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Comments on One-Dimens i o n a l  Wave Mechanics 

Dhanvi n Meh t a  n 
(1) I .  INTRODUCTION: g, vi, 

.- J 

The c l a s s i c a l  wave t heo ry ,  which d e s c r i b e s  t h e  p ropaga t i on  s t r e s s  

waves i n  t h e  rods, forms t h e  under1 y i n s  b a s i s  o f  p i  l  e d r i v i n g  t h e o r y  and 

p i l e  d r i v i n g  computer programs. I n  t h i s  r espec t ,  p i l e s  may be 

cons idered  as rods  and t h e  same analogy can be extended t o  t h e  o t h e r  

p a r t s  o f  t h e  d r i v i n g  system. The purpose o f  t h i s  s t udy  i s  t o  d e s c r i b e  

e s s e n t i a l  d i f f e r e n c e s  i n  t h e  development, m o d e l l i n g  as we l l  a s  b a s i c  

ideas behind t h e  computer program p o p u l a r l y  c a l l e d  'Weap' (Wave Equa t ion  

A n a l y s i s  o f  P i l e s )  which was developed f o r  t h e  Federal  Highway 

Department, and t h e  a1 g o r  i t hm  based on wave e q u a t i o n  theory ,  extended 

and r e f i n e d  r e a l i s t i c a l l y  t o  i n c l u d e  compl i c a t i o n s  due t o  presence o f  

d i s c o n t i n u i t i e s  i n  p i l e  c r o s s  sec t i on ,  s k i n  f r i c t i o n  a s  w e l l  as  i n t e r n a l  

V 
i damp i ng. On I y a i r steam hammers a r e  cons idered  as a p a r t  o f  t h e  l a t t e r  

approach m a i n l y  because o f  t h e  s impl i f  i e d  model adopted, and f o r  t h e  

ease i n  t h e  program development.  The c o n f l i c t s  a s s o c i a t e d  w i t h  any 

o t h e r  hammer system d u r i n g  mode l l i ng ,  u s i n g  wave t h e o r y  approach a r e  

s e l f  e v i d e n t ,  and needs no f u r t h e r  e l a b o r a t i o n .  

2 .  MODELLING: 

S i m i l a r i t y :  

P i l e  d r i v i n g  i s  a dynamic process, demanding a way o f  c a l c u l a t i o n  
- _ - -  -- - - -  -. - - - 

t h a t  assesses as  c o r r e c t l y  a s  p o s s i b l e  phenomena, such as forces,  ---- __--- 

( st resses  e t c .  __ - - -  
I - 6 

-A h i t  by a hammer, s t ress-waves s t a r t  t o  propagate w i t h  speed o f  sound i n  
. -- . - -  - - - -  . . . . . - -. -- -- -. 



t h e  p i l e ,  as wel l  as i n  t h e  hammer, t h e  a n v i l ,  and t h e  cushion b lock;  
. - - -  ___ 

upward i n  t h e  harmer and downward i n  a  l l o t h e r  pa r t s .  
----*.. . 

As soon as a  stress-wave encounters a  d i s c o n t i n u i t y  (change o f  

cross s e c t i o n  o r  m a t e r i a l )  o r  a res i s tance  ( f rom the  s o i l ) ,  t h e  wave i s  

(pa r t1  y )  r e f  l ected c r e a t i n g  a  wave i n  oppos i te  d  i r e c t  ion  and i n  every 

p o i n t  o f  t h e  system t h e  s t resses  and p a r t i c l e - v e l o c i t i e s  vary  w i t h  t ime. 

I n  o rder  t o  anal yse t h e  e f f e c t  o f  t h e  blow it i s  necessary t h a t  

these st resses,  v e l o c i t i e s  and displacements a re  assessed; t h i s  can be 

done w i t h  a  p i l e  d r i v i n g  computer program based on wave equat ion.  

tl The p r i n c i p a l  p a r t  o f  such a program c o n s t i t u t e s  a mathematical 

model o f  t h e  system deal ing  w i t h  t h e  f o l l o w i n g  func t i ons :  

a. I t  de f ines  i n a  general way t h e e s s e n t i a l  p r o p e r t i e s o f  

t h e  components o f  t h e  system: 

- dimensions. 

- weights. 

- ma te r ia l  ccns tzn ts ,  

b. I t  de f i nes  t h e  boundary cond i t ions ,  i .e .  t he  s o i l  and how 

t h e  s o i l  res is tances  a c t .  These r e l a t i o n s  a r e  based on 

t h e  laws o f  dynamics, and they a re  l a i d  d o ~ n  i n  a se t  o f  

formulae. 



