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Reinforced Concrete Pile Formulae. 

DAVID VICTOR ISAACS, M. C. E. 
Associate Member.* 

Sunmiary.-Existing formulae for the calculation of safe loads for reinforced concrete piles are critically examined, and errors 
in theory sre shown. A new theory of the phenomena of driving is advanced, and a set of graphs based on the theory, is prepared 
for application to reinforced concrete pile driving. Allowances are made for weight and drop of hammer, size and length of pile, size 
and weight of dolly or helmet, degree of cushioning in the helmet (or strengrh of oncrere in pile), and type of supporting strata. 

I (a) Tlte purpose of the paper.-The purpose of this 
paper is to find a method by which safe loads for reinforced 
concrete piles can be calculated from the observed conditions 
of drivmg. Many formulae at present available attempt to 
achieve this, but there are large differences in the results 
they give, and there is little to show which, if any, is to be . 
trusted. 

(b) Outstanding differences between concrete piles and 
timber piles.-So much of the knowledge of pile driving has 
been based on the behaviour of timber piles, that it is im- 
portant to note that : (I) The structural and elastic char- 
acteristics of timber piles and concrete piles are very dis- 
similar. (2) In  drop hammer driving, timber piles. are 
usually driven direct, with a hammer of weight nearly as 
great as, or greater than that of the pile ; concrete piles are 
lisually driven using a cushion and helmet, and a hammer 
only a fraction of the weight of the pile. (3) Concrete 
piles are relatively more expensive, and a good gauge of 
their capacity is therefore relatively more valuable. 

(c) Driving resistance, and bearing resistance.-A pile 
partly driven, and left overnight, is often much harder 
to move when first struck next morning. In  some cases the 
reverse is true. I t  is thus important to distinguish between 
the driving resistm~ce (R)-the actual ground resistance to 
drivinp-and the bearinu resistance iU)-the ultimate re- 
sistance to a static load applied after the'ground has become 
quiescent subsequent to driving. An attempt to relate the I , -  

I two will be made in the paper. 
i (d) Factor ofsa/ety.-The factor of safety to be applied 

to a determined driving resistance or ultimate bearing re- 
sistance must of necessity depend on the degree of accuracy 
likely in such determined resistance, and on the type of 
loading to be borne.. It is thus controlled by the quality 

; of the supporting strata, and may usually be made less 
where subsurface conditions have been well determined; 

1 and while vibrating loads require larger factors of safety 
than static loads, these factors also may he reduced where 
the total penetration is such that the supporting strata are 1 below the region of lateral vibration in the aile, and where 
the previousry explored supporting strata i re  such as not / to be greatly affected by vertical vibrati0ns.t Whereas 

I .This piipcr, No. 310, originnird in  the Melbourne Division of the tnriitution. 
tSce Ev#,iai~srrirl.q Narm Record Vol. ioq No.,*a M a y  srh, 1930, p. 9oq. Ii  

ir rherc concluded thzr due to "iry small ;ibrnrlon; rausad by srreer or !"dway 
tramc, "tarby coundscidnr aclt~c, rcoiemenrJ being isrgert iii piastic SO,I~, end 
almoli nEpligihlc in osnd. 

impact is usually omitted from foundation calculations, 
it should be included in the load calculated for any pile. 
Impactive or live loading of long duration requires more 
allowance than such loading of short duration. 

In  some classes of ground, a single pile may support 
much more than the average load supported by a number of 
piles driven fairly close together. In  ground where the 
sets in driving different piles are very variable, an increase 
should he made in the factor of safety. 

An often-quoted table of factors of safety for bearing 
resistances is the following :- 

Soil to Silt 
Steady loads ... ... ... ... ... z to 6 
Vibrating loads, machinery, etc. ... ... 4 to rz  

I t  should be remcrnbered, however, that these are not 
true factors of safety, but include a " factor of ignorance." 
The author suggests that when the ultimate resistance of 
any pile has been determined, in fixing the factor of safety 
(as given in the above table) the most unfavourable conditions 
possible in the supporting strata should be judged (the range 
of conditions posdihle being narrowed with better knowledge 
of the subsurface conditions and of the po3sibility of dis- 
turbance from extraneous sources) and a proportion of the 
factor of safety-a " factor of ignorance "-then allowed in 
respect of these possible conditions, the manner of de- 
termining the ultimate load, and the type of loading to be 
borne. The remaining proportion of the factor of safety- 
or true margin of safety-should be approximately constant 
for all classes of loadings and foundation conditions involv- 
ing the same value of loss in case of failure; and the overall 
factor of safety (S )  will then be equal to the product of the 
true factor of safety with the "factor of ignorance." For 
permanent work the true factor of safety should not be less 
than I&. 

The quotient obtained by dividing the ultimate re- 
sistance (R or U) by an appropriate factor of safety ( S )  
is the bearing value (B) to be assigned to any pile ; and the 
use of any formula which always includes the same arbitrary 
factor of safety is therefore to a certain extent to.be depre- 
cated. The ultimate bearing resistance found by a static 
load test is considered to be the maximum for which no 
progressive settlement is noted. For some classes of foun- 
dation the time element is large, and it may be necessary 
to allow the test load to remain on for several days, even 
though no settlement appears at first. 

(e) Height of fall of hammer.-In driving with a drop 
hammer it is usually convenient to work direct on to the 



winch, instead of using a tripper. Friction and inertia of t = Time length required of the for l~ammer;  sound to travel the 

the winch Darts then seriouslv reduce the velocitv which . -:-- -----" ,,.. , (seconds) 
L . . r i r r  y n . n ' , L ' )  , 

the hammecacquires in its fall,'and observations by hifferent 0 = Angle of inclination of pile machine 
observers indicate consistently that the velocit-e guides to the vertical; 

hammer as it hits the pile is only approximately d1.15 614, = r nprin~ bearing nf rerr capacity : Of after ilh.! 
- - - y-..-- .-". , 

i.e., the equivalent fiee fall is 2, = Velocity of pile after impact; @;.-'per sec.) 
Ir = 2H V = Velocity of sound in pile; (ft. per sec.) 

where H feet is the vertical fall. v = Velocity of hammer as impact occurs 
with helmet or dolly; (ft. per sec.) 

With new equipment h may be less than H .  The equio- u = Velociry of hammer after impact; (ft. per sec.) 
alent free fall (or an actual value of the free fall) should w - Weight of hammer; (Ib.) 
alwavs be used in formulae. w = Weight ofhammer per ft. length ; (Ib. per ft.) 
.~- , ~ 

If the height of fall measured obliquely on raking guides 
inclined 0 to the vertical (in driving batter piles) be H feet, 

H - H (cos 0 - 0.1 sin 0) 
and it L fH (COS 0 - 0.1 sin 0) 

(f) Mathematical treatment.-Where mathematical treat- 
ment is included, the leading results are summarized in 
italics for facility in following the paper, and the essentially 
mathematical text is printed in smaller type. 

(8) Notation.-The notation given below includes every 
symbol used in the paper. The symbols are mainly phonetic 
or standard. Further explanations are given in the text 
as required. 

(i) Plwicol Quonritier. 

A = Area of cross section of parallel pile ; (square inches) 
A = Eauivalent area of cross section of 

-tapered pile ; (square inches) 
B = Working bearing load of pile ; . (Ib.) 
C = Equivalent compression of pile plus 

cushion in the Hiley formula; (inches) 
c = Compression of cushion and dolly alone ; (inches) 

D = Total weight of helmet or cap, and 
doily; (Ib.) 

d = Total depth af penetrarian of pile; (feet) 
E = Young's modulus far concrete; (Ib. per sq. in.) 
E = Coefficient of restitution ; 
F = Maximum compressive stress on pile 

head cross scctian, duringdriving ; (Ib. per sq. in.) 
f = Eauivalent drivine resistance comorcs- 

'sivc stresson~yle crass section (Ib. per sq. in.) 
G = Stiffness of cushion in helmet; (Ib. per in.) 
g = Acceleration due to gravity ; (ft. per sec. per sec.) 
H = Height of fall of monkey; (feet) 
H = Height of fall of monkey measured 

along raking guides ; (feet) 
h = Equivalent height offree fall of hammer ; (feet) 
h = Eouivalent heielit offreefall of monkcv: (feet) 
i = ~Hgn i tude  of 8;1 impuisc at any instant i ' ' 

L = Equivalent lcngtll of pile ; (feet) 
L = Actual length of pile; (feet) 
1 = Length of hammer; (feet) 
1 = Length of mankey; (feet) 
A = Lengthoftimber dolly or srriking piece ; (feet) 

M = Weight of monkey ; (Ib.) 
rn = Weight ofmonkey per foot oflcngth ; (Ib. per ft.) 
p = A quantity proportional to the loga- 

rithmic decrement of a longitudinal 
wave ; 

N = A iatio of driving resistances under 
different conditions ; 

P = Weight of pile; (Ib.) 
p = Weight of pile per foot of length; (Ib. per ft.) 
o = Percentaee of steel reinforcement : 

Q = Ratio of Eushianed ro idcally impactive 
compressive strFss ; 

q = Ratio of driving resxstsnce compressive 
stress to ideally impactive compres- 
sive stress : 

R = Driving resistance of pile; (Ib.) 
Q = Ratio of velocity of sound in the 

hammer to the velocity in the pile; 
S = Factor of safety; 
s = Set per blow in driving; (inches) 
a = Pcrimeter of pile ; (inches) 

(ii) Matkcmatical Quantities. 

I - r  
(I = - 

k 

b = P 
Xk 

p = , / m  
d 

D = T h e  operator - 
d% 

e = Base of the Naperian logarithms ; 
0 

- 1  2 8  
7 = A phase constant equal to tan - 

k = C and a constant having the dimension of time; 
I Z V Q  

x = A constant ; 
J = A constant ; 

QW i P 
r = Modified value of r such that r = b log, (1 - 2r/(l-  r)) 

X = Unit value of z 
x = Abscissa in wave diagram ; 
V = lJnir value of v or v 

m = A ~ h a s e  constant ; 
5 = A phase constant ; 
t = A phase constant. 

(a) Formulae dealt with.--Numerous formulae are in 
use in America and Europe, for concrete piles. A few of 
the most widely used will be examined. They are :- 

(i) Wellington (American) 
(ii) Gow (American) 

(iii) Brix (Continental) 
(iv) Eytelwein (Continental) 
(v) Hiley (British) 

(vi) Formulae of the Rankine type which depend 
on a knowledge of the supporting strata only. 

(b)  Wellington Fonnu1ae.-The Wellington formu!a 
for timber piles and a drop hammer of weight M Ib. 1s 
usually quoted as 

2 M h  
Safe Load (Ib.) = - 

s+l  



with a factor of safety nominally equal to  6 ,  a free fall ( h  
feet) assumed for the monkey, and s the average set in  
inches for the last 5 blows at least.* 

Wellington's explanation o f  the formula is that, as- 
suming the resistance to  penetration during each blow o f  
the monkey to  start at a certain value and rapidly drop to  a 
much lower value, which remains constant for the remainder 
o f  the penetration, the equivalent set (for the lower resis- 
tance) should be increased; and "based on extensive 
observations of  the behaviour o f  piles i n  driving, and on 
many years' experiment and study as to the general laws o f  
friction," the required amount o f  increase i n  set is givcn as 
I in. Equating ( in  in.-lb.) the work stored in  the monkey, 
to the work done i n  producing an equivalent set 

12Mh = ( s  + 1) x resistance overcome. 
Since the value I in. is based on  actual bearing values ( U )  
o f  piles after a period o f  rest subsequent to  driving, the 
resistance overcome is really not a driving, but a bearing 
resistance, so that, using a factor o f  safety o f  6 

U 2 M h  
Bearing Capacity, B = -i; = si--i .................. ( 1 )  

T h e  factor o f  safety 6 ,  is nominally supposed to  include the 
effects o f  brooming o f  the head o f  the pile, and other similar 
sourccs o f  loss, and it is intended to  be applied only where 
the subsurface conditions are unknown. Under known 
subsurface conditions a factor o f  4 or a little less is re- 
commended. Tlze results of Goodriclz's investigations on 
timber piles show that the resistance of the grolrnd to pene- 
tration is, in the average case, almost constant from start to 
finish of any movement under one blow of lhe hammer. The 
Wellington formula slzotrld therefore be taken merely as a 
good empirical one, based on the beliavioirr of timber piles, 
and applicable to them provided (as Wellington asserts) the 
set per blow is not less than + in. or in. as an extreii~e limit. 
Reinemberir~g the differences in  driving phenomena noted in  
section I (b), one sl7ould, therefore, 071 existing knowledge, be 
clzary of using the formula for concrete pile work, altho~~gli it 
is ofte?~ recorninei~ded as being quite satisfactory for suclz use. 
Wellington's ~nodification o f  the above formula, for use 
with stcam hammers is : 

2 M k  o.l .... Safe load = -------- 
s i- (2) 

but tests have indicated that the figure 0.3 instead o f  0.1 
would be better for single acting hammers, and approxi- 
mately 0.2 has been suggested for double acting hammers. 
In  double acting hammers the ef fect  o f  the steam pressure 
on the piston would have to  be included. Comparing 
accelerations during fall o f  the hammer with and without 
steam 

1 
h = Actual fall x - { M  + Mean net total steam 

M 
pressure on  piston - Total friction) 

for double acting hammers 

and h r- approx. {Actual fall - z in.) 
for single acting hammers, when allowance is made for 
friction. 

