2 4 3 5 0 € * 0 5  0 . 1 2 4 2 2 ~ * 0 0  

. l E X  ZHOUSTON SHIP CHANNEL BRIDCEIHARR~S CO.#HIGHWAY 1-610  

P I L E  NUM DISTAe I N  DISTB, IN THE TA, R I D  
4 0.30OOOE*02 0.00000E+00 0 ,42000E-01  

PXeLB XT, I N  PT,LB U 7 ,  IN-LB YTeIN 
0*21454E+ l16  0.16503E+00 0.52109€*03 0 .10217€+06 0 ,26189E-01  
INPUT INFORMATION 

TC TOP D I A t I N  INC. LENGTHeIN NO. OF INC K S  KA 

F I X  O.l8OOE+02 O,ibOOE*OZ 3 3  1 1  - 
P I L E  LENGTH,IN DEPTH TO SOIL  ITERATION TOL.BO ~'NffRv COND,2 

(continued) 
(Sheet 8 of 10) 



Table E4 (Continued) 

P I L E  NUM D I S T A I I N  O I S T 8 , I N  THE TA, R I D  
5 0 . 9 0 0 0 0 E + 0 2  0 . 0 0 0 0 0 E + 0 0  O . 8 3 0 0 0 E - 0 1  

PXILB X T , I N  PT,LB H T , I N - L B  Y T ,  I N  
0 . 2 4 8 2 8 E + O 6  O . l 9 0 9 9 E + 0 0  0 . 8 0 7 7 3 E 1 0 2  0 . 9 3 4 7 3 E 1 0 5  0 , 1 7 3 2 1 E - 0 1  
INPUT INFORMATION 

T C  TOP D I A s I N  I N C ,  LENCTH,IN NO, OP I N C  .KS K A  

F I X  0.18OOE+c~2 0 . 1 6 0 0 E + 0 2  3  3 1 1  

P I L t  L E N G T H P I N  DEPTH TO SOIL  ITERATION TOL.60 UNDRY COND.2 

OUTPUT INFORMATION 

(Continued ) 
(Sheet 9 of 10) 



Table ~4 (Concluded) 

0.2120OE*03 - .28371E-05  0 . 9 6 6 5 9 E * 0 1  0,24350E*05 0 .69083E-01  
U.S2800E*03 - .31242E-05  0 .58283E103 0.24350E+05 0 1 7 6 0 7 2 E - 0 1  

1EX 2 HOUSTON SHIP CHANNEL BRIDGE,HARRIS CO.#HIGHNAY 1-610  

P I L E - N U H  DISTA,  I N  DISTB, I N  THE T I ,  RAO 
6 0 .15000E*03  O1OOOOOE*OO 0.16600E+00 

INPUT INFORHATION 

TC TOP D I A n l N  1NC. LENGTH,IN NO, OF I N C ,  K S  KA 

F I X  0.1800E*C2 0 .1600E+02 3 3  1 1  

P I L E  LENGTH,IN DEPTH TO S O I L  ITERATION TOL.BO UNDRY COND.2 

0 .5280E103 0.0000E+00 0 ,1000E-02  O.OOQQE=OO' 

OUTPUT INFORHATlON 

X, I N  Y e  I N  HOHENT, I N - L 8  ES,LB/ I N  P L B l I N  
, . ;  ... . . ,.I :. : , . : .  ; . . . . . , . . . . . . . . . .  . . I : . .  .. : ... . . .  . . ... . '  ..... '. 

' :  u,"bb, joE+oo ' (j.*b&8'~-oi: . ' d ; 1 5 3 ~ 7 E + ~ 6 " ' . ~ ; 1 ~ 6 ' 2 6 E i d 8  .: ' .-;4887'2&ld.' '. '" ' :. . : 
U,16000E+02 0 , 1 9 9 9 1 6 - 0 1  0 .15483E*06  0 ,53333E*03  - .10661E+02 
U.J20OOE+02 0 . 1 4 6 4 9 E - 0 1  0.15361E+06 O,10666E*04 - .15626E+02 
U.48UOOE*02 0 .10207E-01  0 1 1 4 8 1 3 E * 0 6  0 t 1 6 0 0 0 E + 0 4  - ,16332E*02  
0.64000E+02 0 .663226-02  O e 1 3 8 2 2 E + 0 6  0,21333E*04 - .14149E+02 

! u . 8 0 0 0 0 ~ + 0 2  0 .38661E-02  0 . 1 2 4 4 7 E 1 0 6  0.26667E+04 -.10309E+02 

! U.96000E*02 0.18285E-02 0 1 1 0 7 8 7 E + 0 6  O.32000E*04 - .58512E+Ol 
0.11200E+03 0 .42222E-03  0 .895986*05  0137333E404 - t 1 5 7 6 3 E * 0 1  

:<i&$j,<$;!g 
U.12800E*03 - .45967E-03 0170773E+05 0.42667E*04 0.19613E*01 
0.1440UE+03 - ,92734E-03 0 .52333E+05 0,48000E+04 0 * 4 4 5 1 2 E * 0 1  
V116000E*03 - .10887E-02 0.34947E+05 Oa85237E+04 0 .92799E*01  
U S 1 7 6 0 0 E * 0 3  - .10455E-02  0.19879E*05 0.12247E*05 0 .12805E*02  
U. l9200E*03  - ,88605E-03  0 . 8 0 5 6 4 € * 0 4  0,15971E+05 Oe14151E*02 
U.20800E*03 - ,67939E-03  - .15682E*03  0 .19695E+05 0 1 l 3 3 8 0 E * 0 2  
0.22400E+03 - ,47365E-03  - . 4 9 4 4 4 E + 0 4  0 ,23419E*05  0.11092E+02 
0.24GOOE*03 - .29684E-03 - .68842E+04 O.24350E*05 0 ~ 7 2 2 7 9 E * 0 1  
0.25600E+03 - ,16033E-03  - .69623E+04 0,24350E+05 0 ~ 3 9 0 3 9 € * 0 1  
0 .27200Ef03  - .64564E-04  - .60296E+04 0,24350E*05 0 ~ 1 5 7 2 1 E + O l  
U.288UOE+03 - .40895E-05  - . 4 6 8 4 4 E * 0 4  0.24350E*05 0 1 9 9 5 7 6 E - 0 1  
O.J0400E+03 0 , 2 8 9 6 8 E - 0 4  - . 3 3 0 6 1 E + 0 4  0.24350E*05 - .70536E+00 
U.J20UOE+03 0 .42676E-04  - ,21028E+04 0 ,24350E+05 * ~ 1 0 3 9 1 E + 0 1  
0 .33600E+03 0.44077E-04 - .11621E*04  0 .24350Ee05 - .10732E+01 
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APPENDIX F: USER'S GUIDE FOR PROGRAM BMCOL51 

General Introduction 

1. Documentation for  computer program BMCOL51 - t o  solve a wide 

var ie ty  of beam-column s t ruc tu ra l  problems for  moving loads - is  pre- 

serited i n  t h i s  appendix and includes a general introduction, l i s t i n g  of 

t he  program, summary flow char t ,  guide for  data input, and input-output 

for  two example problems. 