The mathemat ica l  model p e r m i t s  t h e  s t a t e  o f  s t r e s s  and t h e  s t a t e  o f  

-. 
mo t i on  o f  a l l  components o f  t h e  system t o  be c a l c u l a t e d  f o r  a s e r i e s  o f  
c----- - -- - -- - - - - - - . -. - . . _ .  _--- 

sequen t i a l  ( s m a l l )  t i m e s t e p s .  Timesteps i n  t h i s  c o n t e x t  have t o  be 
----- - - - 

-- -- - - -- - 
cons idered  w i t h  an o r d e r  o f  magni tude o f  abou t  0 , l  m i l l i s e c o n d .  I n  t h i s  . 
way v a r i a t i o n  o f  m o t i o n  and s t r essed  can be f o l l owed .  

The mathemat ica l  model must be suppl i ed  w i t h  numer ica l  data ;  t h e  

" i nput"  . 

The above two programs equal  w i t h  r e s p e c t  t o  t hese  p r i n c i p l e s ,  

t h e i r  mathemat ica l  models, however, d i f f e r .  

B. Weap o r  Smi th  Type Proqram: , 

The t e r m  Wave Equa t i on  i s  t h e  name t h a t  has been a t t ached  t o  

computer programs f o r  d  i s c r e t e  dynamic p  i l e  anal  ys  i s. The p i  I e and 

d r i v i n g  system ( F i g u r e  l a )  i s  rep resen ted  by a  s e r i e s  o f  masses and 

sp r i ngs  as  shown i n  F i g u r e  l b .  The s o i l  i s  modeled by a  s p r i n g  (R, 

S t a t i c )  and a  dashpot (R, Dynamic) a t t ached  t o  each mass. The s o i l  

r e s i s t a n c e s  so rep resen ted  a r e  shown i n  F i g u r e  1 . l c  and a r e  l i n e a r  

e l  a s t i c  p l a s t i c  f o r  t h e  s p r i n g  where t h e  maximum fope, 

J 

i s  reached a t  

a  d isp lacement  q, c a l l e d  t h e  quake, and l i n e a r l y  p r o p o r t i o n a l  t o  t h e  

element v e l o c i t y  f o r  t h e  dashpot (commonly know as  t h e  damping f o r c e ) .  

The a n a l y s i s  proceeds by g i , v i ng  t h e  ram an i n i - t i a l  v e l o c i t y .  A t  

each e l  ement t h e  d i  sp l  acement can be c a l  cu l a ted  f o r  a smal I t i m e  

-i increment w i t h  element v e l o c i t i e s  determined f rom t h e  p r e v i o u s  t i m e  
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C 
increment.  W i t h  t hese  d isp lacements  and v e l o c i t i e s  t h e  f o r c e s  a c t i n g  on 

4 
each mass can be determined.  They a r i s e  f rom t h e  p i l e  s p r i n g  

de fo rmat ions ,  f rom t h e  s o i l  s p r i n g  de fo rma t i on  and f rom t h e  dashpot  

f o r ce .  Us ing Newton's Second Law t h e  mass a c c e l e r a t i o n s  can be 

c a l c u l a t e d  and by i n t e g r a t i o n  a l s o  t h e  v e l o c i t y .  The computa t ion  t hen  

proceeds t o  t h e  n e x t  t i m e  increment .  

I n  a p p l i c a t i o n  a s e t  o f  s o i l  f o r c e s  RU and damping f o r c e s  a r e  I 
ass igned a t  each e lement .  Then t h e  ram i s  g i v e n  i t ' s  r a t e d  impact 

v e l o c i t y  and t h e  dynamic computa t ion  o u t l i n e d  above i s  con t i nued  t h raugh  

success ive  t i m e  increments  u n t i l  a l l  s o i l  f o r c e s  a r e  l e s s  t h a n  R . The u 

t o t a l  permanent d isp lacement  w i l l  have t hen  been c a l c u l a t e d  and a p o i n t  

on t h e  b e a r i n g  graph i s  known. The c a p a c i t y  va l ue  i s  known as  R and u t 

i s  equal t o  t h e  sum o f  t h e  Ru va lues  a t  each element.  The blow coun t  i s  

ob ta  ined f rom t h e  c a l c u l a t e d  permanent s e t .  I n  t h i s  p rocedure  t h e  

permanent s e t  ( o r  b low coun t )  i s  determined For a s e t  o f  ass igned 
I 

, 
I 

r e s i s t ances .  However, t h e  b e a r i n g  graph i s  p l o t t e d ,  by t r a d i t i o n ,  w i t h  

t h e  blow coun t  as  t h e  independent v a r i a b l e .  A v a r i e t y  o f  R va lues  can 
u t 

be used t o  c a l c u l a t e  t h e  t o t a l  shape o f  t h e  b e a r i n g  graph. 