( c )  Gow Formula.-Wellington's formulae have been 
modified b y  Gow, to  take account o f  the heavy weights 
( P  ib.) o f  concrete piles. 

- 
* S e e  ~o~ ,~~do i io , i r  o j  Bridpsr and Buitdingi, 2nd Bdicion, by Jacoby and Davis 

For a drop hammer the G o w  formula is 

2 M h  ................................. 
Safe load = -- 

D 
(3) 

s +& 
and corresponding to  Wellington's steam hammer formula 

T h e  United States Navy Department uses 

2 M h  .............................. Safe load = ----- - (5)  
P 

s + 0.3-- 
M 

It appears as thozrgh the aLteations to Wellington's 
formulae have been made rather as a guess, but the guess would 
appear reasonable. Safe results appear to have been given ilr 
America, but this is inconclusive as to the correctness of the 
formulae, becatrse they may merely be conservative. T h e  
remarks concerning factor o f  safety and min imum set for 
the Wellington formulae apply to  the G o w  formulae also. 

( d )  Brix Formula.-Equating the momentum o f  a 
drop hammer which strikes a pile with velocity v ft. per 
second to  the combined momenta o f  pile and hammer 
after impact 

M v = P v + M v  

T h e  coefficient o f  restitution for the impact is here 
assumed zero, and the velocities o f  both pile and hammer 
after impact are therefore taken as v ft. per sec. T h e  
hammer is now assumed to  play no  further part in  the 
action, and the energy available for penetration, due to  the 
motion o f  the pile, is written as 

1 M 
- x P x {(MTF)V}z x 12 in. ~ b .  
2 8  

which equals R s  in. Ib., the work done i n  penetration 
against a driving resistance R Ib., i s . ,  

and since vZ = 2 g h  

or the safe bearing load in  lb. with factor o f  safcty S is 

The formula is thus a driving resistance formtrla which 
attempts to include the effects due to pile weight and lach of 
restitution at the head of the pile. N o  allowance is made 
for the following obvious sources o f  loss 

( i )  work done in  compressing the pile cap ; 
(ii)  work done i n  compressing the pile ; 

but to  offset these 
(iii) the available energy o f  the drop hammer after 

impact is neglected. 
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One would expect the gains and losses to balance for 

sets somewhere between t in. and I in. 
Put P = M,and the formula reduces to 

Mh R = 3.00- ................... ... ......... 
S (8) 

Goodrich's very thorough theoretical and practical 
investigations into the behaviour of timber piles* led him 
to adopt 

for the driving resistance provided the sets are not too small, 
and the weight of the hammer is at least as great as that 
of the pile. This formula has proved safe and reliable for 
timber piles and should therefore serve as a check on formula 
(8). 

4 .  
When xh 1s substituted for H, Goodrich's formula 

takes the form 

Thus the Brix formula, judged by the Goodrich standard 
is conservative for timber pilcs, giving values only 8 as great. 

On the above information only, the Brix formula n~iglzt 
be trusted as a driving resistance formt~la for sets between 

in. and I in. 

(e) Eylelwein Formula.-If the same conditions are 
postulated as were assumed in deriving the Brix formula, 
but advantage is taken of the energy left in the hammer 
after impact, following on cquation (6) the energy available 
for penetration is found to be 

1 M - x (M t P ) ( ~ ~ ~  . v)' x 12 in. ~ b ,  
2g 

whence the Eytclwcin formula is obtained 

Losses i and ii of the Brix formula still remain and there is 
no gain to offset them. 

Putting P = M, and thus making the formula fit timber 
piles 

which gives results for timber piles about 350,: higher than 
those given by the Goodrich formula (10). Argu~nents 
so far advanced would thus make the Eytelweinformtrla zmsafe 
as a driving resistance formula except for sets above about 
14 in. 

(f) Hiley Formula.t--The following merely outlines 
the theory : 

*Trans, Am. Soc. C.E., Vol. 48, page 180, hugurr, 1902. 

tTrealmenl of this formula will be found in:- 
Enpincrring, June I922-" The EIfrcl of !he Hnmmcr Blow " ; 

~ a ~ ' n n d  I n e ,  !9?y1' A Rmional Filc Driving Formula." 
Tronsociions of i i ~ r  So(rlrv of L,zssnrarr, 8923-''The Impact of Impcrfrcdy 

EIertic i3odi.r in Piic Driving." 

Let e = coefficient of restitution of pilc head or cap ; 
v = velocity of hammer before impact ; 
o = velocity of hammer after impact ; 
u =velacity of pilc after impact. 

Equating the momenta before and after impact 
Mv I- Mu + Pu ........................ .... 

and relating the velocities before and after imoact 
............. (13) 

- ev -. II - IL ............................. :.... ............. (14) 
Multiplying (14) by M and subtracting from (13) 

Mv(1 + E) = u(M + P) 
M or ?L = MT(I i e)v .......... : ......... .... (1s) 

and multiplying (14) by P and adding to (13) 
M - E P  II = M + P  . v ................................... (16) 

Hiley assumes that if the hammer does not rise after the impact, 
the whole energy of the hammer as well as that of the pile can be 
utilized, and the condition for this from equation (16) is 

M Q EP 
The energy of the hammer after the impact is 

I M - EP 
- X M X  - 
2 g  { ,- . "}' x 1 2  in. ~ b .  

and of the pile is 
1 M + EM x P x {- . v) x 1 2  in. ~ b .  

and hence the total energy is 
12Mv2 

, --- 1 
X ---------- 

2g 
(M -I- P)s {M2 + M P  t -  F e z  (M -I- P)) in. Ib. 

A 2 z  { M ..!- PE* } ........................... 
2!2 

M + P  ~ n .  Ib. (17) 

M J -  F E Z  1s termed the efficiency of the blow. 

Putting e = 1, and subtracting (17) the loss of energy due to impact 

in. Ib. .............................. (18) 

Hiley then assumes, as a result of his experience in pile driving, 
.L-. 
L U d L  

(i) Errors in centring the pile, and longitudinal vibrations 
result in a loss of cnergy equal to + thc energy required 
to compress the whoie pile up to a stress o f f  lb. per sq. in. 
corresponding to the driving resistance. 

(ii) A further like amount is absorbed if a dolly is uscd. 
The  cnergy remaining is then absorbcd in compressing ~I1~1;5d~txa~;xa~;,";,of the pile, compressing the pile, and 

(iii) The  cimpression of the pile calculated by taking 
E = 2,500,000 lb. per sq. in. is 

12fL 
2,500,000 inches 

(iv) The minimum values for the compression of the pile capping 
are taken as 0.10 in. per 1000 Ib. per sq. in. of driving 
resistance (i.c., are equal to o.ooor finches) but the value 
is to be increased 50% if the dally is long and by roo% 
if the padding is not very stiff. 

Combining i, ii, iii and iv under the one heading as a lass due to an 
equivalent compression of C inches, against a driving resistance 
varying uniformiy from 0 to R Ib. 

~ o s s  = 9 in. ~ b .  

12fL f 
where C == I &  x -1- .................. (19) 

2,500,000 , 
is the minimum likely compression  sing a helmet and 
doll". 
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. I 
Whence, remembering that v2  = 2 g h  The next main section of this paper is directed to showing that 

I ......... 12Mh M + Pe2 the phenomena of driving are very different from the com- 
R + P  7...Mo....u (20) paratively simple ones assumed by Hiley and others, but no 

s + 
2 

account has been taken of this in  forming the above judgment. 

The value of R cannot be found without first finding C ; ( g )  Formulae depending on a knowledge of supporting 
hence in practice, a value is assumed for C ,  R is then found, strata.-Formulae which depend on a knowledge of sup- 

R porting strata allow a certain frictional resistance per sq. ft. 
and since f = -- (A being the area of cross section of the on the sides of the pile, and a certain pressure under the 

A toe, and can onlv be approximate. 

I 
-. 

pile in square inches) a fair value of C can be found, from 
(19), and R recalculated. The process is repeated until Side friction often varies in amount at different depths 
the results are consistent. in the same material, and is a very variable quantity in any 

If C is put -- 0, and E = 0 case, as Table I shows. 

I 1 2 M 2 h  R: 
s ( M  + P )  

which is Eytelwein's fortnula. 

TABLE I. 

Material 1 Ultimate friction in ib. Der ss. ft. 

... concrete piles . . . . . .  ... E -0.4 
Cast iron S.A. steam hammer, or drop 

hammer on wood cap of helmet ... e -; 0.25 
Deteriorated conditions of wood cap of 

helmet or of packing in helmet ... E = 0.0 

The author cannot see why Hiley should take the whole 
energy of the hammer after impact as available if M Q PC, 
but concedes that the results would not be far out where 
c is small, if the rest of the mathematics were in agreement 
with physical facts. For most cases of driving e is small, 
and hence the efficiency of the blow may be taken as being 
correct. 

Hiley gives a number of values of E for varying con- Sand . . . . . .  I dirions. Those applicable for concrete piles are : Sand and clay ... 
. . . . . .  

Ililry assumes his iormula to applv to valuct I I ~  s - 0, 
dn.1 un thourcrical ground, r h ~ .  ;>n be ;i:ccptvd 3\ a limiting 
. d > c  ior a approaihlng zero. 

- 
qoo to 800 
300 to 1,000 

In the absence of furtlzer information, the Hiley formula 
may therefore be assrtmed, for the present, to give a reliable 
estimate of the driving resistance for all valtres of the set. 

A fair estimate, however, should he possible if samples 
of the strata are available for examination. For soft 
materials, the allowable foundation pressure could be 
calculated in certain cases by Rankine's earth pressure 
theory, but it would be preferable to allow for cohesion 
in an amount consistent with the side friction allowed.* 

1 
The author considers it would be wise to check the load 

found for any pile by a static load test,or drop hammer test, 
by this method, if the underground conditions are known, as 
unexpected local variations in the foundations might thus be 
detected. Such a check is particularly necessary where sand 
is the supporting stratum. 

Clay 
Steel D.A. steam hammer direct on con- Silt and mud ... 

Crete piles ... ... ... ... E = 0.5 Gravci . . . . . .  

(h)  Comparison of resultsgiven by the various formulae.- 
About 1,500 comparative results have been worked out, 
checked, and plotted in Figs. I, 2, 3, and 4. Curves of 

250 to 1,500, or more 
2m to 500 
300 to 1,ooo 

50 . . . . . . .  

. . .  . . :  . . .  ;...;... 

. . . . ,  

. . . .  