2. BMCOL51 i s  a f i n i t e  difference program (developed by Prof. H. 

Matlock and D r .  T. P. ~ a y l o r , *  UT at  ust tin) tha t  can solve a var ie ty  of 

simple and complex beam-column s t ruc tu ra l  problems accounting for  mov- 

. . . . 1 able loads. It is  one of t he  e a r l i e r  BMCOL programs w i g 9  under t he  
. i 

guidance of Prof. Matlock. Later versions of t he  BMCOL programs a re  

available and a r e  much more e f f i c i en t  and ve r sa t i i e  than BMCOL51. How- 

.. ... . .,i... ..' , .. ... . I .  ..w&r;. .BMCOL5L . ds..'doc~eirt<d"heseiri. prinkLpkl2y t o  .show. t he  ;p&er and  . .. 
. . .. . . 

v e r s a t i l i t y  of t h i s  family of programs. The documentation i s  extracted 

! from the  report  wri t ten by Matlock and Taylor. 

i 3. Beam-column equations developed i n  Part  V I  a r e  programed i n  

I BMCOL51. Changes i n  load (including moving loads) ,  f l exura l  s t i f fnes s ,  
>; .+$;ij:$j$l~<:~ 

support conditions, and a x i a l  loads can vary i n  a f r ee ly  discontinuous 

manner from joint  t o  jo in t  i n  t he  model. The f i n i t e  difference represen- 

ta t ion  of the  fourth order d i f f e r en t i a l  equations a r e  consecutively 

solved s t a r t i ng  a t  one end of t he  beam i n  terms of known boundary condi- 

t ions  and adjacent jo in t s .  A t  the  other end, the  process reverses and 

the deflections a r e  computed i n  a back subst i tut ion from joint  t o  joint .  

By numerical d i f fe ren t ia t ion  of t he  deflections,  the  slope, bending 

moment, shear, and react ion a r e  determined a t  each point. Plot  routines 

i n  t he  program can be act ivated t o  Produce p lo ts  of deflections,  moments, 

shear, or  reactions along the length of the  beam-column. 

4. BMCOL51 can consider only l i nea r  s o i l  supports; however, other 

* I i .  Matlock and T. P. Taylor, "A Computer Program t o  Analyze Beam- 
Columns Under Movable Loads ," Research Report 56-4, 1968, Center for  
Highway Research, University of Texas, Austin, Tex. 



BMCOL programs are currently available that can account for nonlinear 

behavior. Programs to perform dynamic analyses are also available. A 

list of available reports describig some of the more versatile programs 

is included in paragraph 7. 

5. Some of the uses of BMCOL51 can be in obtaining general solu- 

tions for linear beam-columns, moving load problems, beam on elastic 

founaation problems, variable beam-size problems, and buckling problems. 

6. BMCOL51 runs in the WES G-635 computer in batch/remote batch/ 
Card-In mode. The program is saved in the system (under a user number) 

as BMCOL51. To run a batch/remote batch job the user can access the 

program through proper control cards and read in his data in the form of 

cards. To run a Card-In job, the user first reads in his data in a file 

and then runs the program (with the data file created f r ~ - a 3 e M n a l  

or from cards). He can direct his output to .any printer at the end of 

the run by giving proper commands. 
. . .  . .. . , . . . . . . . . .... . ,- . . . 7. .. .%'he' tjeai~-eijl~E,~~ .related. reports (as :of A@p.il. l974);;of '.th?.. Cent .. .. .. . . 

ter for Highway Research, University of Texas at Austin, are as follows: 

I Report No. 56-1, "A Finite-Element Method of Solution for Linearly 
I Elastic Beam-Columns" by H. Matlock and T. A. Haliburton, presents a 

I solution for beam-columns that is a basic tool in subsequent reports. 
I September 1966. 

:>%>,j',:*$C$jg:j 

fleportNo. "A Computer Program to Analyze Bending of Bent Caps" by 
H. Matlock and W. B. Ingram, describes the application of the beam- 
column solution to the particular prob-lem of bridge bent caps. October 
1966. 

Report No. 56-3, "A Finite-Element Method of Solution for Structural 
Frames" by H. Matlock and B. R. Grubbs, describes a solution for frames 
with no sway. May 1967. 

Report No. 56-4,"A Computer Program to Analyze Beam-Columns Under 
Movable Loads" by H. Matlock and T. P.,Taylor, describes the applica- 
tion of the beam-column solution to problems with any configuration of 
movable nondynamic loads. June 1968. 

Report No. 56-5, "A Finite-Element Method for Bending Analysis of Lay- 
ered Structural Systems" by W. B. Ingram and H. Matlock, describes an 
alternating-direction iteration method for solving two-dimensional sys- 
tems of layered grids-over-beams and plates-over-beams. June 1967. 

Report No. 56-6, "Discontinuous Orthotrophic Plates and Pavement Slabs" 



by W. R. Hudson and Hudson Matlock, describes an alternating-direction 
iteration method for solving complex two-dimensional plate and slab prob- 
lems with emphasis on pavement slabs. May 1966. 

Report No. 56-7, "A Finite-Element Analysis of Structural Frames" by 
T. A. Haliburton and H. Matlock, describes a method of analysis for 
rectangular plane frames with three degrees of freedom at each Joint. 
~uly 1967. 

Report No. 56-8,"A Finite-Element Method for Transverse Vibrations of 
Beams and Plates" by H. Salani and H. Matlock, describes an implicit 
procedure for determining the transient and steady-state vibrations of 
beams and plates, including pavement slabs. June 1968. 

Report No. 56-9,"A Direct Computer Solution for Plates and Pavement 
Slabs: by C. F. Stelzer, Jr., and W. R. Hudson, describes a direct method 
for solving complex two-dimensional plate and slab problems. October 
1967. 

.. e - 
; i- 

: 1 ReportNo. 56-10,"~ Finite-Element Method of Analysis'for~Composite 
Beams" by T. P. Taylor and H. Matlock, describes a method of analysis 
for composite beams with any degree of horizontal shear interaction. 

Report No. 56-11, "A Discrete-Element Solution of Plates and pavement 
Slabs Using a Variable-Increment-Length Model" by C. M. Pearre 111 and 
W. R. Hudson, presents a method for solving freely discontinuous plates 
and pavement slabs subjected to a variety of loads. April 1969. 

. . .  Report No. 56-12, "A Discrete-Element Method of Analysis for Combined ............... <,*I.<,><:.: .,** ~;):,: ................ Bending and Shear Deformations of a Beam" by D. F. Tankersley and 
W. P. Dawkins, presents a method of analysis for the combined effects 
of bending and shear deformations. December 1969. 

Report No. 56-13, "A Discrete-Element Method of Multiple-Loading Analy- 
sis for Two-Way Bridge Floor Slabs" by J. J. Panak and H. Matlock, 
includes a procedure for analysis of two-way bridge floor slabs con- 
tinuous over many supports. January 1970. 

Report No. 56-14, "A Direct Computer Solution for Plane Frames" by 
W. P. Dawkins and J. R. Ruser, Jr., presents a direct method of solu- 
tion for the computer analysis of plane frame structures. May 1969. 