I n  a d d i t i o n  t o  t h e  b e a r i n g  graph t h e  wave equa t i on  a l s o  g i v e s  

s t r esses  i n  t h e  p i l e  2nd t h e y  can a l s o  be shown a s  a f u n c t i o n  o f  blow 

coun t .  

I n  p r a c t i c e ,  t h e  wave equa t i on  bea r i ng  graph can be used i n  a 

f .-v manner q u i t e  s i m i l a r  t o  t h e  dynamic fo rmu la  b e a r i n g  graph. I n  a d d i t i o n ,  

i d r i v i n g  s t r e s s e s  can be r a t i o n a l l y  l i m i t e d .  Wh i le  t h e  shape o f  t h e  two 



C 
curves a re  q u i t e  s i m i l a r  t h e  d i f f e r e n c e s  a r e  s u b s t a n t i a l .  A p a r t i c u l a r  

wave equat ion bear ing graph i s  associated w i t h  a  s i n g l e  d r i v i n g  system 

p i l e  type, s o i l  p r o f i l e  and a  p a r t i c u l a r  p i l e  pene t ra t i on .  I f  any one 

o f  t h e  above items a r e  changed, t h e  bear ing graph changes. 

The above d e s c r i p t i o n  summarizes very b r i e f  l y  t he  ope ra t i on  o f  

t r a d  i t iona l wave equat ion programs such as t h e  Weap program. 

C. Wave Theory Proqrams: 

D i f f e r e n t  from t h e  Weap o r  SMITH-type program, t h e  Wave Theory 

Program i s  based d i r e c t l y  on the  p r o p e r t i e s  o f  waves. As has been - 
s ta ted  e a r l i e r ,  t h e r e  a r e  stress-waves t h a t  propagate w i t h  the  speed o f  
+_- - - -  --  - -  - - -- - - - -- -- 

sound i n  t h e  p i  l e, hammer and anv i l . 
--- - __ - - - ---.--_____-_ .- -- - -/ 

The Wave Theory Program f o l l o w s  these waves du r ing  t h e i r  - --- --  _ _ _ _ _ _  - ___.--I-- _ -- - 
propagation. When t h e  waves encounter d i s c o n t i n u i t i e s  o r  ( s o i l )  

. . .. .--- ---- _ - -. ------- -----'- 

res is tances ,  t h e i r  m o d i f i c a t i o n s  ( r e f l e c t i o n s  and t ransmiss ions)  a re  
--. -.*__---- _ _  

computed . 
-_. . -.--- - - . 

The s t a t e  o f  mot ion f o l l o w s  frcm the  sfress-wzves i n  a 

s t m i g h t - f o r w a r d  manner; displzcements a r e  c a l c u l a t e d  from t h e  

v e l o c i t i e s .  The Wave Theory Program au tomat i ca l l y  e s t z b l  ishes i t s  own 

coord ina te  system i n  such a  way t h a t  it takes e x a c t l y  one t imestep f o r  

t h e  kaves t o  t r a v e l  from any g r i d - p o i n t  t o  t he  nex t .  



Figure 2 



- Ram (H igh  Impedence) 

- P i  1 e Cap (Low Impedence) 

~------- Helmet (H igh  Impedence) 

- P i l e  Cushion (Low Irnpedence) 

P i l e  

Toe Resis tance 

F i g u r e  3. P i l e  & Hammer Model 



Below g round leve l  The Wave Theory Program a u t o m a t i c a l l y  d i s t r i b u t e s  
-/-- - - .- -- 

t h e  s k i n f r i c t i o n  o v e r  t h e  g r i d - p o i n t s ;  c o n t i n u o u s l y  d i s t r i b u t e d  
- -- 

s k i n f r i c t i o n  when g i v e n  so by t h e  i npu t ,  i s  r ep laced  b l a  s e t  o f  
- -  -- _.. _ _  ---- ---- 

concen t ra ted  f r i c t i o n  f o r c e s  a t  t hese  g r i d - p o i n t s  hav ing  t h e  same 
- - .- 

r e s u l t a n t .  
./ 

Oppos i te  t o  t h e  Neap o r  SMITH-type program, where mass i s  

concen t ra ted  i n  a  number o f  d  i s c r e t e  p o i  nt,s, The Wave Theory Program _ ___-- --.- 

m a i n t a i n s  t h e  c o n t i n u i t y  o f  mass; ..... a l s o  c o n t i n u i t y  o f  e l a s t i c i t y  i s  -_ -- ----- - 
ma in ta ined ,  where Weap uses in te rspaced  sp r i ngs .  