. . . . .  , . . . . .  
,o . . . :  . . :  . . .  ....-;. .. .: .... * . , : :  . , 

, . , .  ; < 
. . ,  . .  . . . , a , , : :  . . .  . . . . . . . .  . . . . . .  ....................... < . .  ..; ... . , ,  : : I :  
, , .  . . , 
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2' monkey with 7fr f,>11 

Fig. I.-Con,poraiiuc~Gropl~~ for 12 in. x rz in. Piles. 

Cast iron S.A. steam hammer direct on 
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load supportable, against set, have been plotted for a tactor Eyteiwriu ilaa iru iori-eii i~a C ; 
of safety of 4, in the cases of the following formulae : Hiley has correction C ; 

(I) Wellington 
(2) Gow " Hiley (I,) " effectively has a correction C allowed 

(3) Brix twice over, i s . ,  shows the trend of results for 

(4) Eytelwein a more easily con~pressed packing on top of 
.LA _:I^ 

( 5 )  Hiley, for 6 = 0 L n r :  y,rc. 

( 6 )  & of the Hiley load for double the drop of monkey The effect of packing on top of the pile may thus be gauged 
for those cases where f > 3,000 ib. per sq. in. on the Oasis of the mathematics used in derivi?~g the Hiley 

(7) Average of Wellington, Gow and Brix. formula. 

I 0  . . : ,  . . . . .  . , .  

: : : /  
: : : : , i o h v , ~ ~ s  . : ,  - 

' o . . ; .  . . .  r...: .... , . . ,  ~ . .  -.-. 

. . ,  . . .  . . . .  . . :  , . .  . . , . . .  . . .  
30 . ..... . i.., .: . i...;... . . .  . . . . 

. . . . 

. . . . . .  . . . : : :  . . . . . .  : . . . .  
. . , . . . 

oir 0 3  oa or as oa 8 0  1 2  15 

Fix. 2.--Co,,rpa1.orivc Graphs lor  14 in. x 14 irt. Pilei. 

Curves for ( 6 )  are noted in the figures as " Hiley ($)." 
The values of C for the Hiley formula were taken from 
Hiley's tables. 

The Hiley values apply only for the exact conditions 
stated, but altering the drop of the monkey merely alters the 
loads for the other formulae, in proportion. All drops are 
taken as free drops. 

Curves for the Eytelwein, Hiley, and " Hiley (&) " 
are related as follows : 

The great divergence of results shown on the graph? 
shows how necessary it is that there should be some investl. 
gation of the subject. 

It  will be seen that there is in general a rough agreemeni 
between the Hiley values and the auernges of the Wellitzgto?! 
Gow, and Brix values, and consideritrg previous opinion, 
passed otr these fornrulae, i t  ~uorrld appear fkat the Htlqi 
forlnula is the best so far developed. R shoidd be rememberel: 
that the Hiley formula gives the driving resistance. 
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Fig. 3.-Co,nparaiiue Graphs for 16 it,. x 16 in. Piles .  
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TABLE 11. 

Velacity of 
111. LONGITUDINAL WAVE MOTT.MBNTS IN PILES. striking piece 

immediateiy 
Condirions of experiment before 

(a) Introductory. impact, 
ft. per 

sec. All the driving resistance formulae so far considered 
have assumed the pile to act as a unit, when struck by the 3 in. length striking 3 in. 
hammer. The author carried out a simple experiment iength ... ... 1.700 
to test a theory which disagrees with this assumption. 3 in. iength striking 41 in. 

Several straight pieces of 8 in. diameter bright mild steelwere . iength ... ... 1.700 

prepared, with ends finished very slightly convex. Each could be in, length striking in, 
suspended at each end in special light clips, to act as a penduium 
swinging in a fined plane, with the axis of the piece always perfectly 

length ' ... ... 1.700 

horizontal. Impact experiments were carried out with these rods in, length striking 71 in, striking endwise in pairs, with corrections for damping. The  length ... ... 1.700 
results shown in Table I1 were obtained :- 

3 in. length striking 9 in. 
length ... ... 1.700 / 0.681 1 0.807 

Sr,, p$r blm -I"&,, 
<ran mlinre7 railing an,. 

Fip. 4.-Co,nporarivc Graphs for 18 in. x 18 in. Piles. 
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From the first row of results the 'coefficient of restitution is 

found (from formula 15) to be 2 X 1.613 
- 1 )  = 0.897 

((.ill:il 8 )  ~pPr3xlm31cly the ?ccepr~rl reiult for steel dn ,tcel. The 
Ih*l 2,lurnn € 1 ~ 2 ,  tbe \ei:lll:, oi rh: ,trucl: pl:cc, by formula i j  , 
all11 . 3,humci 0.59- ~n ..I1 ;.\,es. 'i'hr. d15crerenccs hctwren tlisory 
dn.1 erpzrlmcnr i r c  i i r  to, ms~ketl ro b: attr~bu:abie 10 cxpcr~menr~l 
Lrrorr, ~ n ~ i  the wril:r rhcrclor; .ubmlt> liir tcrnry ot un;>:lct:ve 3c:l.m 
ny alll:h rcruilr ,u.h a; the .xb>ve m.xy be explilncJ. 7 7  ~ l . . ~ .  3 )  
1::2.11$ uz ? * r I , t r  : J ? , . P / ~ x  . ~ I C ~ ~ I O I ~ J , ~ ~ ,  bh, $ t ~ j j r ~ . > ~ l  .f r leq , .  ~ o / c ~ , / J I ~  w s  
h2:e b?'L u z . 2 f c  I .  >b.:2lc, d>lJ >,>,,! b:,!,? r ? q z < < ! ! l  it, prXr8:<. 

Reference to a good text book on physics is advised 
for facts concerning wave mo t ion  in elast ic media. 

(b)  Application of wave theory to pile driving. 
(i) Ideal uneusliioned impacc of a long hammer on a long pile. 

Consider a long elastic hammer of mass w lb. per ft. length, 
approaching a long elastic pile of mass p lb. per ft. length, with 
velocity v ft. per sec. ; and assume the hammer to hit the pile head 
in perfectly even cantact over the whole area of the head. Assume 
the vclocity of sound (or any loliaitudinal im~ulse)  in the hammer 
to be Q  times the corresponding Geiocity V, ih the pile 

If, during any very short period of time 6c, during impact of 
the hammer on the pile, the pressure exerted between the two causes 
impulses of a given magnitude i per second to be sent along the 
pile, the total change of momentum induced in a length of pile 
V61, is idc, producing a velocity 

i8c i -- pV8c = 3 ft. per sec. 

in that part of the pile in contact with the hammcr. The  cor- 
i responding velocity in the hammer must obviously be -- 

w (ev, 
ft. per sec., or the total velocity induced is 

. Q W + P  
= &{-7) ft. per sec. 

Consider the first instant dc after impact begins, and consider piie 
and hammcr in perfect contact during this instant, 

ew 
i.e., i = vp~(7-) 

T P 
giving the particles, both in the head of the pile, and in the base of 
the hammer a vclocttv 

Q'" i P V = v (-) ft. per sec. 

This is the velocity of the head of the pile relatively to the rest of 
the piie ; and the veiocity of the base of the hammer rclativeiy to 
the rcsr of the hammer is 

' = "(2) ft. per sec. 
WQ v QW - 1 -  P 

These two relative velocities allow the impact to continue for a time 
dr, during which time short sections only of rhc hammer and pile 
have become affected. I t  should be obvious, that a succession of 
equal valued compression impulses must occur, keeping the velocity 

of the pile head and hammer base v 
. . . . 

and that as rime proceeds portions of the pile more and more remote 
from the head pick up this velocity, so that after a rime t from the 
beginning of the impact, a lenath Vc of the d le ,  from the head 

downwards, is all moving with a velociv v ( , ) I ,  pa 

sec. ; but no other part af the piie is affected. 

Y.' 
Then - = 

Q W i P  
(1 - r) 

(ii) Ideal utrctrshioned impact of o shove hammer on a lonp ~ i l c .  - .  
When the im~ulsive relative velocitv vr in the hammer reaches ~~ ~-~ ~~ .. 

the tup end, i r  i ,  ierlecre;l 3q B teusmn ;mpoire vr, so that, i ~ r  por- 
t~o in  or t ! ~  hammer "CJr t3 the i ~ p  wlierc b ~ t i ,  ~mpui,er n ~ u , o \ c r l  ip, 
thc rr1,rive vcld<rty is Zvr, and tl,e rLresr i s  zero U\. th: tlme ih: 
reflected wave ha; reached the bottom of the ha&ei the whole 
hammer has been given a relative velocity of 2vr  and all stress in 
the hammer has been eliminated, so that the hammer now has the 
same relationship to the pile as a hammer possessed af velocity 
(v - 2vr1, and isn bezirtnina an i?>tDacc. A new cvcle thus starts. ~ ~ ~ - ~ - ,  
and the p;acess~is repeated. ' If 1 bc the length of ihhe hammer, the 
time required for a complete cycle will be 

2 1 
2 t  = - seconds. 

ev 

The velocity of the base of the hammcr and the head of the pile a t  
the beginning of the impact is thus v(l -r) feet per second; 2 t  
seconds later it is "(1 - r) (1 - 2r) ; 4t seconds later it is "(1 - r) 
(1 - 2x3;; 6 t  seconds later it is "(1 - r) (1 - 2r)', and so an. The 
CompressLon wave propagated along the pile is thus of stepped form 
as shown in Fie. ?, where the ordinates reoresent vclociries or in- ~~~ ~~ ~ 

~ m n t i e s  or comp;esslon, and :~bs:~ss.le, ~iw;.,ur>.~ ir .m the I I ~ C  

00 to m y  purruns of t l x  \ Y ~ Y C ,  rcprc~cnt ihc lime durlnl: \vh:c!l rnr 
wave llss bcen trwelllng, dr the dlst3n;c imvcllcJ along the p1.e. 

(iii) Cushioned impaa qf a long hani,n,er on a long colutnn. 

Duplicating the conditions assumed in section (i) (except that 
the pile is now assumed capped with an elastic cushion, through 
which any impulse travels so quickly that the time taken may bc 
ignored) it is noted : 

(a) T h e  rate of compression of the padding equals the relative 
velocity of the base of the hammer with respect to the 
head of the pile. 

( B )  The magnitude of the impulses sent into both hammer and 
pile varies as the compression of the packing. 

Plot the value of the velocity v as an ordinate Y in Fig. 6, and 
the relative velocity of the base of the hammer to the head of the pile 
as y measured downwards from the upper horizontal line. Ab- 

0 

-"d 

New hammer wave r ( ~ - y ) + r Y ( l - p - f )  

T h e  quantity A will be given the symbol r. 
@ w + P  Figr. 5 ,  6 ,  ottd 7. 
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scissae x represent time from the beginning of impact. Then together with a term -.. 

J o *  
ydx is the compression of the padding at x, and since the total r* .r --- 

2hZ 
Y z 4 -  1 which can be shown to be negli:ible in 

relative velocity being developed by the comprcssion in thc padding is 
(Y-y) all practical cases. 

Sydx = k ( Y  - y) .. (22) 
Y, - the value of y at 4 X  and the origin is at 4X. .......... .............................. 

k bcing a consrant depending on rhe elasticity of the padding, Neglecting terms involving 

i.e., dy dx From 6 X  to 8 X  

giving y = Ye - k .................. .... ....................... (z3) y - r Y ( 3 - 3 r + r s ) + ( Y 3 - r Y ( 3 - 3 r + r 3 ) e - z -  
i.e:, the velocity of the head of the pile at the time represented by 
* 1s x 

- KIY, + Y, + Y(L - 3r + r7 )XE - x ......... (27) 

Y(1-r)  (I-#-:) 
and the velocity by which the base of the hammer has been reduced is From 8X to 

y - rY(4 - 6r + 4r2 - r8) + 
2 

(iu) Cushioned i,,zpapoct of a rkort honttner on a Ions pile. 4- (Y., - r Y  (4 - 6r -t 4 r P  - ra))e- I 

Let X be the value of x for which 1- = t. Then, for the case of 
a short hammer, the action at the beginning of impact is precisely 

x 
-E(Y, I- Y , +  Y, + Y ( 1 - 6 r f  4rZ-r3) )xeCi  

as in section (iii) above, till time t has elapsed. Then, from X to aX, 
................................................... (28) 

the wave Yr ( I - c f) is being reflected back as a tension wave 
from the top of the hammer. From IOX to IZX 

y = rY(5  - lor I -  lors - 5r3  + r*) + 
Fram 2 X  to 4 X  the reflccred wave is again reflected-this time 

from the bottom upwards as a compression wave-and therefore the - - x 
action of the impact is altered. See Fig. 7. + (Y , - rY(5 -  10 r  I- l o r* -5 r3  4- ri))a A -  

From now onwards, y will be considered as chat relative velocity 
between hammer and pile, vlliirlz rerultrfrorn co,nprcssion in rile padding 
alone. 