Report No. 56-15, "Experimental Verification of Discrete-Element Solu- 
tions for Plates and Slabs" by S. L. Agarwal and W. R. Hudson, presents 
a comparison of discrete-element solutions with small-dimension test 
results for plates and slabs, including some cyclic data. April 1970. 

Report No. 56-16, "Experimental Evaluation of Subgrade Modulus and Its 
Application in Model Slab Studies" by Q. S. Siddiqi and W. R. Hudson, 



describes a series of experiments to evaluate layered foundation co- 
efficients of subgrade reaction for use in the discrete-element method. 
January 1970. 

Report No. 56-17, "Dynamic Analysis of Discrete-Element Plates on Non- 
linear Foundations" by A. E. Kelly and H. Matlock, presents a numerical 

. , . .  . method for the dynamic analysis of plates on nonlinear foundations. 
. .  . July 1970. 

Report No. 56-18, "A Discrete-Element Analysis for Anisotropic Skew 
Plates and Grids" by M. R. Vora and H. Matlock, describes a tridirec- 
tional model and a computer program for the analysis of anisotropic 
skew plates or slabs with grid-beams. August 1970. 

1 
Report No. 56-19,"An Algebraic Equation Solution Process Formulated in 

I Anticipation of Banded Linear Equations" by F. L. Endres and H. Matlock, 
I describes a system of equation-solvinn routines that may be aaalied to 

a wide variety of problius by using tiiem within appropriate programs. 
January 1971. 

: -- 5 

I Report No. 56-20, "Finite-Element,Method of Analysis for Plane Curved 
I Girders" by W. P. Dawkins, presents a method of analysis that may be .. . . . . .' .I.' ,.' .',,.'. . . . :'apbl.5ed ,to :plane' &&ed . b@i4$<.'giraers: .&a:oth&r:'.st$u~t~&.l: .:. ' . . '.' 
, . . . . .  . . . 

'members' composed of straight and curved sections. ~ u n e  1971. 

Report No. 56-21, "Linearly Elastic Analysis of Plane Frames Subjected 
to Complex Loading Conditions" by C. 0. Hays and H. Matlock, presents 
a design-oriented computer solution for plane frames structures and 

' . . . , , . j . ~  
trusses that can analyze with a large number of loading conditions. 

n!oisejs$;ii?:i! June 1971. 

Report No. 56-22, "Analysis of Bending Stiffness Variation at Cracks in 
Continuous Pavements" by A. Abou-Ayyash and W. R. Hudson, describes an 
evaluation of the effect of transverse cracks on the longitudinal bend- 
ing rigidity of continuously reinforced concrete pavements. April 1972. 

Report No. 56-23,"A Nonlinear Analysis of Statically Loaded Plane 
Frames Using a Discrete Element Model" by C. 0.  Hays and H. Matlock, 
describes a method of analysis which considers support, material, and 
geometric nonlinearities for plane frames subjected to complex loads and 
restraints. May 1972. 

Report No. 56-24, "A Discrete-Element Method for Transverse Vibrations 
of Beam-Columns Resting on Linearly Elastic or Inelastic Supports" by 
J. Hsiao-Chieh Chan and H. Matlock, presents a new approach to predict 
the hysteretic behavior of inelastic supports in dynamic problems. 
June 1972. 

Report No. 56-25, "A Discrete-Element Method of Analysis for Orthogonal 
Slab and Grid Bridge Ploor Systems" by J. J. Panak and H. Matlock, 



presents a computer program particularly suited to highway bridge struc- 
tures composed of slabs with supporting beam-diaphragm systems. May 
1972. 

Report No. 56-26, "Application of Slab Analysis Methods to Rigid Pave- 
ment Problems" by H. J. Treybig, W. R. Hudson, and A. Abou-Ayyash, illu- 
strates how the program of Report No. 56-25 can be specifically applied 
to a typical continuously reinforced pavement with shoulders. May 1972. 

.Report No. -56-27, "Final Summary of Discrete-Element Methods of Analysis 
for Pavement slabs" by W. Ronald Hudson, H. J. Treybig, and A. Abou- 
Ayyash, presents a summary of the project developments which can be used 
for pavement slabs. August 1972. 

Report No. 56-28, "Finite-Element Analysis of Bridge Decks'! by M. R. 
Abdelraouf and H. Matlock, presents a finite-element analysis which is 
compared with a discrete-element analysis of a typical bridge super- 

i structure. August 1972. 
.- _ - 

Report No. 56-29FL "Final Project Report" by J. J. pan&; s5ummarizes 
the project history and describes the major developments and findings 
in concise form. August 1972. 

i . . . . .  .' . .  1 .......... .:;, . . .  .,:. . . . . . . . .  1 .:,,, . % . . .  ; . . . . . . . . . . . .  . . . . . .  . . . . . . .  . . . . . .  .> . . . . .  . . . . .  . .: .... I .  . ,  . . . . . .  , . . . . I  . . . . . . . . . . . . . .  . . . . . . . . . . . .  . . . .  ...*. : . . . . . . . . 
. . 



Flow Chart 

8 .  A summary flow chart for this program is shown in Figure F1. 

I-!- 

READ PROB.ial N."BER A h 0  CEICR PT 01, 

I 
1 

IS THERE A PROBLEM? 

YES 

READ AND PRINT TABLES 16. (DAT A '  
KEEP THE ENVELOPES O F  MAXllAUYS FROM PREVIOUS PROBLEM' - - ...- C 

SET T I I E  ENVELOPES EQUAL TO ZERO 

S E T T O T A L L O A D E Q U A L  T O T H E  FIXEDLOAD 

. , .., . . ,. > . . .. . .. 
APPLY SUBROUTINE BEAMCOL 

I 

CO FOR E A T 8  P O I  T lCh OF I0VAB.E .OAO r FRCII ITART TO I!T~P 11. STEPSOF U..II.C 

I I 

I APPLY SUBROUTINE BENACOL 

I 
APPLY SUBROUTINE CO1,IPARE 

( . : . . . . . .  . .  . . . . . . . . . .  " - ' 
. . .- .... , . , 

SOLVEFOR O~FLECTION.'SLOPE, ' 
MOMENT, SHEAR, AND REACTION 

S iORF VA.  .F$ FCI I  .laF..El-CL CII<CR:',IS il_==I13 
I 

PRINT THE ENVELOPESOF MAXIMUMS AND PLOT I F  SPECIFIED 

I 

EXPAND THE ENVELOPES 
OF MAXIMUIAS 

REVISE ENVELOPES WHEN 
A NEW MAXIt.IUM OCCURS 

Figure F1; Summary flow diagram for BMCOL51 





... 
Data Input Guide (continued) 

. . 

TABLE 4 .  FIXED WADS AND RESIRAIKPS, (number of Cards according .to Table 1). Data added t o  s torage as'lurnped 
q u a n t i t i e s  per increment length, l i n e a r l y  in te rpo la ted  betveen values  input  a t  indicated end s t a t i o n s ,  with 
112-valuee a t  each end s t a t i o n .  Concentrated e f f c c t a  are cs tobl ished a? f u l l  values  a t  s i n g l e  s t a t i o n s  by 
s e t t i n g  f i n a l  s t a t i o n  - i n i t i a l  s t a t i o n .  . . .  