W i t h  t h i s  model The Wave Theory Program computes mo t i on  ( v e l o c i t y  

and d isp lacement )  and f o r c e s  ( s t r e s s e s )  f o r  e x a c t l y  t h e  same p o i n t s ,  t h e  
, - 

1 .  \.. 
g r i d - p o i n t s .  

S k i n f r i c t i o n  f o r  b o t h  programs i s  assessed i n  a  s i m i l a r  way; it i s  
. ............ ..... ,\--- ---.-----.... ..... .. -- - - . - -. 

assumed t o  inc rease  w i t h . v e l o c i t y  (damping) .  

For  d isp lacements  below a  c e r t a i n  I i m i t ,  c a l l  quake, e l a s t i c  

behav io r  o f  the  s o i  l i s  assumed i n  bo th  t h e  programs. 

CONCLUSION: 

Because o f  t h e  d i f f e r e n c e  between t h e  mathemat ica l  models on which 

/ 
d t h e  two programs a r e  base, d i f f e r e n c e s  i n  o u t p u t  must be expected. 



C However, w i t h  respect  t o  set-per-blow the  r e s u l t s  o f  bo th  programs need 

n o t  d i f f e r  widely,  when a p p l i e d  t o  i d e n t i c a l  cases. 

The wave theory,  extended i n  a  s i ~ ~ p l e  way i n  o rde r  t o  be ab le  t o  

account f o r  s k i n f r i c t i o n ,  p rov ides  a good d e s c r i p t i o n  o f  t h e  p i l e  

d r i v i n g  process. 

Th is  theory  has lead t o  an economic p i l e  d r i v i n g  computer program, 

which i n  a sl-ra igh t - fo rward  manner prov ides rea l  i s t i c  r e s u l t s ,  w i thou t  

numerical i n t e g r a t i o n  of t h e  d i f f e r e n t i a l  equat ions. 

I n  t h e  theory,  as  we l l  as  i n  t h e  program the  i n t e r a c t i o n  o f  hammer, 

(* 
p i l e  and s o i l  i s  c o r r e c t l y  represented; t he  impact diagram, o f t e n  

erroneously considered t o  be a p rope r t y  o f  t he  hammer alone, i s  

ca l cu la ted  by  t h e  program, 

The p i  l e d r i v i f i g  program creates  possi  b i  l i t y  t o :  

make re1 i a b l e  p r e d i c t i o n s ,  on c o n d i t i o n  t h a t  good s o i l  dzta a r e  

a v a i l a b l e  

es t ima ie  t h e  d r i v i n g  res i s tance  and t h e  bear ing capac i t y  on t h e  

base o f  blowcounfs f o r  at  l hammers 

. i n t e r p r e t  p i l e  d r i v i n g  t e s t s .  



TABLE I 

Wave Theory Program. Weap 

mass 

s t i f f n e s s  

cont inuous 

cont inuous 

concentrated p o i n t  masses 

concentrated spr ings  

method of a n a l y s i s  c a l c u l a t e s  the  i n i t i a l  so lves f o r  each t ime-  
wave, propagates f o r  s tep  t the  s e t  of 
each t imestep h t  t h e  equat ions of dynamic 
waves, bo th  i n  hammer e q u i l i b r i u m  by numerical  
and p i l e ,  and c a l c u l a t e s  i n t e g r a t i o n  
the  m o d i f i c a t i o n s  a t  

s k i n f r i c t i o n  

toe - res i s tance  

d i s c o n t i n u i t i e s  

t he  program rep1 aces 
t h e  g iven  cont inuous 
d i s t r i b u t i o n  by a l a r g e  
number of concentrated 
f r i c t i o n a l  forces 

same as Weap 

i n t e r a c t i  on o f  c a l c u l a t e d  
hammer, p i l e  and 
s o i l  . 

concentrated i n  t h e  
centers  of  g r a v i t y  of 
g r a v i t y  of t he  elements; 
accounted f o r  by 
s p r i n g  dashpot systems 

represented by s p r i n g  
and dashpot 

c a l c u l a t e d  