Thus there is obtained. in lieu of eauation (22) 

as the equation for the period z X  to qX, 

( y - r y ( l - e - ~ ) )  
bcing the relative velocity of the hammer and pile at any instant (of 

which velocity rY (1 -s- Z) is the part twice reflected), and 

f zXy; X 
dx being the compression of the padding 

J O  
already brought about during the first cycle 

The  solution of this equation is 

with origin at 2X, where Y, - the value of y at 2 X  
2 X  ... - 

i.e., Y ,  = e k 

The corresponding hammer wave is (from Fig. 7 )  

Reflection of this h a ~ m c r  wave can similarly be shown to cause a 
wave during the perlod q X  to 6X  such that 

x - - 
y = rY(2 - r) -I- (Y, - rY(2 - r))e - 

....... ..(29) 
From 12X to I4X 

y := rY(6-  15 r  + 20r3-  15r3 + 6r'-rS) -i- 
f etc. ................................................ (30) 

and so an in an obvious sequence. 

Fram rhe previous reasoning, the shaded areas (in Figs. 6 and 
7) which represent the integrals of equations (22) and (24), represent 
the comprcssion of the padding, and hence at any point x, the ordlnate 
(Y - y) is proportional to the shaded area up to point x.  

In the case of a "cry short hammer, from Fig. 8, the campression 
of the padding (represented by the shaded area) is 

YX -b - r)y& - ff x dx dx 
~ ~ 

[[% dx dx representing the area between the curve (I - r)y, 
JJ " 

and the lower side of the shaded area. X represents a unit value of 
x, and is inserted to preserve the correct dimensions for the integral. 
It should be noted chary is now measured upwards from the bottom 
of the diagram. 
The relationship 

now llolds, giving 

I - r  
Putting - = a, and -f- = b 

Xk 
.......................................... (D2 -1- oD -1- b)y  = o (31) 

The values of a and b are so related in the cases relevant to pile 
driving, that b > ;a2, and under thcse conditions the solution of 
cqustion (31) is 

....................................... y = ~e - l" sin f i x  (32) 
where ,5' = d m  

Y 
and K = - 

p ! d  
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. ~ 

T h e  values given by'bquati& ( z ~ ) ,  (26),  (27), (za), etc., can be sinown 
to give a smooth curve, whose form is almost indistinguishable from 2r s 

that of one long, sweeping curve for all simultaneous values of r, and at time 6 X  after, J ( e  - I=) 
k and s, which are relevant to the paper; and a comparison of the Comparing with the results in section 111 (6) ii., it is seen that the 
resuits given by these equations (x ) ,  (26), (27), etc., shows a close 2r 
corrcspondcncc with the values given by equation (32). -- 

value e I- '  corresponds with (1 - 2r) for the stepped curve 
For the remainder of the work, then, equation (32) will of that section. The difference between these values is slight for 

be taken asgiving the initialpart of the wave form, for a short the practical values of r (which are not greater than about 0.13). 

hamnler a long cushioned pile,  hi^ wave fornl is Actually no steps occur, as might be expected from section 111 (b) ii, 
as initial pulsations existing in the hammer at the time the action 

seen in Fig. 8 .  begins just cancel them out. This could be shown by proceeding 

(v) Wa,tins prerszci.c of contacr. via equation (32), instead of as above. Taking x = 0 where the 

At the value if x for which eouation h z )  eives amaximum value ~~~ ~ ~ . - 
13 :,, t ~ l e  :>mpf&i~n oi rile padin(:  W K I I ,   ram the der~v.m~m \,I 
c..lu~r~on 32 :, prop5r1~0z~aI 15 )1 bcc>mer a ml~iml lm :%I>?. l+r 
r,,nc,. r%vdc,r. ,l!.nind>. cl: , w!u.ilnrc ~ ~ t n i n ~ n l r  c i c i  . la"  P-~~JII IY,"  . . 
I r  rlu2l:t be ~ q x c t c i  ,!la! ;t.c pad.ling \\uoirl 'rc:~!cr  rcl3tivcly~~o 
\l.,aly tiom c1;h i!npa.llve idmpre:,iui,, rl?..r . coulj bc Ilken a ,  0. 
E.~c~t : . , : l  ?2 i!l;ri!ore docs n.,r mp!v h c w n l  rlie p i n t  ~ l ' :n%x~mum 
cohpressib;lj but this equation %a$ beused to dcrive the correct 
one. I t  is more instructive, hawcvci, to proceed as follaws. 

curve begins and writing r as the equivalent value of to 

give a curve passing down the centres of rhe hypothetical steps, the 
equation 

IX - - 
y = J e  x ................................................... (34) 

thus represents the "waning curve" form, where 
r = & I I -  2 - ................................. (35) . "~ . 

Consider a hammer and cushioned long pile at any stage beyond and J is a constant equal t i t h e  maximum valt~e o f y  in equa6on 
the stage of maximum compression in the packing (beyond which 32. The "waning curve " gives the form of wave generally 
stage, the packing is assumed to remain of invariable thickness, applicable after padding has reached its nlaximum 
since E = 0). At first, consider the hammer to act as a unit (so that 
all parts of it move wirh the same velocity). pression, in the case of a short hammer strzking a long pile. 

The form of wave so far deduced is thus represented in Fig. 9, 
which also shows between the hatched lines, the progressive 
curve of reduction in velocity of the hammer. 

(vi) Losr of o,nplirude during progress of wave. 

So far, consideration has centred round the wave form being 
propagated along the pile from the head of tkc pile. As the propagated 
wave passes along the pile it progressively lases amplitude. In  
what follows, the value of a unit impulse which, has travelled for a 
time corresponding to x on the wave diagram will be considered to 

Waning Prsrure 

P l ~ c d i x r , ~ ~  in MmmaV*bti@ 
f'. . 2 % 

gt I 
6% 

.L 
.... 

vei r~ ly  o i  P I I ~  Hedl 

Figs. 8, 9, and 10. 

Then, measuring y as for equation Ox), i f y  equals the velocity 

d s  of both hammer and head of pile, -& represents the rate of 

change of velocity of rile hammcr, and 2. represents the rate of X 
change of velocity of the pile head. 

Therefore, - - - - --- 2 - 
. -- 

................................. whence, Y = J e  (I - r)x (33) 
where J is a consrant. 

X 

ha\e ,% vnluc : - 'X where c is thr. b.arr 01 llle Napczlan l d g ~ i r h m s  
d , r .  11 .hould bc nured that t l ~ e  !,aIt.e uirhe impul.e 
ro be rl<en 1% irc rrtr .rr  value : 3n.t rherclsir., fol cx3mP.c, i f  In i r s  

along the pile a compression wave encounters a tension 
wave passing along the pile in the opposite direction, ,the loss in 
propagation a t  any point wtll be proportional ra the residual stress. 
The actual calculation of propagation losses is thus complicated, 
and an annroximare solurion onlv will be adovted, which assumes - ~ ~ ~ . 7 ~ -  ~~~~~ ~~ ~ 

the loss io  kc 3ar.3yq propurti>n=i tu ihc ampl~r!dc di rh: an,e  under 
con~~.lcm:l,n. The rind rerultr wl:i;h ;ali:srn [hi, pw:r trill thrn 
he nelrlv consisrenr. nrdvlJed rhc vnlue . I  i< I, .m.lli, r prrilng 
waves of apposite sidss are considerably diffirent in absolurc vaiuE 

(vii) Action atrha toe of n parallel pile. 

The ordinate Y of the wave diagram corresponds with a definite 
stress existing in the pile head, and this stress would be reduced 
in value bv arooaeation to the toe of the ~ i i e .  At the toe of the 
p;le ;;;ri)Is iue't;re,tjrance of the gr.,uoj i u  irivlng I. intrc.l~ice.l, 
uf \,nluc, ,,y, 4 tmcr  [he roe slrr,: c,~rrespond~nc tklrh Y. It s h ~ u l d  
bc obvl<,u, that the rrdund rCS1SldniL. 1s !IXUI dcnncJ .I, a m2;h:tu.I~. 
purely relative as fa; as it concerns the wave diagram. 

A comoression irnoulse of instantaneous value i ,  on reaching ~~ ~~~~ .~~~~~ 
tllr toe a i  rile pllc., ~nd 'br lng  rerlected .+, .% ;?mpre>s#.m irnp:llw 01 
value I and O P ~ U I I I C .  sensc o: inltn1 muvr.ni;nt, ent3:l< 1 slict. ~mpdls: 
3c tile roe of rhs ollc. corrzs~ondinc wrrh 2 .jesr:oy.ng rhc orlglnnl 
~mpulsr. 2nd b crcitrng sn' appo~lcr one. l e . ,  csri:,p3n.>lng ;v:ih 
nu mpuise o i  21 irdm the roe of tne pllr.. .I1 1l:e s3me !$mi., rne to: 
.,f !11c pile burfer, no movement. 

If the original impulse i meets with no resistance from the toe 
of the oile and thus becomes reflected as a tension impulse i having 
Giiial &o;emenrs in rhe same sense as the original impulse had, then 
during the process of reflection the toe of the pile is moving forward 
with a veiocity corresponding with an impulse of 21. 

Thus, writing y as an insfanta~~eous,compressiou value 
Thus at time ~ X a f t e r y  has the value3, f , y  has the value J of the wave diagram, and q Y  as correspondzng with the ground 

i 2r 1 resistance (a )  where zy > q Y  no penetration of the pile toe 
and at rimc q X  after, J (  e -  i-=') occurr, and the reflected wave is a compression wave of value 
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y. ( 8) Where z y  > q Y > y ,  penetration proceeds at a velocity 
corresponding with ( z y  - q Y ) ,  and the reflected wave is h 
compression one of value ( q Y - y ) .  ( y )  Wherey > q Y ,  
penetrationproceeds at avelocity corresponding with ( z y  - q Y ) ,  
and the reflected wave is a tension one of value ( y  - TY). 
(viii) Reflaficctcd waver during curhioni,rg. 

\Y'l.rrc ihc packing on tap ~ ) f  111' pllc is lib~rdl in 3111 ~ ~ l n t ~  Z.a !e~  
rellecrci f r ~ m  rlle toe of ihe plic may rc.i;h 111: heal lierare ;urlllan>nt: 
'2s cl$,cn bv ~.lult lan 32 tr :dmnletc. Csllmp rile inrr3nrlnc~u, 
;alui of t h i  reflected wive z (posrtive values aphlying to a tension 
wave, which impels the head of the pile to greater forward movc- 
ment) the compression of the padding becomes (see Fig. 10) 

S Sf "-;" dxdx - -  dx Constant i Yx - (I - r) (y - z)dx- 

which equals k (y - 2) 
(Y-y) baing rlze ordinate rep~.ercnting rlrc relarive velocity qf the pile 
head and Izomtner. 
Hence in lieu of equation (31), the following is obtained : 

1 
(D2 i- aD + b) (y - z) = - -Dz ........................ (36) 

k 
Allowing for losses in propagation, z will be of the form 

- *ox 
z = K,E sin 0% + Constant 

whence the solution of equation (36) can be shown to be of the form 
-&ax  - lax  

y = K , e  s i n ( p x 1 - 6 ) - K , e  x c o s ( p x + 5 )  

Fig.  11.-Wavc Diogranz for L = 20, r - o.rj, h - 20, 1 = 3&, 
q = 0.1 j I .E. ,  a z o  fr. Pila, well cssltioned, a ligl~t Itanitnor, and 

nzedium Driving. 

r Dy = - -- ( y  -2)  as before. X 
Such a case occurs twice in  Fig. 11. 