EN'EER 1 
:. 

. S- f R IF C O N T ~ D  Q E P 
TO ON NEXT BENDING TfUNSVERSE SPRING ZLANSVEPSE ROTATIONAL AXIAL TENSION 

S U  STA CARD STIFFNESS - FORCE 
<?.$,% .-. ....... ...=* <*.; S W W R T  C W P I E  RESTPAINT OR COHPRESSION 

..*::.: :::..'<::;,$,>::, ....... I I i 
6 0 IS P 30 40 50 €4 7 0  80 

T A B U  5. UOVABtE UYDS (Number of cards according t o  Table 1). &ta added t o  s to rage  J u s t  as i n  Table 4. 

ENTER 1 .... 
Qm IF CONT'D 

TO ( ~ i  NEXT TRANSVERSE 
STA S U  C m D  

........ : ..... >..::. .:......... ~," 
€ o m  

$*>& .~ ........ f?.:i>$ &?&*<X 1 
6 0 15 20 31 4 0  

TABLE 6 .  SPECIFIED STAZIONS FOR INFLUENCE D I A C W  (I carda or "on;). 

[ STOP CARD (one blank card a t  end of n n )  b J 
I . . 

. . 80 

,i 

(Continued ) 

NIR: Of 
. . .  

TIPE O f  
. . *I - P l o t t e d  Ovtput 

DIAGRAMS O U T P W  SPECIFIED S a T I O N S  (ma% - 5 per  v a r f i b l e )  FOR: 
2 j , Plotted Tabulated and i t p u t  

(Xltput .. ;x:3?2j$f t$).:9*.jjj$ : ..> : <... .~,: Et:$ P .  *<>.$ .>-...< ' 1  DEPLeCTION 
6 10 IS M 25 M 35 U) '4.. 



Data ~nput Guide (~bntinued) 
,. 

GENERAL P R O G M  NOTES 

The da ta  ca rds  must be stocked i n  proper o rde r  f o r  the  piogrsm t o  run.  
- .  

A cons i s t en t  system of u n i t s  must be used f o r  a l l  input d a t a ,  f o r  example: k ip8 and inches.  

Al l  5-space o r  less w r d s  a r e  understood t o  be r i g h t  jusk i f i ed  in tege r s  or whole decimal numbers / . . 
A l l  10-space words are r i g h t  j u s t i f i e d  f loat ing-point  decimal numbers . . . . . . . . . . . 

TABLE 1. PROGRAM-COhTROL DATA 

For each o f  Tables 2 ,  3, and 6,  a choice must be made b+ween holding a l l  of the  data  from the  preceding 
problem or en te r ing  e n t i r e l y  new data .  I f  t h e  ho1d:pptIon for any o f  these  t a b l e s  is set  equal t o  
1, t h e  number of cards  input f o + t h a t  t a b l e  must be:.rero. 

For Tables I and 5 ,  the  data  i s  accumla ted  i n  s to rage  ?$ addiog t o  previously  s to red  da ta .  The number of 
ca rds  input is independent of t h e  hold opt ion,  except t h a t  the  cumulative t o t a l  of cards  can not exceed 
100. .. . 

Card counts i n  Table 1 should be rechecked c e r e f u l l y  a f t e r  the  coding of each problem is completed. 
. .. . 

The p l o t  op t ion  for  each of the envelopes o f  maximums is. 'independent o f  t h e  o the r s .  No p l o t s  a re  drawn 
for t b s e  op t ions  t h a t  are blank or zero. For e a c h - p l o t  opt ion t h a t  is s e t  equal  t o  1, a p l o t  is d r a m  
on 4 X 10 i n .  axes. 

TABLE 2. CONSTANTS A N l  HOVABLE-WAD DATA 
. . 

The maximum number of increments i n t o  which t h e  may be divided i s  200. Typical u n i t s  for 
the  value  of increment length a r e  inches.  " t 

The number of  increments i n  the  movable-load p a t t e r n  ma9:not exceed the number of increments i n  the  beam. 
column. The s t a r t  s t a t i o n  i s  t h e  f i r s t  pos i t ion  a t :  which the  zero s t a t i o n  of the  movable-10.4 
p a t t e r n  i s  placed. 

(continued) 
. . 
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Example Problems 

Example Problem 1 

9 .  The f i r s t  example problem demonstrating the  use of program 

BMCOL51 shows a simply supported beam with t he  variable cross section 

loaded (Figure F2). The input and output data  fo r  t h i s  example a r e  

presented i n  Tables F1 and F2. The r e su l t s  of the  var ia t ion of deflec- 

t i o n  and moment along the  beam are plot ted i n  Figures F3 and F4. 

3 9  LB/STA 
< 

F = 6.087 x 10 L B - I N .  
I W  O N L Y )  

.. . . . , . .. . , . . . . ,  . . ..: . ..; .:, : . .,: : ,, ' ..:. . . ::. . , ( W W l T H  COVER PLATE] . . .  . .. . .  

INCREMENT LENGTH = 12 I N .  

NO.  O F  INCREMENTS = 80 

Figure F2. Physical problem fo r  Example Problem 1 
( s t e e l  bent cap, simply supported, and f ixed loads) 
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Table 172 

Output Data f o r  Example Problem 1 

PRUGHAU L4tlCOL 91 - UASTEH - MATLOCK-TAVLOH - R t V l S l O N  U A l E  s 0 8  t l b k  6 8  
CEJ94.2 HUUtWURK PHOOLtM O U l r  I J A l A  CUDtD FUN EXAMPLE P k O b L t M  G l V t N  I h  
HEPOHT 56-1  ( S l  FUR C t N I E H  FOR HIGHMAV HESEARCH. COUEU U I  FIPARKEH - .  

PHUB 
@ e l  S T t E L  ~ E N T  C A P *  S I M P L Y  S U P V O H l t 0 , F I X t D  LUAUS, NO E N V t L O P t S  Oh 

E N V E L U P t S  TABLE NUMUEM 
O F M A ~ I M U ~ S  2 J 4 5 6 

HOLU F R O M  PHECEUING P H O ~ ~ L ~ M  ( l = n O L D )  o o . , _ o -  -0 u o 
HUM CARDS I N P U T  T H I S  YRUBLEM 1 d 1 7  U 0 

O t F L  HUM 5HH RCT 
UVTION (IF=IJ TU VLUT E N V E L U P ~ S  of n A x f n u n s  1 1 8 0  

. .  ./ . . .  . . . . .  . . . .  . . . . . . . .  . : ,  . . . . .  . . . . . . . . , .  . . .:.. I . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . : - .  . . . . . . . . . . . . . . . . . . . .  .:,.. . ..:, . . .  . . . . . . . . 
1 A t I L k  2 - CONSTANTS 

HUM INCREUENTS 8 0 
INCHEHENT L t N B T H  0 . 1 2 0 t  0 2  
NUMbEH OF INCREMENTS FOR n O V A U L t  LOdD 0 
I N I I I A L  P O S I T I O N  UF MOVABLE LOAD STA ZERO 0 
F I N A L  P O S I T I O N  UF MUVABLE L U A U  STA LERO 0 
NUnt lER OF INCREMEHIS BETYEEN EACH P U S I T I O N  UF RUVABLE L U A U  1 

TADLE J - S P t C l F l E U  U E F L t C l l U N S  AN0 S L O P t S  

STA LASE D t F L E C T l O N  SLOPE 
1 0  1 0. NONE 
4 0  1 0 .  NONE 
7 0  1 0. NONE 

(Continued ) 

F 1 5  . , 

(Sheet 1 of 11) 



Table F2 (continued) 

TAaLt  6 - S P t C l F l E U  STATIONS FOR lnFLU€NCE DIAURAUS 
( S H t A K  I S  CUMI'UIEU U N t  HALF lhCHEnEnT 
IU THk LECT Of I H t  UESIONATkD S r A i l U N  I 

(Continued ) 

P l 6  
(Sheet 2 of 11) 



Table F2 (Continued) 

PRUGHAN MHCOL 5 1  - HASIEH - HATLOCK-TAYLUH - H t V l S l O N  DAiE 0 8  HAk 08  
CE394 .2  HUHtWURL PhOULtH OUlr  DATA CUDtD FUR EXAnPLE PHOLLti i  G l V t N  I h  
HEPOHI 5 6 - 1  ( S )  FUR C t N l E H  I O H  HIGHYAY HESEARCH. FOUEL) UY f .PbRkEH 

PRUE (COhTU) 
UOI S T ~ E L  DENT CAP,  S I ~ P L Y  S U P P O H T ~ O . F I X ~ D  L O A D S ,  NO E N V ~ L U P E S  on 

IAMLE 7 - I IXEU-LOAO RtSULTS 

STA 1 D l S l  D t F L  S L U P t  HOU SHEAR SUP H t A L l  
-1 -0 .120t  uz O .362 t  u o  0. n.  

(Continued ) 
(Sheet 3 of 11) 



Table F2 (Continued ) 

-0.2Y9t U O  O a l l O t  U8 0. 
-U.72UE-OJ U.642E 04 

-0.3U7t 00 0.1706 08 0. 
-USJB4E-OJ U.bl2E 04 

-0.312t U O  0 . 1 7 l t  08 01 
-0.47UE-04 U.483E 04 

-0.313t U O  0.172t 00 0. 
U.291E-03 U.45JE 04 . 

-0.JUOE UO 0.112t UB 0. 
U.63UE-03 -U.IObE 06 

-0.3uzt U O  0.139t 08 0. 
O.945E-OJ -U.lObE Oh 

-0.290t 00 0.147t US Om 
0.123E-02 -U.lOOE 06 

-0.215t 00 O11J4t U8 0. 
O.15UE-02 -U.l07E 06 

-0.227t U O  0.121t 08 0. 
O.174E-02 -U.107E 06 

*0.2J7€ UO @.lOBt 08 . -- 9. ' 
O.191E-02 - ~ . 2 0 7 ~ ' 0 %  

-0.214t 00 0.834t 07 0. 
0.201E-02 -Y.POOE 06 

-0.IYOE 00 O.585t 07 0. 
0.2OQE-02 - O . ~ O U E  06 

-(i16,5€ ;Q.O.;.. . .: : .;.' , .  (I..3J5t U7: ' . .... .: ..U ..., '.:, ': . . 
0.213E-02 -U..200E 66 

-0.149t.  00 0.848t 06 0. 
0.214E-02 -U.209E 00 

- 0 t 1 1 3 t  UO - 0 . 1 6 6 ~  07 0. 
U.2lZE-02 -U.309E 06 

-0.877t-01 -0.537t 0 7  .O • 
0.206E-02 -0.JlOE 06 

-0 .6J l€-Ol  -0 .909t  07 0. 
U.1VJE-02 -U.JlUE 06 

-013YPki-01 -0.128t UB 0. 
U.177E-02 -U.Sl lE 06 

-0.187t-U1 -0.165t 08 0. 
0.15bE-02 -U.311E 06 

0. -0.2U3t U8 0.520t Ub 
~ . 1 2 ~ & - 0 2  0.158E 06 

0.155€-Ul -0.184t u8 0. 
U.lObE-02 0.158E 06 

0.282t-U1 -0.165t 00 0. 
U.044E-OJ U.158E 06 

0.363k-U1 -0.146t 08 0. 
U.6'56E-OJ U.157E 06 

0.462t-U1 -0.127t U8 0. 
U.492E-03 U.157E 06 

0.521I2-Ul -0.108t U8 0 I 

0.352E-03 0.1ObE 06 
O.563t-U1 -0.963t U7 0. 

U.22YE-OJ U.106E 00 
O.5Vlt-01 -0.826t U7 0. 

0.122E-OJ O*l*bE 06 
0.6U5t-U1 -0,699t U7 0. 

U.321E-04 U.105E 06 
0.6U9t-U1 -0 .573 '~  87 0. 

-U.41VE-04 U.1OPE 06 
0.6U4t-U1 -0 .447t  U7' 0. 

'(Continued) 
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Table F2 (Continued) 

-0.197E-OJ 
0.7JfJE-U2 0 . 3 3 7 t  U5 

-9 .196E-03  
0.5U3t-U2 -0.334k 0 6  

-0.202E-OJ 
0 1 2 6 0 t - U 2  -0 .7U5t  U6 

-U.216E-OJ 
0. - 0 . 1 0 8 t  0 7  

-U.23IJE-03 
-0 .285E-02 - 0 . 8 6 6 t  0 6  

-0.252E-OJ 
- 0 . 5 9 l t - 0 2  -0 .655k 0 6  

-0 .26t lE-03 
- 0 . 9 1 2 t - U 2  - 0 . 4 4 8 t  U6 

-0 .276E-03 
- 0 . 1 2 4 t - U 1  -0.245E U6 

-0 .281E-04  
- 0 . 1 5 8 t - 0 1  -0 .450E 05  

-0.282E-OJ 
-0 .192 t -U1  - 0 . 2 8 8 t  05  

-0.28JE-OJ 
- 0 , 2 2 6 6 - 0 1  - 0 . l b 2 k  U5 

-U.ZBJE-OJ 
- 0 . 2 0 0 t - 0 1  - 0 . 7 2 0 t  04 

-0.28JE-OJ 
- 0 . Z Y 4 t - U l  -0 .18Ot 04 

-U128JE-03 
-0 .328E-01  0. 

-U.ZBJE-OJ 
- 0 . 3 6 2 t - 0 1  0. 

(Continued) 

-U.J03E 0 2  
0 .  

-0.306E 05  
0. 

-U.J09E 05  
0. 

-U.JlZE 0 2  
0 . 6 9 4 t  U5 

0.178E 05  
0. 

0.175E 02 
0. 

U.172E 05  
0. 

0.169E 0 2  
0. 

0.166E 05  
0 .  

U.135E 04 
0 .  

0.105E 04  
0 .  

0.74YE 04  
0. 

U.450E 04  
0. 

0.15UE 0 3  
0. 