(xii) The general wave form. 
Plotting the appropriate valr~es of y ,  y / ( l , - r ) ,  or 

{ y  + r x / ( l  - r ) }  for the various cases so far constdered, the 
general wave form is obtained in  Fig. X I .  This figure repre- 
sents a particular case only, and other cases may be quite 
different in detail; but the two mainfeatures exist 

( a )  the cushioned blow. 
( P )  the waning contact. 

....................................... ( 3  (xiii) Czaliioning axpressed ,nathematiealIy. 

where K,, K,, f and arc constants. 
The  solution in this form is tedious in application, but the general 
form of equation is readily solved for practical purposes by a closcly 
approximate arithmetical method. 

- I"., 
2-- 

(Put y - y ,  -y, + z where y ,  - Kc sin px  as in section 
I11 (b) iv, and then . 

..................... ~ - ( l - - ~ ' ) ~ ~ - f / ; $  dx = k D y ,  (38) 

which allows arithmetic calculation in steps). 

(x) Rejectad wovos dz(~it8g watling cofrtact. 

Reflected waves always affect the curve of waning cantact to 
same degree. Using the same ideas of y as in Secrion 111 (b) v and 
of z as in the lasr section, the rate of change of velocity of the pile 

head, due to compression in the padding is ( ~ ~ 1 )  

whence as in section 111 (b) v 

.- 
a differential equation readily salved arithmetically or mechanically. 
If at any poinr Dy becomes so great that the compression in the 
padding cxceeds its former maximum value, equation (36) then 
IUICS. 

(x i )  Multiple impact. 

The values of z may be such that the value of Dy  in 
equation (39)  reaches zero (just as z reaches y ) .  If z still 
increuses, the pile head travels with velocity z, and the Izamtner 
separates from the padding, travelling onwards with a veloclty 
z, (constant for all practical purposes) which equals that 
attained just as separation occurred. Wlzen a point is reached 
where Jzdx equals z,x ( x  being zero where separation begins) 
a new confad begins, zuiih the initial value of y equal to z,, 
and from then onwards 

The velocity produced in the pile equals 
& x Force acting in lb. 

DV 
ft. per set. 

pV being the mass of the pile affccted per second. 
Hence the total relative velocity produced is 

6 X Force acting in lb. 
ft. per sec. 

(1 - r b V  . ,. 
If G is the stiffness of the padding in lb. per in. compression, the 
force acting is 12G x (compression in feet). 
Now. the relation exorcssed in eauation (zz), and in many of the 
follo&ing equations is 

Compression = ir times velocity being produced 
and the reasoning immediately above gives 

Compression = ( : ~ i ) ~ ~  x velocity being produced, 

.......................... hence k = (LrlpV 12aG ........... " (40) 

which has the dimensions of rime. 
Consider a hammer of infinite length striking a padded pile 

of infinite length, with a velocity v ft. per sec. In infinite time the 
hatched part of Fig. 6 has an area 

r m  7 

- "  
corres~ondina to an actual com~ression of vh feet, when the total 
velociiy being produced is v f t .per  sec. 
Therefore, suppose the maximum value of y from equation (321, 
or the maximum value of ( y  -2) from equation (36) equals Q Y ;  
then at the times corresponding, the compression of the padding is 
QYvfeet. 
Hence, if c inches is the actual maximum compression af the padding 

c = t20k" ...................................................... ( ~ 1 )  . . .  - ................................................ or c = 96.2 Q k g h  (421 
and QL thus represents the time taken to reach a compression c 
inches if compression oroceeds s t  a uniform velocity of v ft. per 

Ths pliysical sigttificat~ce qf k is th~tr the ritne required, if colfl- 
prerrion were to occur at a volocrty o/ v f t .  per. second, to con8prers the 
oaddbza ro an ideally inloacrive value (whiclr value ir tlzc value of the 
>ompr&iw@ sirm &ached in o per/ect b~n~u~il ioned impmi) ; and k is 
rhur proporriotral to a certaitt extent to the contpversibility of the pachbzg. 



(xiv) Compressive styerr during driuing. 

The following will be assumed : 

CONCRETE PT1.E 

Weight of concrete pile = xga lb. per c. ft. 
Weight of hammer = 460 lb. per c. ft. 
Young's modulus-concrete =; ~ , ~ 0 0 , 0 0 0  lb. per sq. in. 
Young's modulus-hammer = 17,000,000 lb. per sq. in. 

Whence velocity of sound in concrete = 8,800 ft. per sec. 
velocity of sound in hammer - 12.200 ft. Der sec. -. 
giving. Q = 1.80 

If the area of the concrete pile be A sq. in. the weight per ft. run in 
Ib., p = 1.04A 
hence from equation (40) 

and from equation (41) 

k - C  
12Qv 

"G 
But - equals the maximum compressive stress P attained in the A 
head of the pile during impact and v = 8.02v'h 
hence P -- 284 (I - r)Ov _ (Ib. pcr sq. in.) ............... (44) 
i.e., P = z  ,280 (1 - r ) Q d h  (Ib. per sq. in.) ............... (45) 

More generally, and from first principles 
Velocity being produccd in pile head - I? 

v I? - 

whence, I> = 284 x Velocity being produccd in pile hcad 
= 2,280 (1 - r) Q v n ,  as before. 

The intensity of stress set up in  the head of the pile, due 
to impact of the hammer thus varies as the square root of the 
fall of the hammer, and is readily calculated, when Q is 
known; and Q can be shown to vary slowly with variations 
of c ,  the compression of the padding. 

, TOP of pile Head ol pile . 

Driving resistance 
- Rellected wave 

Pig. 12  

The initial impulse reflected from the toe of the pile in, driving /s 
always compressive, and in Pig. 12, such a compressive lmpuisc is 
shown with its maximum value coincident with the maximum value 
of the outgoing wave from rhe pile head. Due account should bc 
taken of the losses in propagation, in calculating this absolute maxi- 
mum value of the compressive stress. The  compressive srrcss at 
the hcad, however, will usually be more severe on thc pilc, as it may 
not be so evenly distributed over the pile cross section, and the 
longitudinal reinforcement is there ineffective. 

( x v )  Tensile stress during driving. 

L x-.- 
With a pile of length L feet, the factor e -P( Vt ) 

allows for the loss in propagation along the pile whence, in lb. 

L 
......... = - ' l ( X ~ - )  x 2,280 (I- r) qdx (46) 

a for?nula giving the driving resirtatice, for a given value qf q. 

(xvii) Set per blow. 

For a given value of q, and known yalues of r, k, L, and 1, the 
exact wave form may be plotted as m fig. 11. The shaded area in 
that figure represents the product of rime with half the velocity of 

the toe--or more precisely times the product of x and 

the value (zy-qY) of section I11 (b) vii. 

When due allowance has been made for propagation 
losses, the penetration of the toe per blow is thus represented 

(the positive correction for propagation losses being made since 
Fig. I r  already gives a double negative correction, in order to make 
the values of the reflected waves applicable to the head of the pile). 

After the end of the pencuation due to one hammcr blow, the 
toe of the d l e  cxerrs an upward force on the foundations. This 
force can never be greater ihan t the driving resistance and may be 
practically ignored in the case of the set because if the toe docs rise 
owing to it (thereby reducing the set for that blow) the first part of 
the penetration under the next blow is much easier and an approxi- 
mate campensarian is introduced. 

When piles are driven to rock, through soft strata, the 
last blow of the hammer may thus cause the toe of the pile 
to separate a little from its foundation, and the author therefore 
considers that two or three light taps with the hammer should 
be used to complete driving under such conditions. 

(xviii) Tlre effeectivenerr of the hamtncr 

I t  is noted (see section 111 (b) iv) that 
I - r  

a = -- ,& ' b = i  
Xk 

and = 1/- 
and for constant values of the maximum value o fy  from equation (jz) 

az (1 - r )2X 
= constant = - k r  

Also, from equations (33), (34) and (js), if A - r)X - - constant, 

the equation for the waning curve is practically unvaried. 
Thus  k oc (1 - r) 

in order to give an unvarying waning curve starting from the same 
value ; and for this condition, the value of x for which cushioning 

1 1 In marry cases the combined actions of an outgoing tom- reaches its maximum point varies as -, i.e., varies as - and 
pressive wave and a returning tensile wave produce a tension P 
in *he pile, ~l~~ net tension values may be high, and be hence is constant, while it is also adjusted to suit the abovc equations 

by being simultaneously varied in the ratio (1- r). Now, for the 
disclrssed in section 111 (c)  iv. same stiffness of the padding, and rhc same pile, equarion (40) shows 

that k varies as (I - r). Therefore, far the same pile, with padding 
(xvi) Drivirtg rerirtoncc. stiffness unaltered, and different hammers of such size that 

Substituring the value q [of section I11 (b) vii] instead of Q in A and hence -L x (1 - I-) is the same for all, the wave forms 
equation (49,  thc equivalent valuc at the head of the pile of the - =) 
driving resistance, is are practically similar, and the sets for the same driving iesisrancen 

2,280 (I - r) q./i Ib. are equal for all the hammers. 



r P 
Now -------- = - 1(1 - r) l e w  

P r being equal to --- 
ew t P' 

and hence, for all practical purposes, where puddings have the 

same Young's modulus, the ratio (T) i.e. the weight of 
. . 

hammer per square inch of pile cross section, determities the 
wave form, and hence the set, and the maxinlun~ stresses set 
up in the pile during driving. 
(xix) Corr.saio,is /or dolly. 

Adequate consideration of the phenomena connected with a 
dolly, helmet or cap, would require far more space than can be 
devoted here. 

Figure 13 shows diagrammatically a driving cap of form between 
that of two types commonly employed. The  timber striking piece 
acts approximately as an equivalent part of the pile, and the metal 
section as part af the monkey. If E for the striking piece be zero, 
the average velocity of the monkey pius helmet, as a unit, after 

M 
impact from tlle monkey, is c- times the velocity of the 

I- D 
mullkev 'ctorc Jmpzct D bring thc nclgh! oi thc Ilelmet 2nd JdIIy 
and 31.b:~": the weight u i t h r  monkey l u n d  .\au2ll!, .~\cllla!!onr 
oc:ur in rhc liclmc.~ and i d l y .  \sln;h arc auoer.mo~reJ on tllc nave ........ 
forms already considered, bu i  i he  foilowing Bpprdximate rules may 
be applied. (See Fig. 13). 

( a )  The eqzcivalent height of free fall of the hammer 
(which is considered as being t l ~ e  helmet, dolly and n~onkey 
acting as a unit) is 

where 1% ft. is the actzlal drop of the monkey worked direct 
from a friction winch. 

(,8) The weight per f f .  run of the hammer ( w  lb. per 
ft.), equals the weight per foot run of the monkey (m lb. per 
foot), and the length of the hammer 1 ft. should be taken as 

( )  feet the monkey alone being 1 ft .  long. 

The eqlrivalent length of a pile of actual length L feet is 
.................................... L = L + A (5 0) 

A feet being the length of the striking piece (Fig. 13). 

(XX) D ~ . i ~ i r j ~  resisiancc supplied by side fricriox. 
When an attempt is made to modify the previous theory to 

allow for side friction, many difficulties are encountered, and an  
approximate solution only is practically possible. 

It can be shown char rhe line CB chanees ao~roximarelv ta the ~~ ~~ ~~~ ~~~ .. 
ddr1c.i 11nc :1L( .I< 1'1g. 1 1 ,  whtr. $ids irl'rlun is :n:~unrerci  [or [hi. 
full 1cngih .,x ,!LC lule and thl. rrlit:on incrco;:, .ilghtly touJr i \  lh* 
bdilorn o: rnc p . 1 ~  Equ2r.m 30 rhu, becdinCc 

where x is a constant 

and the solution of this is 
-?ax  it 

kb ,..". " '  ( y - z ) = K a  s in( f l* . -p) - I - -  (52) 

2," P where sin p - - 
h 

The maximumvalue of(y - 2)-which practically gives themaximum 
value of the compression an the pile hcad-is rarely mare than 5 %  
in excess of thc corresponding value of (y - z )  in equation (36). 