U. 
0. 
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Table F2 (Continued) 

PRUE ( C U h T D I  
UO1 s 1 t . E ~  l E N r  CAP, S I M P L Y  S U P I ' O H ~ t 0 , F l X t O  LUAUS, b 0  E N V t L U P t S  ON 

B A -  ~ N V E L O P E S  UF MAXIMUMS * HELD 

MAX + D t F L  LOC MAX - 0 t f L  LOG 
U.J62E 0 0  - 4  U. Y9Y 
0.32YE OU - 4  U. Y 9 Y  
0.29bE OU - 4  0. 9 9 9  
U.264E OU - 4  U. Y 9 V  
0.231E OU - 4  U. 9 9 9  
O.19YE O U  - 4  U. 9 9 9  
0.166E 0 0  - 4  U. VVY 
0.13JE OU - 4  0. 999 
U.lO1E OU - 4  U. 9 9 9  
U.016E-01 - 4  U. 9 9 0  
U e J 4 1 E - 0 1  - 4  U. 9 9 9  
0. 9 9 9  U. Y 9 Y  
0. 9 9 9  -0 .34YE-01  - 4  
U. Y9Y -u .o9YE-01  - 4  
U. 9 9 9  -0.104E OU - 4  

, . v 9 r  ~U..I~IJE. nu . - I .  .. .;:. :... .:.. ..ypy. ..- i"I.s6YE., o,L; '4 ,  ... . 
U. YYY -IJ.199€ OU - 4  
U. 9 9 9  -U.ZZOE OU - 4  
0. 9 9 9  -U.249E 0 0  - 4  
UI 9 9 9  - ~ . 2 6 V E 0 0  - 4  
U. V9Y -U.286E OU - 4  
0. YVY -U.29YE OU - 4  
0. 9 9 9  -u .JOIC OU - 4  
U. 9 9 9  - U . J l Z f  OU - 4  
U. 9 9 9  -U.31JE OU - 4  
0. 9 9 0  -LI.3OVE OU - 4  
0. 9YY -0.JOZE 0 0  - 4  
0. 9 9 9  -0.290E Ou -4  
0. VVY -0 .275E OU - 4  
0. 9 9 9  - 0 . 2 5 7 E  OU - 4  
0. Y9Y -U.Z37E OU - 4  
0. YYV -0.214E 0 0  - 4  
0. YYY -u . lVUE OU - 4  
U. YVV -U. l65E OU - 4  
U. YVY - u . l J Y E  0 0  - 4  
0. 9 9 9  * U . l l J E  0 0  - 4  
0. VVY -U.677E-01  - 4  
0. V9Y -U .631E-U1 - 4  
U. 9 9 9  -U .49vE-o1  - 4  
0. 9 9 9  - u . l 8 7 E - 0 1  - 4  
U. 9 9 9  U. 9 9 9  
0 . 1 5 2 E - 0 1  - 4  U. YVY 
U . 2 8 2 E - 0 1  - 4  U. YVY 
U s J 8 J E - 0 1  - 4  U. 9 9 9  
0 . 4 6 2 E - 0 1  - 4  0 .  9 9 9  

(Continued) 

F 2 0  

FHOk C R l O H  PROBLEtI 

h A X  *hOH LOC MAX - k O n  LOG 
U. YVY U. VVY 
U. 9 9 9  U. YVV 
0. YVV -U. l84E 0 4  - 4  
U. Y9V -U.J34E 0 4  - 4  
0. 9 9 9  - U . l 6 5 E  0 5  - 4  
U. Y9V -U.2YZE 0 5  - 4  
U. Y9V -9.45oE 0 5  - 4  
U. 9 9 9  -U.66bE 0 0  -4  
U. V9Y -U. l2VE 0 7  - 4  
U. 9 9 9  -OIlV2E 0 1  - 4  
U. 9 9 9  . . . ' . G R 2 5 5 E  0 7  - 4  
U. 9 9 9  -U .J lUE 0 7  - 4  
U. 9 9 9  -0.551E Ob - 4  
U.2ObE 0 7  - 4  0. V9Y 
U.46LtE 0 7  - 4  U. YVV 
.O.7.2Y.E . 0 7 ' . . 7 4  .. U.  .,. , .. . ..Y.?Y ; i ,  ,. ; ., 

" *..991E'. '-i' '..' . 0.' " . : ' Y ~ Y  . 
U . l l J E  0 6  - 4  U. Y9V 
U.127E 0 0  - 4  0. Y9Y 
U.141E on - 4  U. 9 9 9  
U.155E 08 -4 U. Y 9 9  
0.169E 0 0  - 4  0. Y9Y 
O.17UE 0 0  - 4  0. VVY 
U.17UE 0 6  - 4  U. Y9Y 
0.171E 0 0  - 4  u. 9YY 
U.172E 0 8  -4  0. V9Y 
U.172E 0 6  - 4  U. 9 9 9  
U.159E 0 8  - 4  UI YVY 
0 .147E 0 6  - 4  0. YVY 
u . 1 3 4 ~  O M  -,4 U. V V V  
U.121E 0 8  - 4  U. YVY 
U.100E 0 6  - 4  U. YVY 
0.034E 0 /  - 4  U. 9 9 9  
U.585E 0 1  - 4  U; YYY 
U.JS.JE 0 7  -4  U. V9Y 
U.lJ4LlE 0 6  - 4  U. YVY 
U. 9 9 9  - 0 . l 6 0 E  0 7  - 4  
U. Y9V -U.237E 0 7  - 4  
U. Y9Y -U.VOYE 0 7  - 4  
U. VY9 - U . l 2 6 E  00 - 4  
U. 9 9 9  -U116SE 0 6  - 4  
U. Y9V -U.ZOJE Ob - 4  
U. V9Y -0.164E 0 0  - 4  
U. Y9V - U . l 6 2 E  0 1  - 4  
U. Y9Y -0.140E 0 0  - 4  
U. YVV -0 .127E Ob - 4  
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Table F2 (Continued) 

0 . 5 2 1 t - 0 1  - 4  
U .26JE-01  - 4  
0 + 5 9 1 E - 0 1  - 4  
U.DO5E-01 - 4  

-0.DOYE-01 - 4  
U .604E-01  - 4  
U . 5 9 1 E - 0 1  - 4  
0 . 5 6 V E - 0 1  -4  
U .54UE-01  - 4  
0 .5U0E-01  - 4  
0 . 4 6 a E - 0 1  - 4  
0 . 4 2 V E - 0 1  - 4  
U.38YE-01 - 4  
U .J5UE-01  - 4  
U . 3 1 I E - 0 1  - 4  
0 . 2 7 4 E - 0 1  - 4  
U 1 2 3 9 k - 0 1  - 4  
U .2OIE-01  - 4  
0 . 1 7 0 E - 0 1  - 4  
O.14IJE-01 - 4  
U.122E-01 - 4  
0.Y73E-02 - 4  
U.73UE-02 - 4  
U.l.50JE-42. .,.-4.. 
U.26UE-Oi! - 4  
U. 9 9 9  
0. YVY 
0. 9 9 0  
0. YVY 
U. 9 9 9  
U. 9 9 9  
U. Y9Y 
0. VVY 
U. 9 9 9  
0. YVY 
0. 9 9 9  
U .  9 9 9  

U .  9 9 9  
U. YVY 
u .  V9Y 
U. Y9Y 
U. Y9Y 
U. Y9V 
U. 9 9 9  
U .  VVY 
U. 9 9 9  
U. 9 9 9  
U. 9 9 9  
0. 9 9 9  
U. 9 9 9  
U. 9 9 9  
u. Y 9 Y  
U. 9 9 9  
U. 0 9 9  
U. 9 9 9  
U .  9 9 9  
U. V 9 Y  
U. 9 9 9  
u. V9Y 
U. V9Y 

' U. . . 9 9 9  . , , . ". $9 .$.. . '  
U. 
U. 9 9 9  

-U .Z8bE-02  - 4  
- 0 . 2 9 1 E - 0 2  - 4  
- 0 . V 1 2 E - 0 2  - 4  
-U.124E-O1 - 4  
- U . 1 5 8 E - 0 1  -4  
- u . 1 9 2 E - U 1  - 4  
- 0 . 2 2 6 E - 0 1  - 4  
- U . 2 6 U E - 0 1  - 4  
-U .294E-01  - 4  
-U .32bE-O1 - 4  
- U . J 6 2 E - 0 1  - 4  

(Continued) 

F2 1 

YVV 
Y9Y 
Y9Y 
Y9V 
9 9 9  
Y9Y 
Y9Y 
9 9 9  
9 9 9  
9 9 9  
YVY 
9 9 9  

0 2  - 4  
Ob - 4  
0 0  - 4  
0 7  - 4  
0 6  - 4  
0 6  - 4  
0 6  . - 4 :  
OD - 4  
OD -4  
OD - 4  
0 9  - 4  

Y9 .Y .  
' " 9 9 9  

9 9 9  
9 9 9  
V9Y 
Y9Y 
9 9 v  
0 9 Y  
9 9 9  
9 9 9  
V9Y 
Y9Y 
Y9Y 
YVY 

- 4 - 4 - 4 
- 4  - 4  - 4  - 4 - 4 
- 4  - 4  - 4  - 4  

9 9 9  
Y 9 9  
Y9Y 
9 9 9  
Y9Y 
Y9Y 
Y9Y 
9 9 9  
9 9 9  
Y9Y 
Y9Y 

74. , . ,  - 4 - 4  
-4  
- 4  - 4  - 4 - 4 - 4  - 4  - 4  - 4 

YVY 
9 9 9  
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Table F2 (continued) 

I A Y L t  6 0 -  ENVELOPES UF MAXIMUMS . = HELO FHOIi P R I U M  PHUBLEn 

M A X  * S H t L H  LOC 

0. 999 

0. 999'  

0 .  999 

0. 999 

0. 999 

U. 999 

0. 999 

0. 999 

NAX * R E I C l  LOG 
U .  999 

0. 999 

U. 999 

0 .  999 

U. 999 

U. 999 

U. 999 

u I 999 

MAX -KEACI LOC 
U. Y Y Y  

0. 
U. 999 

U. 
u. 999 

U. 
U. 999 

U. 
- 0 . 1 0 6 E  0 0  - 4  

0.  
-U . lObE 0 6  - 4  

U. 
- 0 . 1 0 0 E  0 6  - 4  

U. 
- 8 . 1 0 7 E  0 0  - 4  

(continued) 
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Table F2 (Continued) 

U. 
0 .  9 9 9  

0. 
0 .  9 9 9  

0. 
0. 9 9 9  

0. 
0 .  999  

u .  
U. 999  

0. 
U. 9 9 9  

U. 
U.  9 9 9  

0. 
U. 999  

U. 
0 .  999  

0 .  
U .  999  

U.  
U. 999  

0 .  
U. 9 9 9  

0 .  
U. 9 9 9  

0 .  
U.  9 9 9  

0 .  
U I 999  

0 .  
- U . J 5 J E  0 4  - 4  

(Continued) 
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Table F2 (Continued) 
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F 2 4  



Table F2 (Concluded) 

T A 8 L t  Y -- SCALES f O N  P L U I S  OF THE E N V t L U P t S  OF HAXIUUHS 
HURLZONTAL SCALE 

1 0  INCHES s l U O .  S T A T I O N S  

-- - 
V A H l A 8 L E  OF A X I S  V A ~ U E  
U E F L t C l  2 I N C H t S  s O.4OOt UO 
HOUENl 2 I N C H t S  8 O.4UOt UB 

PRO8 (CONTO) 
U 0 1  S T t E L  LENT CAP, S I M P L Y  SUPPOHTED,F iX tD LOAUSe NO ENVeLUPES Oh 

i . .- - - 
..... I I A I L k  1 0 A  -- INFLUENCE DIAGRAMS FOH U E F L E C T I U N  E 

L O C A l l O N  DESIGNATED STATIONS F O R  INFLUENCE D I A G R A M S  
OF LOAD STA S l A  ST A ST A  S I A  

T A 8 L t  1 0 8  -- INFLUENCE D lAGRAUS FOR HOUENT 

L O C A T I O N  D k S I G N A l E U  S T A T I O N S  F q R  I k F L U k N C E  D I A t i R A t i S  
OF LOAD S 1  A  S l  A  S I A  S I A  S I A  

NONE 

T A 8 L k  1 0 C  -- I N F L U t N C E  DIAGRAU$ $ O R  S H t A R  
( SHEAR I S  COUPUTtD ONE HALF 1 N C R t H t N l  

TU 1 H t  L E F T  OF I H k  U E S I G N A T t D  S T A l l O N  

L O C A T I O N  D E S i G N A l E D  S T A T I O N S  FOR INFLUENCE OIAORAMS 
UF LOAD ST A  S I A  S I A  S I A  S I A  

NONE 

T A 8 L t  1 0 D  -- INFLUENCE DIAGRAUS FOR SUPPURI  HEACTION 

LOCATION D t S l G N A T E D  S T A T I O N S  FOR I N F L U k N C E  OIAGRAHS 
OF LOAO S I A  ST A  S l  A  $ 1 1  ST* 
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1 2 -  
0 
X .  

Z = 
t- 
U 
W 
2 
LL 

8 -2 

STAT IUN 

P- . . . PROBLEM NO. 00 1 
*. . . . . . .****-**... 

0 0  .*.. . . . . . . . . - . . . . . *. ....... . .* 

Figure F4. Variation of moment along beam 



Example Problem 2 

10 To i l lus t ra te  further the use of program BMCOL51, a second 

example - a braced t rench problem - i s  given. Figure F5 shows t h e  

physical  problem f o r  t h i s  example. The input  and output data are pre- 

sented i n  Tables F3 and F4. The results of  the variation of de f lec t ion  

and moment along t he  trench support are p lo t t ed  i n  Figures F6 and F7. 

F = 5.00 x lo9 L B - I N .  S T A  0t00 

REPRESENTATION O F  BRACED T R E N C H  

W H E R E  BRACES A R E  REPRESENTED BY 

CONCENTRATED SPRINGS A N D  ACTIVE 

E A R T H  PRESSUR'ES A R E  REPRESENTED 

BY A D I S T R I B U T E D  LOAD. 