I t  is then noted 
(a) Of the total energy reaching the pile head, part is expended in 
driving the pile forward, part in propagation losses, part in compres- 
sing the pile, and part in uselessly setting clinging earth in mation. 
(fl) Comparing propagation losscs when the driving resistance is 
encountered at the point of the pile, and when encountered at the 
sides, a smaU decrease in the losses might be expected for the latter 
case; but actually, owing to the upper sections of the pile tending 
to move faster than the toe for the corresponding portions of most 
waves, temporary lacked up stresses occur. An increase of the 
propagation losses might therefore be expected. 
(y ) ,  T h e  compression lasses in the pile are not large, and would re- 
mam practically unaltered, any change being a reduction. 
(6)  Goodrich's investigations into timber piles, when applied ta 
concrete ones, indicate that clsnging earth is unlikely to increase 
the weight of any concrete pile cross section by more than 15% 
Assuming added weight on any cross section to absorb velocity, 
but not to returnit, by analogywiththe impact equaPon(r8) for E = 0, 
a loss of not more than 15% of the energy reaching the pile could 
be expected. 

By taking account of the modified cushion losses (by 
means of equation 52) and of the other factors enumerated 
above, an .approximate solution is thus obtained. The 
driving resistance calculated as applying to the toe of the pile 
is trrultiplied by a factor N, to convert to the driving resistance 
where side friction is encountered. Based on the work de- 
scribed in section I11 (c) ii, the factor may begiven as : 

A - 
A 
7 
Weighr D 

T 

Fig. 1 3 .  

Where the supporting strata are fairly uniform for the 
full depth of penetration (d feet, of Fig. 13), 

Where the main supporting strata are in the lower half 
of the length d feet, 

........................ (54) 

(xxi) Tapered piles. 
The action in tapered piles is involved, and would require 

a special investigation; but general considerations would 
indicate that if the area of cross section be assumed A square 
inches so that a parallel pile of A square inches cross sectional 
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area would be of the same total weight as the tapered pile, the In  constructing the machine, care was taken in all details re- 
final relation between set and driving resistance will not be far accuracy, and the writer believes that errors due to the 

machine alone are too small to be of any account. 

(c) Application of Theory. 
(i) Calculation oj  curves. The mathematical cal- 

culation of the curves so far described was found tedious, 
and arithmetical methods prove faster; but by far the 
fastest method of attack was a mechanical method. 

The author designed and constructed a curve drawing 
machine, which considering all factors involved, saved some 
weeks of work, and allowed results to be obtained with a 
minimum possibility of practical error. 

A diagram of the machine is given in Fig. 14. 

Pin jo in t  
+Sliding connection 
T Fixed to base 

~irarian( ar tianrlarfon o l  bare 

Pig. 14.-Diagram iNuriraring Principle of Curve Drawing Machine 

ABCD is a pin jointed parallelogram atrachcd to  a base which 
causes the motions of pointers G and M to be drawn by a pen a t  H, 
to a smaller vertical scale corresponding to propagation losses. 
The base moves sideways against a straight edge, and M is moved 
to follow a curve already delineated. 

W is a sharp edged heavy wheel, which by virtue of its weight 
and setting, compels the arm Y Z  to slide always in the direction YZ,  
as the base is translated. Whcn G and H become level Y Z  is moved 
by the slide KL, into a position parallel to the direction of trans- 
lation of the base, and a pen at J touches the pen at H. Thus the 
inciinarion of YZ to the direction of translation is proportional to 
the difference in position of G and H. The distance CM is pro- 
portional to the driving resistance being considered, and diagrnms 
are drawn with base lines under the zero position of G. Thus, if 
iCJ follows a curve x, y corresponding to the wave form leaving the 
pile head, the actual movement of M corresponds with that of a re- 
flected wave uncorrected for propagation losses, and the movement 
of H is similar, but is corrected for these lasses, and the pen a t  H 
draws the curve s, z. T h e  pen at J obviously draws a curve such 
that its slope is proportional to the difference in level of G and H 
and thus equation (39) is plotrcd by this pen. 

Thus, provided the curve for cushioned impact is first drawn for 
M ro follow, the machine draws the remainder. with M followine 
a machine-drawn curve in all parts except tho& corrcsponding~;G 
cushioned imoact. 

P is a sp&&lly constructed small planimeter which can be set 
ta operatc so that, if set a t  zero where the hammer leaves the pile, 
it returns to zero where contact begins again ; and this latter paint 
is thus readily notcd during operation of the machinc. 

The average time taken to draw a curve completely, by means 
of the machinc described above, was less than 10 minutes. Two 
views of the machine arc shown. Fig. 15 shows i t  completely set 
up, and Fig.' 16 shows i t  in a different position, with the wheel W 
and its attachments lifted out and placed to the right. Several 
pointcrs are shown corresponding with different driving resistances. 
A standard planimeter is also shown inthcsc views, set so as to measure 
automatically the area giving the set per blow, but, as these areas 
were allchecked, it was found quicker to do all the planimeter work 
separately. 

All aajustmcnts to allow for different length piles, different 
values of r, etc., were made into carefully set centres, which allowed 
accurate repeated settings. 

Fig. IS.-Curoe Drawing Macline Canzpl6tely Assembled. 
F k .  16.-Showing Curve Drawing Uniz Separaze from Machine. 

(ii) Graphs for practical application. 
The 192 combinations possible with the following 

values of the variables were investigated with the curve 
drawing machine 

Values of r : 0.07, 0.10 and 0.13 
Values of k : 4.00, 6.67, 11.11, and 20.00 
Values of L : 20, 30, 45 and 60 
Values of q : 0.45, 0.30, 0.18 and 0.10 

The value of 1 was taken as 3$, and propagation losses were 
assumed such that an impulse travelling 60 ft. through a 
pile would be reduced to 75% of its original value. This 
assumption is discussed in section 111 (c) v. 

From the results the graphs of Figs. 17, 18, and 19 
were drawn. 

Fig. I7 relates the set per blow to the compressive stress 
corresponding witlz the pile point driving resistance, for various 
values of the compression of the cushion. 

Fig. 18 relates the weight of hammer per square inch of 
pile cross section and compressive stress set up in the pile head 
(for sets above the limit mentioned in the next sub-section) 

Fig. 19 gives the percentage ( p )  of steel required in the 
upper two-fhirds of the pile length, for various values of the 
driving resistance, length qf pile, and weight of the hammer 
per square inch of pile cross section. The steel is required 
to prevent opening of cracks in the pile due to tension as 
mentioned in section 111 (b) xv. 

(iii) Maximum compressive stress in the pile. 
Provided the driving resistance is not more than $ of 

the compressive value for the head, given in Fig. 17, this 
value is the criterion for strength of the pile in driving. 



For very hard driving, with the shorter piles, the region near 
the toe o f  the Pile becomes stressed niore than the head of the 
pile. (see section 111 (b) xiv). 

An indefinitely repeated stress of a little more than 75% 
of the ultimate strength of concrete will cause failure. In  
practice there will he certain amount of uneven distribution 
of stress over the pile head, but the number of repetitions 
of stress will not he great, and except for hard driving the 
stress will only become serious for the last few blow& The 
effective strength of the concrete in the head might thus be as- 
sumed about 80% of the ultimate strength for orditiary driving, 
and possibly down to about 65% for very hard driving. As 
the maximum safe drop of the hammer increases as the square 
of the strength.of the concrete in the pile, high strength concrete 
shows a marked advantaae. 

TABLE 111. 
18 in. x 18 in. Concrete Piles, Factor of Safety 4. 

Helmet Weight 600 lb. 

3 ton monkey, 5 ft. 4 ton monkey, 4 ,ft. 
Method free fall ; 0.625 in. free fall ; 0.75 In. 

or set oer blow set .per blow 
F o r m  1 - 1  

45 ft. pile 60 ft. pile 45 ft. pile 60 ft. pile 

141 tons 
27a ,> 
I2 ,, 
I2h 3, 

171 ,, 
154 ,, 
14 ,, - 

(iv) Stress in tensile reinforcement. The values given above were obtained from Figures 
The maximum tension exists for a few thousandths of 3, 4, I7 and '8, 

a second only, during which period a stress even somewhat 
beyond the yield point of the steel would be expected to (vi) A Relation between Driving Resistance and Bearing 
cause very little actual yielding. Small scale experiments Resistance. 
by the author indicate that very little yielding does take place That it is almost impossible to develop a relationship 
under such conditions. A rapidly applied and rapidly between driving and hearing resistances, unless the soil 
removed stress 25% in excess of the yield point stress, is conditions are known, may he judged from the in- 
therefore assumed no more severe than a slowly applied formation given in " ~~~~b~ and D ~ ~ ; ~ , "  34 and 35, 
vield ooint stress. A small amount of resilience in the helmet hut a rough relationshio mav he as follows. 

19b tons 
27 ,, 
194 ,, 
I5 
231 
Z O i  3. 

19 

Lushion will reduce the tensile stress. as will also slight 

14 tons 
27 $3  

15b 
131 ~3 

19 ,, 
17 
16 3, 

yielding under stress, and the prrsence.of surrounding con- 
crete. Large tensile stresses are always followed by large 
comoressive stresses which would nullifv anv practical 
stretch in the steel. The steel it~elf, in p;opagatibg com- 
pression waves, tends to propagate these more rapidly thar. 
ihe concrete and hence ElGs the waves and reduces the 
maximum \,dluis. In eir!v of all rhese factors, rhe author 
woull set the danger point of rl~~orrrical stress for m~ld  stcel 
at 56,000 lb. per sq. in. ; and since [he stress in the steel i\ 
dependent on thai in the concrete, and the concrete is 
assumed never to reach an average of more than 80% of 
its ultimate strength, a factor of safety of I &  for the steel 
should suffice. A theoretical working stress of 45,000 16. 
per sq. in. was therefore adopted for calculatitig the steel 
percentages. The values apply for 3,000 lb. per sq. in. con- 
crete, and may be adjllsted proportionally for other strengths 
(higher strengths requiring higher percentages). The lower 
liniit for this percentage of rei?$orcement should be about 
14%.  
(v) Losses in propagation. 

There is no definite information regarding propagation 
losses. On the one hand, phenomena such as the trans- 
mission of vibrations through buildings and even through 
fairly soft earth show that the damping cannot be excessive ; 
and on the other hand the relative freedom from impact 
in the main members of concrete bridges, and the absence 
of" ring " in concrete when struck show that the damping is 
of practical magnitude. In piles, the propagation losses 
correspond with a rapid shortening of the pile each blow, 
and a slow recovery. The author's test for propagation 
losses, is that the results for long piles and large sets by 
the new theory should approximate to the results given 
by existing formulae. If such is the case, the results for 
the shorter piles and heavier loads should he little affected 
by an error in the assumed propagation losses. 

The comparisons in Table 111 are made for 2,400 lb. 
per sq. in. developed in the pile head during driving, and 
N taken as (1 - 0.2 x 4) = 0.85. They show that the 
assumptions made regarding propagation losses cannot he 
far out. 

" * ,  

Wellington's timber pile formula is reckoned reliable 
for hearing resistances. Goodrich's timber p ~ l e  formula 
was closely investigated by its author* for driving re- 
sistances. A comparison of the two formulae for a factor 
of safety of 4 gives coefficients of Mh for safe loads, as in 
Table IV. 