PASSIVE E A R T H  PRESSURES A R E  S = 2.67 x 10' L B / l N .  
REPRESENTED BY DISTRIBUTED 

.... . .. . . . . . .S?RIN.GS., . :. . ' , .,, ... . . . . .. .. . . . . .. 
. . 

INCREMENT L E N G T H  = 12 I N .  

NO. O F  INCREMENTS = 40 
0 

&S, LB/IN. PER STA 

Figure F5. Physical problem f o r  Example Problem 2 
(braced trench problem) 





Table F4 

Output Data f o r  Example Problem 2 

- 

PRUOHAn UHCOL 5 1  - MASIEK - HATLOCK-TAYLOK - R t V I S l O k  U A l E  0 8  MAN 08  
LEJ94.2 HOMtYURK P H O l L t H  O U l r  DATA CUDtO FUR E I A H P L E  P H O l L t M  O l V t N  I N  
KEPOHT 5 6 - 1  ( S )  FUR C t N l E H  I o n  H I b H w A l  dEbEARCH. COUEU UY F.PARKEH 

PRUB 
U 0 2  - S H t E I  P I L E  Y l l n  A 1  R t S l  ~ H t S S U H E , f l X t U  LUAUS, NU E N V t L U P t S  On, 

T A n L t  1 - PROOHAM-CONTHOL O A l A  
ENVtLCIPtS  TABLE N u M ~ E H  
O f H A X l W U h S  2 J 4 5 6 

HULD i R O H  PHECEbINO P H O U L t H  (1.HOLD) 0 O U O U O  
HUH CARUS I h P U T  T H I 5  YRUBLEh 1 U 6 U O  

OPTION ( I F 5 1 1  1 U  P L U T  E N V t L U P t S  OF U A X l n U H S  
D 6 f L  HUH bHH HCT 

1 1 0 0  

I NUH INCHEMFNTS d n  . . . . . - . . - . - ." 
! IhCHEHENT L t N B T u  0 . 1 2 O t  0 2  

NUHbEH UF INCWEMEkTS FOH WOVAULt LOAD 0 
INITIAL PUSITION UF M O V A B L E  LUAU ~ T A  LEHO 0 

. . F I N A L  P U S I T I O N  UF :HUVABLE L O A U  b T A  Z E H O  .. . . . . . . .  , . . . . * . HUHbEH UF . IHCHEIIENTS B E I Y t E N  ' tAL 'H  P u S 1 7 1 0 ~  OF W ~ I V A B L E  L U A U '  ' . '  . .  . . .  . a .  .. . ' ,  1. 

T A U L t  J - S P t C l F  I E u  U E F L t C l l U N S  ANu S L U P t S  

S l  A CASE D E F L E C T I O N  SLOPE 

NONt  

.~..:;$!;;j;i: 

IA6t.t  4 - S T I f f N t S S  ANU f IXEU-LOAD OATA 

f R U M  TU CONTU F UF 5 T H P 
0 4 0  U U.50UE 10 0. U. 0. 0 .  0 .  

1 0  1 0  U U. 0. 0 .2616  Ob 0. U. 0 .  
2 0  20 U U. 0. U.267E 0 6  0. 0 .  O r  

0 1 0. 0. b. 0. 0. 0. 
J O  1 U. -0 .495k  U4 U. 0. U. 0. 
4 0  0 U. - 0 . 4 Y 5 t  0 4  U.125E 0 5  0. 0 .  0. 

I R U H  l u  CONTU PI4 

I A U L t  b - S P t C l F l E U  5 T A l l O N S  FUR I M F L U t N C E  DlAGRAHS 
( S H t A H  I S  CUMI'UICU U N t  HALF INCHEMENT 

TU I H t  L E I  T 0 1  I H t  UESIUNATLO S T A l l U N  ) 

(Continued) 
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Table F4 (Continued) 

- 

PRUOYAM UHCOL 5 1  - I A S I E K  - HATLOCK-IAYLOR - REVIS ION UAlE * 00 UAn 08  
CEJ94.2 HUntWORK PKOULtn 001 ,  UAlA CODtD FUR EIAHPLE PHOULtM G l V t N  I n  
REPORT 5 6 - 1  I S )  TOR C t N i E H  FOR HIGHMAY HESEARCH. COUEU U I  F-PARLEH 

PRUB (CONTU) 
UO2 S H t E l  P I L E  Y l I H  AT RtSl PR€SSUHEIFI IED LUAUS, NO ENVtLUPtS Oh 

- FIXEU-LOAD RESULTS 

(Continued) 

F 3 0  
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Table F4 (Continued) 

(Continued ) 
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Table F4 (Continued) 

(Continued) 

1;74 
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Table F4 (Concluded) 

I A k t L t  V -- S C A L E S  t U H  P L O T S  UF  THE E N V t L U P t S  OF n A X l M U n S  
H U R I Z O N T A L  S C A L t  

1 0  I N C H E S  = 90. S T A T I O N S  

- . . . 
V A H L A E L E  Of A X I S  V A L U E  
U E F L t C 1  2 I N C H t S  = O.ZUOt U 1  
n o n E h r  2 I N C H ~ S  = 0 .2uo t  u 7  

I A L L t  1 0 A  -- I N F L U t N C E  D I A U R A H b  F O H  U E f L t C l l U N  

L O C A T I O N  D t S l G N A T E U  S T A T I O N S  FUR I N f ' L U t N C E  D I A G R A M S  
U t  L O A D  S T A  S T A  S l A  A  - S I A  

' I  C 

N U N t  

1 A l L t  1 0 U  -- I N F L U t N C E  U I A Q R A M S  F O R  MOMENT 

L O C A T I O N  D ~ S I G N A T E U  S T A T l O h S  F U R  I N F L U ~ N L E  D I A G R A M S  
OF L O A D  S I A  ST  A  S l A  S T  A  S I A  

NUNt  

I A U L t  1 0 C  -- I N F L U t N C E  D I A G R A M S  F O H  S H E A H  
( SHEAR I S  F O M P U l t D  ONE H A L F  I N C R t t l t N T  

TU I H t  L E t T  0 1  THk  U E S l t i N A T t D  S I A T I O N  ) 

L U C A  I I UN D E S I G N A T E D  S T A T I O N S  FUR I N F L U t N C E  O I A U R A H S  
OF L O A D  S l A  S l  A  S T A  S l A  S l A  

N U N t  

L O C A T I U N  D t S l G N A i E U  S T A T I O N S  FUR I N F L U t N C E  D I A G R A M S  
O t  L U A U  S T A  S l A  S l  A  S I A  S l A  

N U N t  

P H u G ~ A M  B n C O L  $1 - M A S I ~ ~ K  - U A T L O C K - T d Y L O H  - R t V i S l O h  U A I E  = OM M A n  0 0  
L E J 9 4 . 2  H U M t U u R n  P H O M L t M  OU1. U A T A  C U D t D  F U N  E X A M P L E  P H U Y L t M  G l V t N  I N  
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Figure F6. Variation of deflection along trench support 

Figure P7. Variation of moment along trench support 
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