TABLE IV. 
Values of Set per blow ------- 

ain.1 bin. / f in .  / ~ i n .  ( r b  in.1 ~ i n .  13in.  
_ _ _ _ / _ - - -  

Wellington ... . . , I  2.40 12.00 / 1.71 / 1.50 1 1.20 / 1.00 / 0.75 

" t .  I I I I I I I  

Neither Wellington's nor Goodrich's formula ,is 
considered reliable below about .b in. set. Just below 13. 
set the values given by them become coincident, and thls 
is confirmatory. Goodrich's formula being designed for a 
restrained fall of 15 ft. for the monkey, the values are 
assumed to apply for that drop, and for a monkey of 2,000 lb. 
weight (corresponding, say, with a softwood pile 50 ft, long 
and weighing 40 ih. per ft.). Under such conditions 
Goodrich's formula for & in. set gives R = 200,000 lh. 

Assuming somewhat less increase in friction per square 
foot for concrete piles and remembering tlie Wellington fornluiae 
for drop hammers and steam hammers, the author proposes 
the following fornmlae (which include their own factors Of 
ignorance). -- 

Wellington 
Ratio -Goodrich 

- 3.6s . A. 1 

U 
For drop hammers : - = 

3 ... . ........ (55) 
R R 

0.72 1.20 1.54 1.80 2.16 2.40 2.70 
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U 3 
For S.A.  steam hammers : - -  - ......... (56) R R 

I +m 

gohere o inches is the perimeter of the pile and no value of 

is taken less than I .  The formulae shotlid not be used unless 
R 

it is known that the earth will cohere moderately well round 
the piles. Pending further investigation they cotrld be used for 
( I )  damp, hut not saturated, fine and very fine sands, (2) soft 
clay, (3 )  soft clay andjine or medium sand mixtures, including 
stiff muds, and damp, but not saturated, silts; but they would 
be inapplicable for ( I )  dry, and saturated sands of all sizes, 
(2) coarse sand, ( 3 )  gravel, (4 )  stiff and medium clays, (5 )  
stiff and medium clays combined with sand or gravel. If 
the driving resistance is found for the jirst few blows after a 
period of rest, this resistance will be close to the bearing re- 
sistance, and the formulae are inapplicable. In  stiff and medium 
clays, bearing resistance may be reduced by water percolating 
down the sides of piles. 

Assuming a softwood pile as above, with d = 35 ft. 
and o = 40 in., formula (55) becomes 

u 3s 
R - s + 1 .43  

which is safer than the ratios 3.(1S given i n  the above 
s -1- 1 

table. 
Where possible, tests shotrld be made after a period of rest 

as well as at the end of driving, as the tests after rest more 
nearly give the bearing resistance, and a true relationship 
is then established between driving resistance and bearing 
resistance, and this may be applied to ordinary driving re- 
sults. 
(vii) Measrrrement and effect of variables. 

A little care in  measurement will have to  be taken i n  
finding the exact drop o f  the monkey for the test blows. 
T h e  set per blow should be  averaged for at least 5 blows ; 
and when testing after a period o f  rest two  or three sets o f  
3 to  5 blows each should be taken to  obtain an estimate o f  
the set Der blow for the first blow after rest. T h e  imuactive 
:ompr?suon oidollg anJ rurhlon may requlrc rpec~al n1'3nr 
ot melsulemellr, m d  .as uneven impact over a struck surf3ce 

Cushioning should not be much more than that neces- 
sary to  keep thepi le  head from breaking, as a large proportion 
o f  lost energy for all sets consists o f  temporary compression 
losses. For heavy hammers and very hard driving, losses 
due to  excessive cushioning are suchthat  short piles suffer 
less set per blow than piles o f  somewhat greater length. 

IV. CONCLUSION 

(a)  Likely accuracy of results.-Errors in  measurement 
o f  the conditions o f  driving may  result i n  errors o f  about 
1 5 %  T h e  author considers i n  view o f  the comparisons o f  
formulae given i n  sections I11 (c)  v and IV (c), and the 
assumptions made i n  the various methods, that his own 
method, including errors o f  measurement, should give 
driving resistances with errors not greater than about P 
30%, and would allow a factor o f  ignorance o f  1 2  i n  any 
application o f  the method. 

corresponds with a non-restitutive compression) the value of 
c should be taken not less than 

c - measured compression -1- 0.1 in. ........ .(58) 
A heavy monkey is advantageous becausr: 
( I )  A n  increase in  the weight o f  the monkey causes 

a greater proportional increase i n  the set, for the same 
maximum compression developed in  the pile head and the 
larger sets can be more accurately measured. 

(2) A heavy monkey involves less tensile stress i n  the 
pile during driving. 

Where possible the weight of the monkey should be not 
less than z5 lb. per sq. in. of the pile cross section, irrespectively 
o/thepile length. Very little isgained by increasing the weight 
over 30 lb. per sq. in. 

Fi t .  17.-Graphs giving Driving Rcrirrances for given Sets per Blow. 

(b) Summary of formulae, and illustrative exan~ple : 

T h e  following formulae will enable all problems to  be 
attacked. (See Figs. 13, 17, 18, and 19.) 

(Section I11 (b) xix) W = M + D ...... .. ... ... ...... ... .(59) 
M 

(Sections I11 (b) xix h = 0.75. (--) M + D  ......( 60) 

and I (e)) h = 0.75H (cos 0 - 0.1 sin 0) x 
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Values o f  2 
Co"89rerriur .%rai i jn Pila IJmd dwrirz,~ Dril,i!j# 

Fig. 18.-Graph gining &- 
1 

(Sections I1 (b) and h = Actual fall x a (M + Mean 
I11 (b) xix) 

net total steam pressure on 
piston -Total friction) x 

for D.A. steam hammers. 
(Sections I1 (b) and h ={Actual fall - z in.) x 

and 111 (b) xix) 
............ (63) 

for S.A. steam hammers. 
(Section 111 (b)  xix) L = L + A ........................ (50) 

............ (Section I11 (b) xx) N = (53) 

where the supporting strata are 
fairly uniform for the full depth 
of penetration. 

(Section 111 (b) xx) N = ............ (54) 

where the main supporting strata 
are in the lower half of the full 
depth of penetration. 

u 
(Section I11 (c) vi) ir = 

3 .................. (55) 
R 

1 +-- 50ad 

for drop hammers. 
U 

(Section 111 (c) vi) - = 3 
R (56) 

for S.A. steam hammers. a 

for D.A. steam hammers. 

(Section I11 (c) vii) c =Measured compression of dolly 
and cushion + 0.1 in .......... (58) 

A = Area of pile (sq. in.) 
D = Weight of dolly (Ib.) 
d = Depth of pile toe below ground (ft.) 
H = Restrained drop of monkey (ft.) 
H = R e E i n e d  oblique drop of monkey in raking guides 

v r . 1  
L = Length of pile (ft.) 
d = Length of timber striking piece (ft.) 

M = Weight of monkey (Ib.) 
R = Driving resistance (Ib.) 
s = Set per blow (in.) 
a = Perimeter of pile (in.) 
U = Bearing resistance (Ib.) 
61 = Inclination of raking guides to vertical 

The following problem illustrates the application of 
the above formulae. 

Values of, +f 
4!1'~iles - 30 piles - 

20'piles - - - - ' 

Fig. 19.-Giving Pmcetrtage of Tenrile Reinforcenrenf ( p )  for Piles 
of 3,000 lbl per rq. i z .  Concrale. 

(For other Strengtljr of Concrete thc Perce,rroger arc proportional to 
the Strsttgths. For Piles longer than 45 fr., use Perce~zragar as for 

45 f t .  Pilar.) 

A 15 in. x 15 in. concrete pile, 40 ft. long, for a light 
highway bridge over a river is driven 34 ft. into ground known 
to he of rather soft soil for zo ft. depth, with a thick layer 
of stiff clay beneath. A 5,400 lb. drop hammer worked 
direct from a friction winch with 74 ft. fall, gives a total 
set for 5 blows, of 22 inches. No record is kept of the 
compression of cushion and dolly, but the concrete in the 
pile head shows signs of weakness for the last blows, and 1s 
thought to be of a compressive strength of 3,000 lb. per sq. 
in. at the time of driving. The pile helmet weighs 450 lb., 
and has a timber striking piece IZ in. long. 
From (59) W = 5,400 + 450 = 5,850 (Ib.) 

W 
therefore - = 5'850 = 26.0 

A 225 

From (60) h = 8 x 7& x (E) ' = 4.80 (ft.) 

and & = 2.19 

Assume maximum pile head stress equals 2,400 lb. per sq. in. (See 
section I11 (c)  iii). Then 

'%% = 2E = 1,100 (Ib. per sq. in.) 
d 2.19 
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W 
From Fig. 18, for 1,100 Ib. per sq. in. and - = 26.0, 

A 

8 28 I The value of - = - x  -- = 0.25 
d 5 2.19 

From(6o), L = 40 -1 I = 41 (feet) 
C 

From Fig. 17, with - = 0.18 and = 0.25 
dii dh 

W R 1  for - - 24, and L = 30, -- x  -- - A - Agii N - 453 

W for - --  24, and L = 45, ,, A - = 387 
W 

for ;i; = 35, and L = 30, ,, = 745 

W 
for A = 35, and L = 45, ,, = 645 

W From these values (and preferably others f o r  = 17, and 

L = 60) an interpolated value of 485 is found which is the value of 
R I -- W C 

X  -for L = 41, -- = 26.0, = 0.25, and - = 0.18. i N A dh dii 
For the conditions of driving d = 34 and formula (54) gives 

N =  1 - 0 . 2 ~ -  - 0  ( -- .83 

The value of the driving resistance is thus 
R = 225 X 2.19 x 485 x 0.83 

= 198,000 lb. 
The bulk of the support given to the pile comes from the clay and 
hence formula (55) is inapplicable. 

The following factors of ignorance are used 
(I) for method of calculation I$ 
(2) for type of ground and loading 14 
and a margin of safety of 2 is added. 
Thus the factor of safety to be used is 

x  r b  x 2 = 32. 
Thc safe bearing laad of the pile is thus 

198,000 -- = 
3 2. 52,800 lb. 
. . 

= 234 tons. 
(c) Comparison with other formulae.-A method similar 

to  that given above was used to find results for Table V. 
The author's modification of Hiley's formula in  Table V con- 
sists of putting the compression of the pile capping (see sub- 
heading i v  of section II (f)) as equal to the value found from 
Fig. 18 and calculating the energy lost from cushion compression 
independently. The remaining energy is then put equal to M h  
in  formula (zo), and C of that formula is taken as due to 
Hiley's value of the pile compression alone (i.e., 14 times the 
pile compression). The modification tlzus really consists of 
modifring Hiley's value of C .  

For the larger sets, the author's values agree roughly 
with the average values given by other formulae, and fairly 
closely with the results given by the modified Hiley formula. 
For large sets outside the range of the graphs of Fig. 17 it is 
suggested that the modified Hiley formula be used, as exami- 
nation of the wave forms for large sets inclines the writer to 
the opinion that the theory of this formula is then approxi- 
matelv correct. - 

I t  is noted from the following results that most of the 
formulae are conservative for the smaller sets. 

TABLE V. 
16 in. X 16 in. Concrete Piles. Loads in  tons for Factor of 

Safety, 4, N taken 0.85, and D 400 lb. 

z ton monkey 4 ton monkey 
7 ft. free fall 4 ft. free fall -- 

Method or formula Length Length Length Length 
30 ft. / 60 ft. 30 ft. / 60 ft. - - - - - - - - / s t  1 i n  1 set / s t  1 S n  1 set 1 set 1 set 

3. in. I in. 1 in. % in. 8 in. I in. $ in. I in. 

Author's applying formula 
(55) (3,000 lb. concrete) 33.4 13.8 36.6 16.7 48.9 17.8 36.3 18.3 

Author's applying formula 
(55) (2,500 Ib. concrete) 28.5 12.6 31.5 15.5 39.5 16.1 31.5 17.5 

Wellington ... ... 304 22 33k 24 35 24 35 24 
Gow ... ... ... 19 15 11 g& 361 25 22 17 

Space will not permit a discussion of the apparent 
correctness of the  new theory when applied to timber piles, 
but i t  can be shown that a n  approximation to  the Goodrich 
formula may be obtained. i Goodrich's experimental re- 
sults for the exact movemend of the pile head and hammer 
base under a blow can be explained by the theory. A 
certain periodic movement noted in  these results can be 
seen to  coincide with the time taken for a wave to  complete 
a cycle in  the pile, and the total observed time during which 
the pile moves (averaging about t h  second) appears in 
agreement with the theory. 

It may be objectcd that the luthor', method cannot be 
apphcd as r3pidly as, for inqtancc, the W'cll~ngron forinuld ; 
bur d 3 \ ~  mv bc ) ~ c n t  in obtaining rr.sulrs by a statlc loadlne 
test. . ~ h e j e w  m;nutes extra whi& may be iequired to app& 
the author's method to piles is well spent when i t  is remembered 
that many variables are allowed for, and any of these separately 
may largely influence the final result. 

T h e  new method cannot yet be taken as definitely 
giving all that is desired. Many of the points demonstrated 
give food for thoueht. and much investieation is still re- 
r e  ~art icular i j ,  1; this so in regard to thl: relationship 
between dri1,ing reqisrancc 3nd bearing r:sistancc ior 'ifariou, 
classes of ground, and the correlation of load tests \r,ith 
pile formuiae. Tksts of long piles in  various classes of 
ground will d o  much towards defining the losses due to 
propagation and clinging earth ; and an  endeavour should 
be made to  determine whether there is anv factor which 
reduces the tensile stress in  driving below th; values already 
calculated. Further research may indicate an  empirical 
solution. Present knowledee. however. if intell<zentlv 
applied can be very useful, &d in  certain'classes of giounk 
may serve nearly as well as a static load test. 

T h e  author wishes to thank Mr. W. D. Chapman, 
M.C.E., M.I.E.Aust., for information which led him to 
make the investigations given above, and also for most 
willingly reading through the manuscript of the paper. 
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Discussions & Communications. 
HIGH EARTHEN DAMS. 

With Particular Relationship to the Silvan Dam 
for Melbourne Water Supply. 

BY E. G. RITCHIE.* 
Reply by thc Author to discurrion.-Interesring contributions 

by way of discussion of the above paper having been received and 
published in THE IOURNAL,~ the author desires to answer ouestions 

. ~ ~ ~ ~ ~ . .  
Mr., W. A. Robertson has made a valuable contribution by 

way of d~scussion. The  author agrees with him rhat an articulated 
concrete slab paving may in many cases be used with advantage on  
the upstream slam of an embankment. 

If th: cm1~3nkm:nt I1c ;omposed enr~rcly af :lem hlrd r~;ky 
marcrnl nut rui3llv dlrturb:.i J~r~nt:gr.lrzJ oy unter pert. Inrl.>n\, 
3 pd\,2m~nc an .!,pe \v.,ulJ b: d>,uncrls pr~ . t i r~ l i le  I .I central cure 
wall. 

Mr. Robertson has, however, voiced one great objection to this 
farm of construction, viz., insufficient flexibility to insure against 
cracking under settlement conditions. In the author's iudemenr. . ~- ~ ~. 
rhis O~)IL:IL n 1l.i irronf oppli~dtl,n a'hcic r!w :mb~nbmcnt I\ ,>f ;lay 
r r  elr:h rorn:stl.u>, i r  JL h~ :ean .  l'!lc Iln\.lng 1 5  I13hle I., bc cr:u.kr.d 
nor only by .eu.:meli!, bur L.v thr:!n31 in.ncmenr>. C.ninz 1lkc.v - 
to .,c:ilr 1)1111) 3,  .I rc>uIt .uhilJcn:c? bcnrr~li  t1.c ;.>crrete l ~ ) e r ,  
,1111 L I > J  .\ ? rc,At .if I:%\.,. . I _ I : J I ~ .  i f  \uih 1 pavlnt :  u i r ~  n.,t per- 
ie.~ly u,x!cr!i;ht, dr il l r  he;>ms .l~d>.lyc,l, rhr c;lr:,cducncer a.lu1.i 
not be serious in the case of a properly &signed rock fiil dam of hard 
material, owing to the free draining nature of the material supporting 
th* "."inn =". ...-. 

'The author would not care to rely on such a paving for water- 
tightness, however carefullv articulated. Where watertiehtness 
1s ~ m p ~ r : . t n t ,  lhc :, n.!.lcr, :he ccnrr~d ~ o r c  w.ill IYA, 111,ir~:d ,up:rjdr~ty 
ior u\e in :an emh..nkmm! ;f u r t h  ,r :lay. I\'.,( .anlv is  th: :>re w311 
rcnio\cJ ir. ,rl  15: ~n%lurnc-s re1;rr:d 10,  but it h ~ ,  rhe ad\,lnt\ec .)r 
dense material on the waterside to impede any flow of water i h i c h  
may penetrate cracks or other imperfections in the concrete wall. 

No matter haw carefully and thoroughly an embankment is 
consolidated, therc is always vertical settlement. This is much 
largcr than horizontal movement in any well-designed work. T h e  
inclined paving would be subjected to all this vertical movement, 
while the conventional core wall if founded, as i t  ought to be, on an 
unyielding foundation would be subject only to horizontal move- 
ment. 

The dangers of slipping of upstream embankment, as referred 
to by Mr. Robertson, are not often found in the cane of properly 
consolidaced earthen embankments, where suitable materials and 
conseroarive slopes are u x d  o n  a reasonably g w d  foundarion. T h e  
lowering of water level in a large reservoir, such as that at Silvan, is a 
very gradual process, not amounting to more than an inch or two a 
day and therc is ample time for the saturated material to drain out 
under these conditions. 

One most necessary objective in the use of a central concrete 
core wsll is dense consolidation of thc dawnstrean> filling to support 
the pressore from the upstream side. This is where loose rock fill 
fails in comparison with carth. Not only is it incapable of proper 
compaction, particularly in the upper parts of the embankment, but, 
on account of voids, its average weight is only some 70°: of that of 
consalidated earth. The  liability of rack fill to yield by sliding on 
the base is therefore rreater than that of earth. where dimensions - ~ ~~~. ~ 

are similar. 
Information being asked re foundation conditions and difficulties, 

it mav be stated rhat the core wall for its whole length was founded 
on soiid stone into which excavations were carried i t  least 5 feet in 
depth and in places deeper. Where the bottom of the trench showed 
seamy rock, whichit was thought advisable to grout, holes were drilled 
in the foundations and piped. Aftenvards cement grout was pumped 
in to refusal at loo lb. oer sa. inch. . . 

Water was usually met with and dealt with as fallows :- 
.I J h. 3 <t ..un.p \r,2, ..~;l,.ltcJ < n !ne . lo%vnrr~cm ?LJC ,i 

t h c  core \\all .an:ut .; icet ~ L . _ I ) w  b0110:ll 1 ~ ~ 1 .  Lc3k, ir .m (kc r~ .k 
werc ~ ~ 1 7 c . l  :nro t:le ,LIII.I> .snJ w d t ~ r  rrumneJ i r m  the Lnmo .!ur!nr. 
concret;ng, the water le;el in the sump being kept below 'concretz 
level untli the concrete had set. 

*See 'i'lir J o u x ~ n i ,  V o l  1, No, ZI, December, ,930, p. 485, for !err at  gaper. 
tSer T H r  J o u n ~ ~ r . ,  Val. 3, No. 4, April, 1931, P. 133, m d  Vol. 3. No. 7, July, 

1931, p. 248, r*r discurrion, 

COMMUNICATIONS 

This sump was brought up together with the concrete pourings 
until the level of ground water was reached. As the level of the 
concrete was brought up, the sump was filled with packed stone. 
Leak pipes were carried up through sump and concrete wall to surface 
level for pumoses of arautinz. Thc vacked stone was finallv @routed. - .  . .. 

I n  reply to Mr. East's question regarding the regulator valve, a 
recent examination has disclosed that, after three years of continuous 
use, thcrc was not the slightest sign of wear or cavitation on either 
body of valve or sector gate. During the whale of the three year 
period, the gate was operated at partial opening, discharging freely 
into air and under go to 98 feet head. 

A i r .  Sanderr in, adv.,catr.J rile 1 1 , ~  01 ogms \vllh.lul ;Are \vall~. 
T h e  8ull:or d c s  P.UI tleqlr~. IJ odd 10 the ubb:r\,drldns in his paper 
Jclllng wrh  rln, ldrin af crn,trucr13n 2nd inolnts cul  [hat .trn.cn. 
tionalpractice is, except perhaps in India, bvenwhclmingly on the ,;,: 
side af usine a core wall. ' 5  " ~-~ 

The author desires to acknowledge the valuable contribution 
to the discussion bv Mr. A. E. ICelso. who has shown the imnorranc~ 

~ ~ .~~ 
01' c o c \ ~ l ~ . l . ~ l : ~ , ~ ~  :&.1 rhr de,lml.!lltv at r e g u l ~ r  tcdr !o Jcrernlilzu 
the ~ l e n ~ l l u  a n i  p;rrmtrge oi m.u,ture .)I :ompnctcJ filllns. Hc h>s 
21% cnwhd.l,r.d rhc rrelt \:ir~abll~tv of b ~ r r ( \ v  nn m:irci~il. This 
was o n i o f  the considarations mcntkned by the iuthor in his pa&; 
when expressing some opposition to the practice of dispensing with 
P "*.a ... " 3 1  " .".. ..",.. 

M r .  E.  U. Sh?u Ill>, hke .\ lr Ro'acrt. n, ; rp~u:c3 [he use of 
;olicrcie r>vlnt: on the dprtre?ln qlopc 11: pr~.ic:cnrc t, the urc or 
a r e  a .  I h e  x u t h ~ r ' ~  icn1y I I  . t lr .  It, b~111.111 ;<lver\ the o,lnt\ 
raised. He desires to emphaiise the fact that the conveitional 
central core wall is protected from variations in temperature, whereas 
concrete paving on the upstream face would be subject to the full 
range of temperature between freezing and hot sunshine. The  fact 
of beina aitcrnarelv wet and drv would assist the various ather 
causes 6nngtng adout movemeni, with llab811ry to crack~ng and 
dlsplaccment of pavmg. On low dams, such a? those quoted by 
Mr. Shaw, there would be less dancer than in the case of a hreh 
dam, such as S~lvan. 

" 

Air. >1,3w \t,,tc. rhnr very extelt$i\,r. :ertr lhnrc hrcn c>rrl..J dut 
at H~hxnc Dim unl: t t . ~  >b~ec? c i  r.cs\ur>ns; tht  \ ~ c l J  .i 1 . O ~ L . C I C  
curc \\'311 ,opp.rreJ an the pomr.. of a hycr ux : r ~ n c ,  rnJ  th&t nu ylclJ 
look p lxe  under rull worklnc !.,rJ. 

If no yield took place, the simplest explanation is probably that 
the horizontal pressure did not act on the core wall. I t  is difficult 
to see how it could, since the dam has so far had only a minor depth 
of impounded watcr opposed to it. I t  would add to the value of 
Mr. Shaw's statement if he would supply details of how the "full 
working load" on the core wall was measured. 

Thc  .dn.ierr. Ji:iln.l:t *lab, nvu bc~np. cmploycd nt Hume, 
det3l15 c ~ i  wnlcll .trc pvrn by A l r .  Shaw, are  :I, the ~ u ~ l : .  r ' .  luJ,pmlt  
d~crlncrlv ,unr.r~ar r r ,  the slone m j  crw-l ~r?. ,n,cc Ixyrr r,rmcrlv 
used. They  are really an application of the celldar form of cod- 
strucrion as used a t  Silvan. 

The  author, in conclusion, sgain thanks all those who have con- 
tributed to the discussion. 
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of general engineering interest, i.e., other than those ac- 
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descri~tions of enaineering works or details of novel or 
improbed methods" of desgn or construction; the pre- 
sentation of new formulae or original charts ; the results 
of research and special investigations ; photographic views 
of matters of unusual or special interest; particulars of 
special problems with the object of creating discussions ; 
and so on. 

Contributed articles of the nature referred to above 
may be forwarded direct to Headquarters, or transmitted 
through Division Secretaries or Division Correspondents 
for submission to the Editor. 


